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We generalize the Friedmann–Lemâıtre–Robertson–Walker (FLRW) line element by promoting
the scale factor to a function of space and time, ds2 = −c2dt2+R2(t,x) δijdx

idxj/(1+kr2/4)2, and
ask whether such a geometry can account for the large voids observed in the galaxy distribution.
Writing R/(1 + kr2/4) ≡ eα(t,x), we derive the complete Einstein tensor without approximation
and decompose it, relative to the comoving observers ua = δa0 , into an energy density, an isotropic
pressure, an energy flux and an anisotropic stress. The comoving congruence is geodesic, shear-free
and irrotational; its Weyl tensor is purely electric and equal to 4πG times the anisotropic stress.
We prove that the source is a perfect fluid only if the metric is FLRW, so that any void requires
an imperfect effective fluid. The Hamiltonian constraint becomes a Lichnerowicz equation for eα/2,
which allows any observed void density profile to be reconstructed exactly as a domain of negative
spatial curvature; for a void of radius 30h−1 Mpc and central contrast −0.85 the conformal factor
is depressed by only 4.8× 10−6, while the local curvature parameter reaches Ωloc

k = 0.27. We study
three closures. A static spatial factor makes the inhomogeneity behave as a w = −1/3 “curvature
fluid” whose contrast grows as a at all times; a pressureless closure gives acoustic oscillations with
cs = c/

√
3; and a growth-matched closure reproduces ΛCDM growth by construction. In all cases

the absence of a lapse perturbation halves gravitational lensing relative to general relativity at
fixed density, giving EG = Ωm/(2f). We complement the theory with a statistical analysis of
3× 105-galaxy mock catalogues in a (1h−3 Gpc3) volume: power spectra, Landy–Szalay correlation
functions, counts-in-cells moments, void probability functions, genus statistics and some 3 500 voids
per catalogue. We find that 95% of void centres lie in regions of negative smoothed spatial curvature,
and that the static-factor model is distinguished from ΛCDM by its void size function at z = 0 with
Kolmogorov–Smirnov p ∼ 10−86. An exact Lemâıtre–Tolman–Bondi void evolved from the same
initial profile shows that the static model is valid only while |δ| ≪ 1: for a linear contrast of −2
the exact central contrast is −0.72, and the LTB void expands 30% faster than the background.
Redshift-space power-spectrum and void–galaxy quadrupoles of the mocks vanish for the static
model and change sign for the growth-matched one. A fit to eight fσ8 and five EG measurements
disfavors the two closures by ∆χ2 = 72 and 21 relative to ΛCDM. Restoring a spatially varying
lapse, ds2 = −N2dt2+R2dx2, admits perfect fluids, recovers ΛCDM dynamics with no gravitational
slip, and keeps the Lichnerowicz description of voids. The spatially varying scale factor is thus the
correct description of the spatial geometry of voids, while their dynamics requires the lapse.

I. INTRODUCTION

The galaxy distribution on scales of tens of mega-
parsecs is dominated by underdense regions. The first
redshift surveys found large empty regions in front of the
Coma cluster [1] and the Boötes void, of order 100Mpc
across [2, 3]. Wide-angle surveys then revealed a “slice
of the universe” in which galaxies lie on the walls of
bubble-like voids [4, 5]. This picture was confirmed by
the 2dFGRS [6] and SDSS [7], by the Sloan Great Wall [8]
and by systematic void catalogues [9–14]. Voids are now
a cosmological probe in their own right, through their
abundance, shapes, density profiles and the dynamics of
galaxies around them [15–20]. A few unusually large or
deep underdense regions, such as the local KBC void [21]
and the Eridanus supervoid aligned with the CMB Cold
Spot [22], are at the edge of what is expected in the
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standard model; whether the abundance and emptiness
of voids is fully understood has been debated [23, 24].

In the standard ΛCDM model voids are the coun-
terparts of collapsed structures: underdense regions of
the initial Gaussian field expand faster than the back-
ground, evacuate, and form a hierarchy of merging and
collapsing voids [25–31]. The background is the homoge-
neous and isotropic FLRW metric [32–35], and structure
is described by perturbations around it [36–40]. Exact
inhomogeneous solutions offer a complementary route.
The Lemâıtre–Tolman–Bondi (LTB) models [41–43], the
Szekeres family [44] and the Stephani models [45] have
been used to describe voids and to test the Copernican
principle [46–49]; averaging and backreaction have been
studied in the same context [50, 51].

The idea of a scale factor that varies across space
has a long history. Lemâıtre’s 1933 solution already as-
signs each spherical shell its own scale factor [41]. The
“separate universe” picture of long-wavelength pertur-
bations treats each region as an FLRW model with its
own curvature, and is the basis of the spherical-collapse
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and spherical-void models [28, 30]. Gradient expansions
of the Einstein equations make this idea systematic on
super-horizon scales. In the conformal method of the
initial-value problem, a conformally flat spatial metric
ϕ4δij is the standard ansatz [65, 66]. What has not, to
our knowledge, been worked out in detail is the opposite
and simplest route: to take the FLRW form literally with
R = R(t,x), derive what it implies exactly, and confront
it with the statistics of voids. That is the purpose of this
paper.

In this paper we study perhaps the simplest general-
ization of FLRW: keep the lapse equal to one and the
spatial metric conformally flat, but let the scale factor
depend on position,

ds2 = −c2dt2 + R2(t, x, y, z)(
1 + 1

4kr
2
)2 (

dx2 + dy2 + dz2
)
, (1)

Equation (1) reduces to FLRW when R = a(t). with
r2 = x2 + y2 + z2. It is an appealing phenomenological
model of voids: a region in which R is larger, or in which
the spatial geometry is locally more open, should contain
fewer galaxies. Our aims are:

1. to derive the Einstein equations for Eq. (1) exactly,
together with the kinematics of the comoving ob-
servers, the Weyl curvature, the conservation laws
and the energy conditions;

2. to determine what matter content the geometry re-
quires, and whether it can be a perfect fluid;

3. to construct voids explicitly, and to compute their
lensing and integrated Sachs–Wolfe (ISW) signa-
tures;

4. to compare the model with the statistics of the
galaxy distribution, using mock catalogues ana-
lyzed with standard estimators, in real and redshift
space;

5. to compare its void evolution with an exact
Lemâıtre–Tolman–Bondi void;

6. to fit it to published growth-rate and lensing data;

7. to identify the minimal extension, a spatially vary-
ing lapse, that cures its difficulties.

Our main results are as follows. (i) The Einstein ten-
sor is given in closed form [Eqs. (13)–(15)]; the comoving
observers are geodesic, shear-free and irrotational, and
the electric Weyl tensor equals 4πG times the anisotropic
stress [Eq. (33)]. (ii) The source is a perfect fluid only
for FLRW (Theorem 1), so voids require an effective im-
perfect fluid. (iii) The Hamiltonian constraint is a Lich-
nerowicz equation [Eq. (70)], so any void profile can be
reconstructed exactly. Voids are domains of negative spa-
tial curvature, and their conformal factor is depressed by
a few parts in 106. (iv) Three closures give a growth

law D ∝ a, sound waves with cs = c/
√
3, or ΛCDM

growth. (v) Because the lapse is unperturbed, light de-
flection is half its general-relativistic value at fixed den-
sity, and the static model has no redshift-space distor-
tion. (vi) In mock catalogues, 95% of void centres lie
in negative-curvature regions; the static model changes
the void abundance at z = 0 at very high significance.
(vii) An exact LTB void shows that the static model
is a linear approximation that fails for |δ| ≳ 0.3 and
misses the faster expansion of voids. (viii) Redshift-
space quadrupoles vanish (static) or change sign (growth-
matched), and a fit to fσ8 and EG data disfavors the two
closures by ∆χ2 = 72 and 21. (ix) Restoring the lapse,
g00 = −e2ν , permits perfect fluids and recovers ΛCDM
dynamics while keeping voids as negative-curvature do-
mains of R.
The paper is organized as follows. Section II derives

the curvature. Section III gives the 1 + 3 covariant de-
scription and the FLRW theorem. Section IV treats red-
shift, distances and lensing. Section V relates the model
to cosmological perturbation theory and introduces the
closures. Section VI constructs voids, Sec. VII compares
them with an exact LTB void, Sec. VIII restores the
lapse, and Sec. IX discusses local expansion rates and av-
eraging. Section X presents the statistical analysis of the
galaxy distribution in real and redshift space, and Sec. XI
confronts the model with growth and lensing data. Sec-
tion XII discusses the results and Sec. XIII concludes.
Appendices collect the connection and curvature compo-
nents, the spherical reduction, the numerical methods,
the two-function metric in detail, robustness tests of the
void statistics, FLRW-limit consistency checks, series so-
lutions of the Lichnerowicz equation, analytic lensing of
a top-hat void and statistical conventions; Appendix A
lists the notation. We use signature (−,+,+,+), Latin
indices i, j, . . . for space, and units c = 1 in Secs. II–IV
unless stated; c is restored for numerical work.

II. GEOMETRY OF A
SPACETIME-DEPENDENT SCALE FACTOR

A. Line element and the conformal exponent

Because the curvature factor (1 + kr2/4)−2 in Eq. (1)
is itself a function of position, it can be absorbed into the
scale factor. We define the conformal exponent

α(t,x) ≡ lnR(t,x)− ln
(
1 + 1

4kr
2
)
, (2)

so that the metric becomes

ds2 = −dt2 + e2α(t,x)δij dx
idxj , (3)

i.e. g00 = −1, g0i = 0, gij = e2αδij . All results below are
written in terms of α. The FLRW case is

αFLRW = ln a(t)− ln
(
1 + 1

4kr
2
)
, (4)

and the cosmologically relevant decomposition is

α(t,x) = ln a(t) + ψ(t,x), R = a(t) eψ(t,x), (5)
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for k = 0, where a(t) is a background scale factor and ψ
measures the local excess of the scale factor. We write
˙≡ ∂t, ∂i ≡ ∂/∂xi, ∇2 ≡ δij∂i∂j and (∇α)2 ≡ δij∂iα∂jα;
these are flat-space operators in the comoving coordi-
nates.

B. Connection

The nonvanishing Christoffel symbols of Eq. (3) are

Γ0
ij = α̇ e2αδij , (6)

Γi0j = α̇ δij , (7)

Γijk = δij ∂kα+ δik ∂jα− δjk ∂iα. (8)

In particular Γ0
00 = Γ0

0i = Γi00 = 0, so the worldlines
xi = const are geodesics.

C. Ricci and Einstein tensors

The Ricci tensor follows from Eqs. (6)–(8) (details in
Appendix B):

R00 = −3
(
α̈+ α̇2

)
, (9)

R0i = −2 ∂iα̇, (10)

Rij = e2α
(
α̈+ 3α̇2

)
δij − ∂i∂jα+ ∂iα∂jα

− δij
[
∇2α+ (∇α)2

]
. (11)

The Ricci scalar is

R = 6
(
α̈+ 2α̇2

)
− e−2α

[
4∇2α+ 2(∇α)2

]
. (12)

The mixed components of the Einstein tensor Gab =
Rab − 1

2δ
a
bR are

G0
0 = −3α̇2 + e−2α

[
2∇2α+ (∇α)2

]
, (13)

G0i = −2 ∂iα̇, (14)

Gij = −
(
2α̈+ 3α̇2

)
δij

+ e−2α
[
∂iα∂jα− ∂i∂jα+ δij∇2α

]
. (15)

Equations (9)–(15) are exact. We verified them with
an independent symbolic computation of the full Rie-
mann tensor for arbitrary α(t, x, y, z). Their structure
is transparent: time derivatives enter only through the
local Hubble rate α̇, spatial derivatives only through the
curvature of the conformally flat three-metric, and the
two are coupled only in G0i.

D. Spatial curvature

The hypersurfaces t = const have induced metric hij =
e2αδij , whose Ricci tensor and scalar are

(3)Rij = − (∂i∂jα− ∂iα∂jα)− δij
(
∇2α+ (∇α)2

)
,

(16)

(3)R = −e−2α
[
4∇2α+ 2(∇α)2

]
= −8 e−5α/2 ∇2eα/2.

(17)

The last form follows from the identity

2∇2α+ (∇α)2 = 4 e−α/2 ∇2eα/2, (18)

and is the origin of the Lichnerowicz form of the con-
straint (Sec. VIA). For FLRW, Eq. (4) gives (3)R =
6k/a2, as it should. We define the local curvature pa-
rameter, measured against the background Hubble rate
H,

Ωloc
k (t,x) ≡ −

(3)Rc2

6H2
. (19)

A region with Ωloc
k > 0 is locally open.

III. COVARIANT 1+3 DESCRIPTION AND
THE MATTER CONTENT

A. Kinematics of the comoving observers

Let ua = δa0 be the four-velocity of the observers at
fixed xi; then ua = −δ0a and hab = gab + uaub projects
onto their rest spaces. The covariant derivative decom-
poses as [52–55]

∇bua = −ubAa + 1
3θhab + σab + ωab. (20)

With Eqs. (6)–(7) we find ∇jui = Γ0
ij = α̇ hij and

∇0ua = 0. Hence

Aa = 0, θ = 3α̇, σab = 0, ωab = 0. (21)

The comoving congruence is geodesic, expanding, shear-
free and irrotational. The local Hubble rate and deceler-
ation parameter are

H(t,x) ≡ 1
3θ = α̇, qloc(t,x) ≡ −1− α̈

α̇2
. (22)

For the decomposition (5), H = H + ψ̇: a spatially vary-
ing scale factor produces a spatially varying expansion
rate only if ψ depends on time.

B. Energy–momentum decomposition

Relative to ua, any energy–momentum tensor can be
written as

Tab = ρ uaub + p hab + qaub + qbua + πab, (23)
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with qau
a = 0, πabu

b = 0, πaa = 0 and πab = π(ab). Ein-
stein’s equations Gab + Λgab = 8πGTab, with Eqs. (13)–
(15), then give

8πGρ+ Λ = 3α̇2 − e−2α
[
2∇2α+ (∇α)2

]
= 3α̇2 + 1

2
(3)R, (24)

8πGqi = 2 ∂iα̇, (25)

8πGp− Λ = −
(
2α̈+ 3α̇2

)
+ 1

3e
−2α

[
2∇2α+ (∇α)2

]
= −

(
2α̈+ 3α̇2

)
− 1

6
(3)R, (26)

8πGπij = e−2α
[
∂iα∂jα− ∂i∂jα

− 1
3δij

(
(∇α)2 −∇2α

) ]
. (27)

Here qi are covariant components; the physical mag-
nitude is |q| = (hijqiqj)

1/2 = e−α|∂α̇|/(4πG). Equa-

tion (27) is the trace-free part of −(3)Rij , i.e. 8πGπij =

−(3)R⟨ij⟩, where angle brackets denote the projected sym-
metric trace-free part.

Two features of Eqs. (24)–(27) drive everything that
follows. First, the energy flux is the gradient of the local
Hubble rate, 8πGqi = 2∂iH: a spatially varying expan-
sion rate implies a flow of energy relative to the comoving
observers. Second, the anisotropic stress is fixed entirely
by the spatial geometry: it vanishes only if the trace-free
spatial Ricci tensor vanishes.

C. Constraint equations

Equation (24) is the Hamiltonian constraint,

(3)R+ 2
3θ

2 − 2σ2 = 16πGρ+ 2Λ, (28)

with σ2 = 0. Equation (25) is the momentum constraint,

Dbσab − 2
3Daθ + εabcD

bωc = −8πGqa, (29)

which with Eq. (21) reduces to −2Daα̇ = −8πGqa, in
agreement with Eq. (25). The remaining constraints of
the 1 + 3 system [54],

curlσab +D⟨aωb⟩ = Hab, (30)

DbEab − 8πG
3 Daρ

+4πG
(
Dbπab +

2
3θqa

)
= 0, (31)

fix the magnetic Weyl tensor and the divergence of the
electric Weyl tensor.

D. Weyl curvature

The shear propagation equation of the 1+3 formalism
reads

σ̇⟨ab⟩ +
2
3θσab + σc⟨aσb⟩

c + ω⟨aωb⟩

−D⟨aAb⟩ −A⟨aAb⟩ + Eab − 4πGπab = 0. (32)

With σab = ωab = Aa = 0 it becomes an algebraic iden-
tity:

Eab = 4πGπab = − 1
2
(3)R⟨ab⟩, Hab = 0. (33)

The Weyl tensor is purely electric and is determined by
the trace-free spatial curvature. We confirmed Eq. (33)
by computing Ci0j0 directly from the metric for a test
function α(t,x). The Weyl invariant is

CabcdC
abcd = 8

(
EabE

ab −HabH
ab
)
= 8(4πG)2πabπ

ab.
(34)

Tidal fields around a void are thus in one-to-one corre-
spondence with the anisotropic stress the geometry re-
quires.

E. Evolution and conservation equations

The Raychaudhuri equation for the comoving congru-
ence is

θ̇ + 1
3θ

2 = −4πG (ρ+ 3p) + Λ, (35)

and with Eqs. (24) and (26) it reduces to 3(α̈ + α̇2) =

3R̈eff/Reff with Reff = eα, i.e. it holds identically. The
contracted Bianchi identity ∇aT

ab = 0 yields the energy
and momentum equations [54]

ρ̇+ θ(ρ+ p) +Daq
a + 2Aaq

a + σabπ
ab = 0, (36)

q̇⟨a⟩ +
4
3θqa + σabq

b − εabcω
bqc

+(ρ+ p)Aa +Dap+Dbπab +Abπab = 0. (37)

For our congruence they simplify to

ρ̇+ 3α̇ (ρ+ p) + e−3α∂i(e
αqi) = 0, (38)

q̇⟨i⟩ + 4α̇ qi + ∂ip+Djπij = 0, (39)

which are satisfied identically by Eqs. (24)–(27). Equa-
tion (38) shows that in the comoving frame density can
change through divergence of the energy flux as well as
through expansion. This will matter when we interpret
void evolution (Sec. VC).

F. A uniqueness theorem

Theorem 1. For the metric (3), the energy–momentum
tensor is that of a perfect fluid comoving with ua (qa = 0,
πab = 0) if and only if the spacetime is FLRW, i.e. α =
ln a(t)− ln

(
c0 + cix

i + 1
4k |x|

2
)
with constants c0, ci and

k, which is FLRW in translated and rescaled coordinates.

Proof. If qi = 0, Eq. (25) gives ∂iα̇ = 0, so α = ln a(t) +
β(x). If πij = 0, Eq. (27) requires the trace-free part
of ∂i∂jβ − ∂iβ ∂jβ to vanish. With ϕ ≡ e−β one has
∂i∂jϕ = −ϕ (∂i∂jβ − ∂iβ ∂jβ), so ∂i∂jϕ = λ(x)δij . The
integrability condition ∂k∂i∂jϕ = ∂i∂k∂jϕ gives δij∂kλ =
δkj∂iλ, so in three dimensions λ is constant. Integrating,
ϕ = c0 + cix

i+ 1
2λ|x|

2, and the spatial metric ϕ−2δij has
constant curvature. The converse is immediate.
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Corollary 1. A void, or any inhomogeneity, in the met-
ric (3) requires an energy flux, an anisotropic stress, or
both. If the scale factor separates, R = a(t)eψ(x), the flux
vanishes and the inhomogeneity is supported entirely by
anisotropic stress and an inhomogeneous isotropic pres-
sure.

Theorem 1 is a special case of results on shear-free
perfect fluids [46, 56]: geodesic, shear-free, irrotational
perfect-fluid flows with an equation of state are FLRW.
In the rest of the paper we therefore regard Eqs. (24)–(27)
as defining an effective fluid. Possible physical interpre-
tations are discussed in Sec. XIIC.

G. Energy conditions

When qa = 0, the eigenvalues of T ab are −ρ and the
principal pressures pI = p+πI , where πI are the eigenval-
ues of πij . The weak, null, strong and dominant energy
conditions [57] become

WEC: ρ ≥ 0, ρ+ pI ≥ 0; NEC: ρ+ pI ≥ 0;
(40)

SEC: ρ+ pI ≥ 0, ρ+ 3p ≥ 0; DEC: ρ ≥ |pI |.
(41)

Since ρ + 3p = −(3/4πG)(α̈ + α̇2) by Eq. (35) (with
Λ = 0), the SEC fails wherever the local expansion accel-
erates. When qa ̸= 0, the conditions involve the eigenval-
ues of the full 4× 4 matrix T ab; for |q| ≪ ρ they hold if
ρ+pI > 2|q| to leading order. We evaluate the conditions
for explicit voids in Sec. VIC.

IV. LIGHT PROPAGATION: REDSHIFT,
DISTANCES AND LENSING

A. Redshift

Let ka = dxa/dλ be the tangent to a null geodesic. The
time component of the geodesic equation with Eq. (6)
gives

dk0

dλ
+ α̇ e2αδijk

ikj = 0 =⇒ dk0

dλ
= −α̇ (k0)2, (42)

using the null condition e2αδijk
ikj = (k0)2. Since

dt = k0dλ, d ln k0/dt = −α̇(t,x(t)) along the ray.
The redshift measured by comoving observers, 1 + z =
(uak

a)e/(uak
a)o = k0e/k

0
o , is therefore

1 + z = exp

[∫ to

te

α̇
(
t,x(t)

)
dt

]
=
Reff(to,xo)

Reff(te,xe)
exp

[
−
∫ xo

xe

∇α · dx
]
, (43)

where the second form uses dα/dt = α̇+∇α ·dx/dt along
the ray. For α = ln a+ ψ,

ln(1 + z) = ln
ao
ae

+

∫ to

te

ψ̇ dt. (44)

A static spatial factor (ψ̇ = 0) leaves the redshift–time
relation exactly that of the background: there is neither a
Sachs–Wolfe nor an integrated Sachs–Wolfe effect, and no
peculiar redshift for comoving sources. A time-dependent
ψ produces an ISW-like shift

∆T

T
= −

∫
ψ̇ dt. (45)

B. Optical equivalence and lensing

Null geodesics are conformally invariant up to affine
reparametrization. Writing the metric with α = ln a+ ψ
and conformal time dη = dt/a,

ds2 = a2e2ψ
[
−e−2ψdη2 + δijdx

idxj
]
, (46)

the light rays are those of the optical metric −e−2ψdη2+
dx2, i.e. of a medium with refractive index n = eψ. Com-
pare the linearly perturbed FLRW metric in the Newto-
nian gauge,

ds2 = a2
[
−(1 + 2Φ)dη2 + (1− 2Ψ)δijdx

idxj
]

≃ a2(1− 2Ψ)
[
−(1 + 2Φ + 2Ψ)dη2 + dx2

]
, (47)

in which lensing depends only on Φ + Ψ [58]. Matching
Eq. (46) to linear order gives

(Φ + Ψ)model = −ψ. (48)

The deflection angle and convergence are

α̂ = 2

∫
∇⊥ψ dχ (model),

κ = −
∫ χs

0

χ(χs − χ)

χs
∇2

⊥ψ dχ. (49)

In Sec. V we show that at linear order ψ = −ΦN/c
2,

where ΦN is the Newtonian potential sourced by the den-
sity contrast. General relativity with Φ = Ψ = ΦN gives
(Φ + Ψ)GR = 2ΦN , whereas the model gives ΦN . At
fixed density, the model lenses exactly half as strongly as
general relativity.

C. Angular-diameter and luminosity distances

The area distance dA of a thin beam obeys the Sachs
focusing equation [59],

d2
√
A

dλ2
= −

(
1
2Rabk

akb + |σ̂|2
)√

A,

Rabk
akb

8πG
= (ρ+ p)(u · k)2 − 2(u · k) qaka + πabk

akb,

(50)
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where σ̂ is the optical shear, sourced by the Weyl tensor,
i.e. by Eab = 4πGπab. The energy flux and anisotropic
stress thus focus light in addition to ρ+ p. The luminos-
ity distance follows from Etherington’s reciprocity theo-
rem [60], dL = (1 + z)2dA, which holds for any metric
theory with photon conservation [61].

V. RELATION TO PERTURBATION THEORY
AND CLOSURES

A. Linearization

Write α = ln a(t) + ψ(t,x) with |ψ| ≪ 1, and restore
c. To first order, Eqs. (24)–(27) give

8πGδρ = 6Hψ̇ − 2c2

a2
∇2ψ, (51)

8πGqi = 2c ∂iψ̇, (52)

8πGδp = −2ψ̈ − 6Hψ̇ +
2c2

3a2
∇2ψ, (53)

8πGπij = − c2

a2
(
∂i∂j − 1

3δij∇
2
)
ψ, (54)

with H = ȧ/a and the background obeying the Fried-
mann equations. For matter-dominated structure we de-
fine δ ≡ δρ/ρ̄m with 8πGρ̄m = 3ΩmH

2
0a

−3.

B. Gauge comparison and Bardeen potentials

In conformal time Eq. (3) reads, to first order, ds2 =
a2[−dη2+(1+2ψ)dx2]. In the notation of Refs. [36, 38],

ds2 = a2
[
− (1 + 2ϕ)dη2 + 2∂iB dη dx

i

+ ((1− 2ψM )δij + 2∂i∂jE) dxidxj
]
, (55)

we have ϕ = B = E = 0 and ψM = −ψ. The Bardeen
potentials,

ΦB = ϕ+
1

a
[a(B − E′)]

′
, ΨB = ψM −Hc(B − E′),

(56)
with Hc = a′/a, are therefore

ΦB = 0, ΨB = −ψ. (57)

The metric (3) is the Newtonian gauge with the time–
time potential switched off. In synchronous gauge [39],

hij = k̂ik̂jh+ (k̂ik̂j − 1
3δij)6ηs, it corresponds to h = 6ψ

and ηs = −ψ with the traceless longitudinal part tied
to the trace. A general synchronous perturbation has
two independent scalar functions; here only one survives,
which is why an anisotropic stress is required.

In the language of phenomenological modified grav-
ity [62, 63], with k2ΨB = −4πGa2µ ρ̄∆ and k2(ΦB +
ΨB) = −8πGa2Σ ρ̄∆, Eq. (57) corresponds to an infinite

gravitational slip ΨB/ΦB , to no gravitational accelera-
tion of comoving matter (ΦB = 0), and to

Σ = 1
2 . (58)

C. Closures

Equations (51)–(54) hold for any ψ(t,x); they deter-
mine the effective source once ψ is specified. Dynamics
needs an additional assumption. We consider three.
a. (i) Static closure. Take ψ = ψ(x), i.e. R =

a(t)eψ(x). Then qi = 0. Exactly, not only at linear order,
Eqs. (24) and (26) give

8πGδρ = − c2

a2
e−2ψ

[
2∇2ψ + (∇ψ)2

]
, δp = − 1

3δρ c
2,

(59)
where δρ and δp are measured from the background
ΛCDM values. The inhomogeneity is carried by a com-
ponent with equation of state w = −1/3, the equation
of state of spatial curvature in FLRW, which dilutes as
a−2. Relative to the matter density (∝ a−3),

δ(t,x) =
a

a0
δ(t0,x) ⇒ Dstatic = a, f ≡ d lnD

d ln a
= 1,

(60)
for any background, including ΛCDM. In a matter-
dominated universe this coincides with the linear grow-
ing mode, but there is no Λ suppression at late
times. Normalized to the same early-time amplitude,
Dstatic/DΛCDM = 1.27 at z = 0, so the model has
σ8 = 1.03 when ΛCDM has 0.811 (Table I). Moreover,
because qi = 0 the effective fluid has no peculiar motion
relative to ua: the static closure predicts no redshift-space
distortion. Equation (38) confirms that the density con-
trast grows without any flow, through the w = −1/3
pressure.
b. (ii) Pressureless closure. Setting δp = 0 in

Eq. (53) gives

ψ̈ + 3Hψ̇ =
c2

3a2
∇2ψ =⇒ ψ̈k + 3Hψ̇k +

c2k2

3a2
ψk = 0,

(61)

a wave equation with sound speed cs = c/
√
3. Modes

with k ≳ aH
√
3/c, i.e. wavelengths shorter than about

1.7h−1 Gpc today, oscillate instead of growing (Fig. 2).
Since all observed voids are far smaller than this, the
pressureless closure cannot describe them.
c. (iii) Growth-matched closure. Take ψ(t,x) =

A(t)ψ0(x) and choose A so that δ follows linear ΛCDM.

For sub-horizon modes the 6Hψ̇ term in Eq. (51) is sup-
pressed by (aH/ck)2, so

A(a) =
DΛCDM(a)

aDΛCDM(1)
, (62)

so that A(1) = 1, A(0.5) = 1.15 and A(0.33) = 1.25. Now

ψ̇ ̸= 0 at late times: there is an energy flux [Eq. (52)]
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and an ISW-like effect [Eq. (45)]. In the energy frame
the effective fluid moves with velocity v = q/ρ̄, i.e.

v =
2c2a3

3ΩmH2
0

∇ψ̇ a=1
=

2c2(f − 1)

3ΩmH0
∇ψ. (63)

For comparison, linear ΛCDM has v =
−(2f/3ΩmH0)∇ΦN = (2fc2/3ΩmH0)∇ψ. The two
differ in sign, and in magnitude by (1 − f)/f = 0.90 at
z = 0. The model predicts energy flowing into voids at
late times, whereas galaxies flow out of them.

D. Covariant gradient formulation

The growth laws of the closures can also be derived
without coordinates, using the comoving gradient vari-
ables of the 1 + 3 formalism [54, 55],

∆a ≡ a

ρ
Daρ, Za ≡ aDaθ. (64)

Taking the spatial gradient of the energy equation (36)
and of the Raychaudhuri equation (35), and linearizing
about FLRW with Aa = σab = ωab = 0, gives

∆̇a = wθ∆a − (1 + w)Za −
aθ

ρ
Dap−

a

ρ
DaD

bqb, (65)

Ża = − 2
3θZa − 4πGρ∆a − 12πGaDap, (66)

where w = p/ρ is the background equation of state. In
general relativity with dust (p = q = 0), eliminating Za
yields the familiar ∆̈a + 2H∆̇a − 4πGρ∆a = 0. In the
static closure, θ = 3H is uniform, so Za = 0 identically
and Eq. (66) becomes the constraint

aDap = − 1
3ρ∆a, (67)

which is the gradient form of δp = −δρ/3. Substituting
into Eq. (65) with w = 0 for the matter background gives

∆̇a = H∆a, i.e. ∆ ∝ a, independently of the background
expansion history. This reproduces Eq. (60) covariantly.
The pressure gradient of the curvature fluid, not gravity,
drives the growth.

E. Primordial origin of the conformal factor

In the matter era the comoving curvature perturbation
ζ of single-field inflation [38] fixes the Newtonian-gauge
potentials, Φ = Ψ = − 3

5ζ. With Eq. (57) this gives

ψ = 3
5 ζ, ∆2

ψ(k) =
9
25As

(
k

k∗

)ns−1

(68)

on scales that entered the horizon in the matter era.
With As = 2.1 × 10−9 [70] the rms conformal factor
per logarithmic interval is 2.7 × 10−5, consistent with
ψrms = 2.1×10−5 in our mocks. In this sense the spatially

varying scale factor is the large-scale curvature perturba-
tion itself, frozen into the spatial metric. Primordial non-
Gaussianity of local type, ζ = ζG+

3
5fNL(ζ

2
G−⟨ζ2G⟩), gives

the static-closure density a skewness of order fNLψrms ∼
10−4 for |fNL| ≲ 5 [70]. This is negligible compared with
S3 ≈ 3 (Sec. XD).

F. Growth rate and the EG statistic

Table I and Fig. 1 compare the growth functions.
The static closure has f = 1 at all redshifts, against
fΛCDM(0) = 0.53. A lensing-to-velocity statistic [63, 64]
isolates the slip:

EG =
∇2(ΦB +ΨB)

3H2
0a

−1f δ
=

2ΩmΣ

f
,

EΛCDM
G =

Ωm
f
, Estatic

G =
Ωm
2
, Eg.m.

G =
Ωm
2f

. (69)

At z = 0.32 these are 0.45, 0.16 and 0.23 for Ωm =
0.315. The measured value at this redshift, EG =
0.39± 0.06 [64], is consistent with ΛCDM and lies about
3.9σ and 2.7σ above the two closures. Note that the
static closure, having no peculiar velocities, would in fact
predict no velocity signal at all; Eq. (69) assumes that
velocities are measured through some other tracer.

VI. VOIDS AS DOMAINS OF NEGATIVE
SPATIAL CURVATURE

A. The Lichnerowicz equation

Using the identity (18) in Eq. (24), the Hamiltonian
constraint for the static closure at time t becomes, with
w ≡ eψ/2,

∇2w = −3ΩmH
2
0

4c2a
δ(x)w5 = −2πGa2 δρw5/c2. (70)

This is the Lichnerowicz equation of the conformal
method for the initial-value problem of general relativ-
ity [65, 66], here with the time-symmetric part replaced
by the background expansion. It is semilinear and, for
δ ≥ −1 and suitable boundary conditions, has a unique
positive solution. Any observed or simulated void profile
δ(r) can therefore be converted into an exact conformal
factor ψ(r) = 2 lnw(r). The local curvature follows from
Eq. (59):

(3)R =
16πG

c2
δρ =

6ΩmH
2
0

c2a3
δ, Ωloc

k = −Ωm(a) δ.

(71)
In the static closure the local curvature is exactly propor-
tional to the density contrast. Voids (δ < 0) are locally
open (Ωloc

k > 0), and overdense walls are locally closed.
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TABLE I. Linear growth function D(z) (normalized to D → a at early times) and growth rate f for ΛCDM (Ωm = 0.315) and
for the static closure of Eq. (60). The last column is the ratio of amplitudes for equal primordial normalization.

z DΛCDM Dstatic fΛCDM fstatic Dstatic/DΛCDM A(z) [Eq. (62)]
0 0.788 1.000 0.527 1 1.269 1.000

0.25 0.690 0.800 0.662 1 1.160 1.10
0.5 0.606 0.667 0.761 1 1.101 1.15
0.75 0.536 0.571 0.830 1 1.067 1.19
1 0.478 0.500 0.877 1 1.046 1.21
2 0.329 0.333 0.959 1 1.014 1.25
3 0.248 0.250 0.982 1 1.006 1.26

10−2 10−1 100 101

z

10−2

10−1

100

D
(z
)

¤CDM
separable R= a(t)eÃ(x): D= a

10−2 10−1 100 101

z

0.0

0.2

0.4

0.6

0.8

1.0

f
=
d
ln
D
=d
ln
a

FIG. 1. Left: linear growth function for ΛCDM (solid) and for the static closure R = a(t)eψ(x) (dashed), for which D = a
exactly. Right: growth rate f = d lnD/d ln a. The vertical dotted line marks the onset of acceleration, z = 0.63.

B. A spherical void

For a spherical void, Eq. (70) reduces to the ordinary
differential equation

w′′+
2

r
w′ = −3ΩmH

2
0

4c2
δ(r)w5, w(0) = 1, w′(0) = 0,

(72)
which we integrate outward and then normalize so that
ψ → 0 as r → ∞. For the density profile we use the uni-
versal form of Hamaus, Sutter and Wandelt (HSW) [17],

δ(r) = δc
1− (r/rs)

αv

1 + (r/rv)βv
, (73)

with the representative parameters δc = −0.85, rv =
30h−1 Mpc, rs = 0.91 rv, αv = 2 and βv = 9. The
resulting fields are shown in Fig. 3 and summarized in
Table II.

The conformal factor has a minimum at the void cen-
tre, with depth

ψ(0) = −4.8× 10−6. (74)

This is the same order as the Newtonian potential of
the void divided by c2, as Eq. (57) requires. The non-
linear terms (∇ψ)2 and e−2ψ in Eq. (59) are there-
fore negligible at the 10−5 level even in a void that

is 85% empty: the large density contrast comes from
the curvature of the conformal factor, not from its am-
plitude. The local curvature parameter at the centre
is Ωloc

k = 0.27, corresponding to a curvature radius

c/(H0

√
Ωloc
k ) = 5.8h−1 Gpc. Around r ≃ rv the com-

pensating overdense ridge is locally closed.
For a uniform underdense sphere of radius R and con-

trast δ, Eq. (72) gives, to leading order,

ψ(0)− ψ(R) =
Ωm
4

|δ|
(
H0R

c

)2

, (75)

so even the largest reported underdensities, R ∼
200h−1 Mpc with |δ| ∼ 0.1–0.3 [21, 22], require |ψ| ∼
10−4 (Table III).

C. Stresses and energy conditions

For spherical symmetry the anisotropic stress has
eigenvalues πrr = −2πθθ, with [Eq. (27)]

8πG
(
πrr − πθθ

)
=
c2

a2
e−2ψ

[
ψ′2 − ψ′′ +

ψ′

r

]
. (76)

The isotropic pressure of the curvature component is
pψ = −δρ c2/3, positive inside the void. Figure 3(d)
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k= 0:001h/Mpc
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± k
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j

FIG. 2. Pressureless closure, Eq. (61): evolution of ψk (left) and of the density contrast from Eq. (51) (right) for three very
long wavelengths. Already at k = 10−3 hMpc−1 the mode oscillates; void-scale modes (k ∼ 0.1) oscillate thousands of times
per Hubble time.

shows that the stress anisotropy reaches 17% of ρ̄mc
2

near the void edge. The weak energy condition, evalu-
ated with the principal pressures, holds everywhere: its
most restrictive combination has a minimum of 0.15 ρ̄m,
attained by ρ itself at the centre. In the static closure the
central density contrast grows as a, so this void would
reach ρ = 0 at a = 1/0.85; beyond that the effective
source violates the WEC. This is the static-closure ana-
logue of the emptying of voids in the spherical model [30].

D. Lensing and ISW signatures

The convergence profile of the void at zl = 0.3 for
sources at zs = 1 is shown in Fig. 4. In general relativity
the central convergence is κ0 = −9.9×10−4 and the tan-
gential shear peaks at γt = −4.9×10−4 near R⊥ ≃ 0.9rv.
The model predicts exactly half of both, by Eq. (48).
Stacked void lensing [67, 68] can therefore test the model
directly.

For the growth-matched closure, the ISW-like shift of
a photon crossing the void centre is ∆T/T = −ψ(0)∆A,
against 2∆(ΦN/c

2) in general relativity. Since ΦN/c
2 =

−ψ has the same time dependence A(a), the model gives
the same sign as general relativity (a cold spot behind a
void) and half the amplitude: −4.0×10−8 against −8.0×
10−8 at zc = 0.1 for this void (Fig. 5). The static closure
gives no ISW signal at all.

VII. COMPARISON WITH AN EXACT
LEMAÎTRE–TOLMAN–BONDI VOID

The static closure grows density contrasts as D = a,
which in an Einstein–de Sitter (EdS) background is the
growing mode of linear theory. It is therefore exact only
while |δ| ≪ 1. To quantify how this compares with the
nonlinear evolution of a real void, we evolve the same

initial profile in an exact spherically symmetric dust so-
lution, the LTB model [41–43].

A. The LTB void

In comoving coordinates the LTB metric is

ds2 = −dt2 + R′2(t, r)

1 + 2E(r)
dr2 +R2(t, r) dΩ2, (77)

where each shell obeys the Friedmann-like equation and
the density follows from mass conservation:

Ṙ2 =
2GM(r)

R
+ 2E(r), 4πGρ =

GM ′

R2R′ . (78)

At ai = 10−3 we set R = air, choose M(r) = 4
3πρ̄i(1 +

∆̄i)r
3a3i with ∆̄i(r) the mean contrast within r, and give

each shell the growing-mode velocity

Ṙi = HiRi

(
1− 1

3∆̄i

)
. (79)

The energy E(r) then follows from Eq. (78), and each
shell is integrated independently to a = 1. The initial
profile is the HSW form (73), scaled so that its linear
extrapolation to a = 1 has central value δlin(0) = −1,
−2 or −3. Distances are in units of rv; the evolution
is self-similar in amplitude, so δlin(0) = −2 at a = 0.5
reproduces δlin(0) = −1 at a = 1.

B. Results

Figure 6 and Table IV compare the two evolutions.
The LTB void deepens more slowly than linearly and
saturates, approaching emptiness asymptotically. For
δlin(0) = −2 at a = 1 the exact central contrast is
−0.72, while the static closure, which is linear in this
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TABLE II. Properties of the spherical void of Sec. VIB (HSW profile, δc = −0.85, rv = 30h−1 Mpc) in the static closure at
z = 0.

Quantity Value
Central conformal factor ψ(0) −4.8× 10−6

Ratio (∇ψ)2/|2∇2ψ| (typical) ∼ 10−5

Central local curvature Ωloc
k 0.27

Curvature radius at centre 5.8h−1 Gpc
Central curvature-fluid pressure pψ/ρ̄mc

2 0.28
Max. stress anisotropy |πrr − πθθ|/ρ̄mc2 0.17
Min. WEC combination/ρ̄m 0.15
Central convergence κ0 (zl = 0.3, zs = 1): GR / model −9.9× 10−4 / −4.9× 10−4

Peak tangential shear γt: GR / model −4.9× 10−4 / −2.5× 10−4

ISW-like ∆T/T at zc = 0.1: GR / growth-matched −8.0× 10−8 / −4.0× 10−8

TABLE III. Conformal-factor depth [Eq. (75)] and Gaussian rarity for two large reported underdensities, treated as uniform

spheres. δL is the linear contrast from the spherical-model mapping 1+ δ = (1− 2δL/3)
−3/2 and ν = δL/σL(R). Galaxy-based

contrasts and radii are approximate, and bias corrections are ignored; the numbers indicate orders of magnitude only.

Region R [h−1 Mpc] δ |ψ| σL(R) ν
KBC-like local underdensity [21] 200 −0.3 1.1× 10−4 0.023 −17
Eridanus supervoid [22] 220 −0.14 5.9× 10−5 0.020 −8
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(a) density contrast (HSW form)
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(b) conformal factor from Lichnerowicz eq.
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
r=rv

−0.2

0.0

0.2

0.4

0.6
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(d) stresses and energy conditions
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min WEC combination

FIG. 3. A spherical void in the static closure. (a) HSW density profile. (b) Conformal factor from the Lichnerowicz equa-
tion (72). (c) Local curvature parameter, Eq. (71). (d) Stress anisotropy, isotropic curvature-fluid pressure, and the minimum
of the WEC combinations {ρ, ρ+ pr, ρ+ pθ} in units of ρ̄m.
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FIG. 4. Convergence (left) and tangential shear (right) of the void of Fig. 3 at zl = 0.3 for sources at zs = 1, in general
relativity and in the R(t,x) model. The ratio is exactly 1/2.

0.0 0.5 1.0 1.5
void redshift zc

−0.8

−0.6

−0.4

−0.2

0.0

10
7
¢
T
=T

 (c
en

tr
e)

growth-matched R(t; x)
GR (linear ISW)

FIG. 5. Central ISW-like temperature shift of the void of
Fig. 3 as a function of its redshift, for the growth-matched
closure and for linear general relativity (thin-lens estimate).

background, predicts −2, an unphysical negative density.
The compensating ridge is enhanced nonlinearly, reach-
ing δ = 0.51 in LTB against 0.27 linearly, approaching
but not reaching shell crossing (R′ > 0 everywhere for
these amplitudes).

The local expansion rates also differ qualitatively. In
LTB the transverse and radial Hubble rates at the void
centre exceed the background by 29.5% and 27.8% for
δlin(0) = −2. Off centre Hr ̸= H⊥, so the void is sheared:
near the ridge the radial rate falls to 20% of the back-
ground. The static closure has H = H exactly and no
shear [Eq. (21)]. Voids in the real Universe expand faster
than the background [18, 30], as in LTB.

TABLE IV. Central and ridge density contrasts and central
expansion rates of the exact LTB void compared with the
static closure (equal to linear theory in EdS).

δlin(0) δLTB(0) δLTB
ridge δlinridge H⊥/H̄ − 1 Hr/H̄ − 1

−0.25 −0.20 0.037 0.034 0.072 0.064
−0.5 −0.34 0.078 0.069 0.127 0.115
−1 −0.53 0.180 0.137 0.205 0.189
−2 −0.72 0.511 0.275 0.295 0.278

C. Geometric comparison

The LTB spatial metric is conformally flat only if
R′/

√
1 + 2E = R/r up to a conformal factor, which

holds only for FLRW. In LTB the electric Weyl tensor
is sourced by the difference between the local and mean-
enclosed density [47],

Err = −2Eθθ ∝ ρ− 3M

4πR3
, (80)

whereas in our model Eab = 4πGπab is sourced by the
anisotropic stress [Eq. (33)]. Both models have Hab = 0
in spherical symmetry. The tidal field thus arises from
inhomogeneous dust in LTB but from stress in the con-
formally flat model. This is the geometric counterpart of
Theorem 1.

VIII. RESTORING THE LAPSE: THE
TWO-FUNCTION METRIC

Sections V–VII trace every observational difficulty of
the model to the condition g00 = −1. We therefore gen-
eralize Eq. (3) to

ds2 = −e2ν(t,x)dt2 + e2α(t,x)δij dx
idxj , (81)
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FIG. 6. Exact LTB voids (solid) compared with the static R(t,x) closure (dashed), in an EdS background. (a) Profiles for
δlin(0) = −2 at a = 0.25, 0.5 and 1. (b) Central contrast as a function of a for three amplitudes. (c) Transverse and radial
Hubble rates of the LTB void relative to the background at a = 1; the static closure has no expansion perturbation.

with lapse N = eν . This metric contains the Newtonian
gauge of cosmological perturbation theory at linear order.
It also contains exact solutions such as the Schwarzschild
metric in isotropic coordinates and McVittie’s metric for
a mass embedded in FLRW [82].

A. Einstein tensor

A symbolic computation of the curvature of Eq. (81)
for arbitrary α and ν gives

G0
0 = −3e−2ν α̇2 + e−2α

[
2∇2α+ (∇α)2

]
, (82)

G0i = −2 (∂iα̇− α̇ ∂iν) , (83)

Gij = e−2ν
(
−2α̈− 3α̇2 + 2α̇ν̇

)
δij + e−2αMij , (84)

with

Mij = ∂iα∂jα− ∂i∂jα− ∂iν ∂jν − ∂i∂jν

+ ∂iα∂jν + ∂jα∂iν

+ δij
[
∇2α+∇2ν + (∇ν)2

]
. (85)

For ν = 0 these reduce to Eqs. (13)–(15). The compo-
nents are given in full in Appendix E.

B. Kinematics and matter content

The observers ua = e−νδa0 now accelerate, with

Aa = Daν, θ = 3e−ν α̇, σab = ωab = 0. (86)

The effective fluid has

8πGρ+ Λ = 3e−2ν α̇2 + 1
2
(3)R, (87)

8πGqi = 2e−ν (∂iα̇− α̇ ∂iν) , (88)

8πGp− Λ = e−2ν
(
−2α̈− 3α̇2 + 2α̇ν̇

)
+ 1

3e
−2αMkk,

(89)

8πGπij = e−2α
(
Mij − 1

3δijMkk

)
. (90)

The Hamiltonian constraint (87) contains the lapse only
through the expansion. The Lichnerowicz reconstruction
of Sec. VIA therefore carries over unchanged: voids are
still negative-curvature domains of the spatial scale fac-
tor.

C. Perfect fluids are allowed

The anisotropic stress (90) vanishes if[
∂i∂j(α+ ν)− ∂iα∂jα+ ∂iν ∂jν

− ∂iα∂jν − ∂jα∂iν
]TF

= 0, (91)

where TF denotes the trace-free part. Unlike Theorem 1,
this condition has non-FLRW solutions. Linearizing with
α = ln a+ ψ and ν = Φ gives ∂⟨i∂j⟩(ψ +Φ) = 0, i.e.

Φ = −ψ = ΨB , (92)

the absence of gravitational slip in general relativity.
For the void of Sec. VIB the second-order correction
to Eq. (92) from the quadratic terms in Eq. (91) is
max |Φ + ψ| = 1.5 × 10−11, a fraction 3 × 10−6 of |ψ|.
The void is thus a potential hill of the lapse (Φ > 0) and
a trough of the spatial scale factor (ψ < 0).

D. Linear dynamics

With Eq. (92) and δp = 0, the linearized trace of
Eq. (89) becomes

ψ̈ + 4Hψ̇ +
(
2Ḣ + 3H2

)
ψ = 0, (93)

the standard equation for the Newtonian potential in a
dust-plus-Λ universe [38]. Its growing solution is ψ ∝
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DΛCDM/a. Integrating Eq. (93) numerically reproduces
the growth-matched factor A(a) of Eq. (62) to 4× 10−7

(Fig. 8a). The energy flux (88) becomes 8πGqi = 2∂i(ψ̇−
HΦ), which is the standard peculiar momentum, with
outflow from voids. Lensing has Φ + Ψ = 2ΦN (Σ = 1),
the ISW effect has its general-relativistic amplitude, and
EG = Ωm/f .
The growth-matched closure of Sec. VC and the two-

function metric thus share the same spatial scale factor
R(t,x) = a(t)eA(t)ψ0(x). They differ only in the lapse,
and that difference halves the lensing, halves the ISW
effect and reverses the void outflow (Fig. 8b). The spa-
tially varying scale factor is the correct description of the
spatial geometry of voids. Their dynamics requires the
lapse.

E. Exact examples

Two exact solutions illustrate the reach of Eq. (81).
The Schwarzschild metric in isotropic coordinates,

eν =
1−m/2r

1 +m/2r
, eα =

(
1 +

m

2r

)2

, (94)

satisfies Eqs. (87)–(90) with ρ = p = q = π = 0. McVit-
tie’s metric [82],

eν =
1− µ

1 + µ
, eα = a(t)(1 + µ)2, µ =

m

2a(t)r
,

(95)
describes a mass in an expanding universe with a per-
fect fluid of uniform density and inhomogeneous pressure.
Formally replacing m → −|m| gives a conformal factor
with a minimum at the centre, the McVittie analogue of
a compensated void, though with a curvature singularity
where µ = −1.

F. Tidal field of a void

The electric Weyl tensor is the relativistic tidal field.
In the two-function metric with Φ = −ψ it is, to linear
order, Eij = a−2∂⟨i∂j⟩Φ. For a spherical void the radial
eigenvalue is

Err
∣∣
GR

=
2

3a2

(
Φ′′ − Φ′

r

)
= ΩmH

2
0a

−3
[
δ(r)− ∆̄(r)

]
,

(96)
where ∆̄(r) is the mean contrast within r. The second
form follows from the Poisson equation and agrees with
the LTB expression (80). In the static closure, Eq. (33)
with Eq. (C5) gives, to the same order,

Err
∣∣
static

= 4πGπrr = − c2

3a2

(
ψ′′ − ψ′

r

)
= 1

2 E
r
r

∣∣
GR
.

(97)
At fixed density the tidal field of a void in the conformally
flat model is exactly half that of general relativity. This

is the same factor that halves the lensing, since both are
governed by the Weyl tensor. For the void of Sec. VIB,
Eq. (96) peaks at Err = 0.105H2

0 near r ≃ rv, and its
two forms agree numerically to 10−4 (Fig. 7).

IX. LOCAL EXPANSION RATE, AVERAGING
AND THE HUBBLE TENSION

Because voids expand faster than the background, they
have been proposed as a source of local variations of the
Hubble rate, and in particular of the tension between
local and CMB-inferred H0 [21]. The three cases make
sharply different statements.

A. Local Hubble rate

The local Hubble rate of the comoving observers, H =
θ/3, is

H =


H (static),

H + ψ̇ (growth-matched),

e−ν(H + ψ̇) ≃ H
(
1− 1

3fδ
)

(two-function).

(98)
In the last line we used the energy equation (36) at linear

order, δ̇ = −δθ in the matter frame, so that δH/H =

− 1
3fδ. In the growth-matched closure ψ̇ = (f − 1)Hψ,

so |δH/H| ∼ |f − 1| |ψ| ∼ 10−5. In the static closure the
local expansion rate is exactly uniform. Of the three, only
the two-function metric reproduces the faster expansion
of voids found in LTB (Sec. VII).

B. Variance and the local void

Averaged over a sphere of radius R, the rms fluctuation
of the Hubble rate in linear theory is

σH(R)

H
=
f

3
σR, (99)

where σR is the rms linear density contrast in spheres of
radius R. For our cosmology this gives 2.7%, 1.1%, 0.41%
and 0.21% at R = 50, 100, 200 and 300h−1 Mpc (Fig. 9,
left). A KBC-like underdensity with δ = −0.3 within
200h−1 Mpc would raise the local rate by 5.3%, a 13σ
fluctuation by Eq. (99). This is less than the 8.3% dif-
ference between local and CMB-inferred values (73 ver-
sus 67.4 km s−1 Mpc−1 [70]). In the static and growth-
matched closures the effect is zero or of order 10−5: a
spatially varying scale factor without a lapse cannot pro-
duce a local Hubble-rate excess.



14

0.0 0.5 1.0 1.5 2.0 2.5 3.0
r=rv

−0.4

−0.2

0.0

0.2

0.4
105 Ã (spatial factor)
105 ©=¡105Ã (lapse)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
r=rv

−10

−5

0

5

10

10
2
E
r
r
=H

2 0

GR / two-function
GR from ½¡ ¹½ < r
static closure

FIG. 7. Left: the spatial conformal factor ψ and the lapse Φ = −ψ of the spherical void in the two-function metric. Right:
radial eigenvalue of the electric Weyl tensor in general relativity (from Φ, solid, and from δ − ∆̄, dotted) and in the static
closure (dashed), which is exactly half.

10−3 10−2 10−1 100

a

1.00

1.05

1.10

1.15

1.20

1.25

Ã
(a
)=
Ã
(1
)

static closure
growth-matched, A(a)
two-function metric, ©B =¡Ã

§ (lensing)
f(z=

0) EG ISW
void outflow

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

ra
tio

 to
 ¤

C
D

M
/G

R

static
growth-matched
two-function

FIG. 8. (a) Time dependence of the spatial conformal factor ψ(a)/ψ(1) for the static closure, the growth-matched closure and
the two-function metric with ΦB = −ψ; the last two coincide. (b) Ratios of observables to ΛCDM/GR for the three cases:
lensing strength Σ, growth rate f at z = 0, EG, ISW amplitude and void outflow velocity.

C. Spatial averaging

For a domain D the Buchert equations [50] read

3
äD
aD

= −4πG⟨ρ⟩D +QD + Λ, (100)

QD = 2
3

(
⟨θ2⟩D − ⟨θ⟩2D

)
− 2⟨σ2⟩D, (101)

where for the two-function metric ⟨ρ⟩ also receives a
pressure-gradient contribution through the lapse. Since
σ = 0 in all our cases, QD = 6VarD(H) ≥ 0. For the
two-function metric and a domain of radius 100h−1 Mpc,
QD/H

2 = 6(fσR/3)
2 = 7.9×10−4, far too small to mimic

dark energy, in agreement with perturbative estimates of
backreaction [49].

X. STATISTICAL ANALYSIS OF THE GALAXY
DISTRIBUTION

The static closure makes the density field at any in-
stant a deterministic and essentially linear functional of
ψ, Eq. (59). Its predictions for galaxy statistics therefore
differ from ΛCDM through the growth history [Eq. (60)],
not through the shape of the field at fixed amplitude. To
quantify this, and to test the correspondence between
voids and negative curvature, we generated mock galaxy
catalogues and analyzed them with the estimators used
for real surveys.
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A. Mock catalogues

We generated a Gaussian random field on a 2563 grid
in a periodic cube of side L = 1000h−1 Mpc (cell size
3.9h−1 Mpc), with the Eisenstein–Hu no-wiggle transfer
function [69], ns = 0.965, h = 0.674, Ωm = 0.315, Ωb =
0.049 and σ8 = 0.811 [70]:

δk =Wk

[
N3P (k)

L3

]1/2
, ⟨|Wk|2⟩ = N3. (102)

The conformal factor was obtained from the linear con-
straint, ψk = 3ΩmH

2
0δk/(2c

2k2). Evaluating the exact
static-closure density (59) on the grid gave an rms dif-
ference from the linear field of 7.8 × 10−5, compared
with a cell-scale σ = 1.85. The rms conformal factor
is ψrms = 2.1 × 10−5 and the ratio of the quadratic to
the linear term is 1.1×10−6, confirming that the model’s
density field is linear in ψ.

Galaxies were drawn from a lognormal density
field [71],

ng(x) = n̄ exp
[
bD δs(x)− 1

2b
2D2σ2

s

]
, (103)

where δs is the field smoothed with a Gaussian of radius
5h−1 Mpc (σs = 0.66), b = 1.5, n̄ = 3 × 10−4 h3 Mpc−3

(about 3×105 galaxies), andD is the growth factor of the
model and redshift. Galaxy counts per cell were Poisson-
sampled and positions placed uniformly within cells. We
built six catalogues: ΛCDM and the static closure at
z = 0, 0.5 and 1, with the same random phases and
Poisson seed, so that differences are due to the growth
history alone. The static closure was normalized to the
same amplitude as ΛCDM at early times. Table V lists
the parameters.

B. Estimators

a. Power spectrum. Galaxies were assigned to the
grid with cloud-in-cell interpolation, the window was de-
convolved, and the shot noise 1/n̄ was subtracted:

P̂ (k) =
L3

N6

〈
|δg,k|2

W 2
CIC(k)

〉
|k|∈k

− 1

n̄
. (104)

b. Correlation function. We used the Landy–Szalay
estimator [72],

ξ̂(r) =
DD(r)− 2DR(r) +RR(r)

RR(r)
, (105)

with normalized pair counts, computed in each of the
eight octants of the box (non-periodic, with three times
as many randoms as galaxies, subsampled to 3 × 104

galaxies) and averaged; errors are the scatter among oc-

tants divided by
√
8.

c. Counts in cells and VPF. For 105 random
spheres of radius R we measured the count distribution
PN (R), the void probability function P0(R) [73], and the
Poisson-corrected moments [40, 74]

ξ̄ =
µ2 − N̄

N̄2
, S3 =

µ3 − 3µ2 + 2N̄

N̄3ξ̄2
,

S4 =
κ4 − 6µ3 + 11µ2 − 6N̄

N̄4ξ̄3
, (106)

where µn are central moments and κ4 = µ4 − 3µ2
2.

d. Genus. The galaxy density was smoothed with
a Gaussian of radius RG = 15h−1 Mpc, and the Euler
characteristic χ of excursion sets above thresholds νA
(defined by volume fraction) was computed. The genus
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density g = −χ/V was compared with the Gaussian pre-
diction [75–77]

g(ν) =
1

4π2

(
⟨k2⟩
3

)3/2

(1− ν2) e−ν
2/2,

⟨k2⟩ =
∫
k4Pg(k)e

−k2R2
Gdk∫

k2Pg(k)e−k
2R2

Gdk
. (107)

e. Void finder. We used a spherical-underdensity al-
gorithm in the spirit of Refs. [10, 78]. Candidate cen-
tres are local minima of the galaxy density smoothed
with a 10h−1 Mpc Gaussian. Around each, spheres are
grown until the enclosed galaxy density first exceeds 0.2n̄
(∆ = −0.8). Spheres are then ranked by radius, and a
candidate is rejected if its centre lies inside an accepted
void. Only voids with Rv ≥ 10h−1 Mpc are kept. Details
are in Appendix D.

f. Theory for void abundance. For reference we com-
puted the volume-conserving Sheth–van de Weygaert size
function of matter voids [30, 31],

dn

d lnR
=
flnσ(σ)

V (RL)

d lnσ−1

d lnRL
,

flnσ = 2

∞∑
j=1

jπx2 sin(jπD) e−(jπx)2/2, (108)

with D = |δv|/(δc + |δv|), x = Dσ/|δv|, δv = −2.71,
δc = 1.686 and R = 1.71RL.
g. Tests. Void-radius distributions of the two mod-

els were compared with the two-sample Kolmogorov–
Smirnov test and with a χ2 test on binned counts.

C. Results

a. Spatial distribution. Figure 11 shows a
40h−1 Mpc slab of the ΛCDM catalogue at z = 0,
with the voids that intersect it, together with slices of
δm, ψ and the smoothed (3)R. The conformal factor is a
smooth, large-scale field: its power spectrum is steeper
than that of δ by k−4. The curvature, by Eq. (71),
carries the full small-scale structure of the density.
Voids sit in the troughs of ψ and, more sharply, in the
negative-curvature regions.

b. Clustering. The measured power spectra and cor-
relation functions (Fig. 12) follow the linear predic-

tions b2D2P (k)e−k
2R2

s on large scales and exceed them
on small scales, as expected for lognormal fields. At

r ≃ 10h−1 Mpc we find ξ̂ = 0.83 ± 0.05 (ΛCDM) and
1.85 ± 0.09 (static); at r ≃ 24h−1 Mpc, 0.16 ± 0.01 and
0.28± 0.01. The ratio approaches D2

static/D
2
ΛCDM = 1.61

on large scales.
c. Higher-order statistics. Counts-in-cells moments

(Table V, Fig. 15) show the expected hierarchical be-
haviour. S3 ranges from about 3 to 5 and increases with
amplitude, as in lognormal models. The void probability

function at R = 20h−1 Mpc is 0.005 for ΛCDM and 0.014
for the static closure at z = 0, both far above the Pois-
son value e−N̄ = 4.5× 10−5. The genus curves (Fig. 16)
are close to the Gaussian shape with the amplitude of
Eq. (107) (1.6 × 10−6 h3 Mpc−3), with the slight ampli-
tude drop and asymmetry typical of mildly non-Gaussian
fields. The two models are almost indistinguishable in
this statistic at the same smoothing.

d. Voids. Each catalogue contains 3 000–4 000 voids
with Rv ≥ 10h−1 Mpc, filling 14–24% of the volume (Ta-
ble V). The mean radius increases with time in both
models, from 19.6 to 22.8h−1 Mpc in ΛCDM and from
19.7 to 25.3h−1 Mpc in the static closure, and the largest
voids reach 41 and 45h−1 Mpc. The cumulative void size
functions (Fig. 13) separate increasingly towards z = 0,
in the same sense as the SvdW predictions for matter
voids. The absolute abundance of galaxy-defined voids
differs from the matter-void theory, as is well known for
sparse, biased tracers [19, 31]. Stacked galaxy profiles
(Fig. 14) are empty inside 0.5Rv, rise steeply at Rv, and
show a compensating ridge of δ ≃ 0.1 at 1.5–2Rv; this
is qualitatively similar to the HSW form. The matter
contrast inside voids is about −0.6 to −0.8.

e. Voids and curvature. The stacked conformal fac-
tor has a minimum of −1.8× 10−5 near 0.5Rv and rises
over several void radii. The stacked curvature (3)R is neg-
ative inside and changes sign near Rv (Fig. 14, right). Of
the 3 488 void centres in the ΛCDM catalogue at z = 0,
95.3% lie where the curvature smoothed on 10h−1 Mpc is
negative; without smoothing the fraction is 67%, limited
by cell-scale noise. The Spearman correlation between
void radius and the local value of ψ smoothed on 5 cells
is rs = −0.28 (p = 6× 10−62): larger voids sit in deeper
troughs of the conformal factor. Only 55% of void cen-
tres have ψ below its mean, which shows that voids trace
the curvature of R(t,x), not its value.

f. Local curvature at void centres. Converting the
smoothed curvature to the local curvature parameter of
Eq. (19) gives a direct measure of how “open” voids are
(Fig. 10). Over the whole volume Ωloc

k , smoothed on
10h−1 Mpc, has zero mean and rms 0.12. At void centres
its mean is 0.15 (median 0.15), and 95% of the values
are positive. Larger voids are more open: the Pearson
correlation between Rv and Ωloc

k is 0.55, and the 128 voids
with Rv > 30h−1 Mpc have mean Ωloc

k = 0.26, close
to the value 0.27 found for the spherical HSW void of
Sec. VIB.

g. Model comparison. Table VI lists the statistical
tests. At z = 0 the void radius distributions of ΛCDM
and the static closure differ with KS statistic D = 0.24
(p = 1.4 × 10−86) and χ2 = 540 for 8 degrees of free-
dom. At z = 0.5 the difference is still highly significant
(p ∼ 10−11). At z = 1, where the growth factors differ by
only 4.6%, the catalogues are statistically indistinguish-
able (pKS = 0.16, pχ2 = 0.73). Void statistics in a single

1h−3 Gpc3 volume at z ≲ 0.5 can therefore discriminate
between the growth histories.
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TABLE V. Mock catalogues and summary statistics. fV is the volume fraction in voids. Counts-in-cells statistics are for
spheres of radius 10 and 20h−1 Mpc.

Model z σ8 Ngal Nv R̄v Rmax
v fV ξ̄10 S3,10 P0(10) S3,20 P0(20)

ΛCDM 0 0.811 301 043 3488 22.8 40.9 0.188 0.87 3.96 0.397 3.71 0.005
ΛCDM 0.5 0.624 300 442 3819 20.8 37.3 0.157 0.42 3.40 0.357 3.41 0.002
ΛCDM 1 0.492 300 859 4030 19.6 32.3 0.138 0.25 2.98 0.330 3.20 0.001
Static 0 1.029 300 778 3155 25.3 45.1 0.236 1.82 5.19 0.452 5.01 0.014
Static 0.5 0.686 300 555 3662 21.4 35.0 0.165 0.56 3.90 0.370 3.55 0.002
Static 1 0.515 301 123 4044 19.7 30.8 0.140 0.29 3.53 0.335 3.37 0.001

TABLE VI. Comparison of void-radius distributions between ΛCDM and the static closure in the mock catalogues.

z Dstatic/DΛCDM KS statistic pKS χ2/dof pχ2

0 1.269 0.243 1.4× 10−86 540/8 1.7× 10−111

0.5 1.101 0.080 6.6× 10−11 66.8/6 1.8× 10−12

1 1.046 0.025 0.16 2.8/5 0.73
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D. Higher-order statistics: absence of gravitational
skewness

The exact static-closure density (59), expanded to sec-
ond order in ψ, is

δ =
−2c2

3ΩmH2
0

a
[
∇2ψ (1− 2ψ) + 1

2 (∇ψ)
2
]
+O(ψ3). (109)

The second-order terms are suppressed relative to the
first by |ψ| ∼ 10−5. If the primordial ψ is Gaussian, the
static-closure matter field is therefore Gaussian to one
part in 105, and its reduced skewness vanishes:

Sstatic
3 ≡ ⟨δ3⟩

⟨δ2⟩2
= O(ψ) ∼ 10−5. (110)

Gravitational instability instead generates non-
Gaussianity at second order through the kernel [40]

F2(k1,k2) =
5

7
+

1

2

k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(k1 · k2)
2

k21k
2
2

,

(111)
which for top-hat smoothing gives

SPT
3 =

34

7
+
d lnσ2

R

d lnR
=

34

7
− (neff + 3). (112)

For our spectrum neff = −1.53 and −1.20 at R = 10 and
20h−1 Mpc, so SPT

3 = 3.39 and 3.06. Measured galaxy
skewness in large surveys is hierarchical with values of
this order [96, 97]. Such skewness cannot arise in the
static closure without primordial non-Gaussianity of ψ.
(Our lognormal mocks impose S3 ≃ 3 + σ2 by construc-
tion in both cases, so Table V does not test this pre-
diction.) This is a further, independent discriminant: a
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FIG. 16. Genus density of the galaxy field smoothed on
15h−1 Mpc for the two models at z = 0, with the Gaussian
predictions of Eq. (107) (dotted).

spatially varying scale factor without gravitational dy-
namics imprints the initial statistics of ψ directly on the
galaxy distribution.

E. Void bias and void shapes

On large scales voids are biased tracers of the matter
field [17]. We estimated the void bias from the ratio of the
void–galaxy to the galaxy–galaxy correlation function at
40 ≤ r ≤ 85h−1 Mpc, bv = b ξvg/ξgg, in three bins of void
radius. Small voids (10 ≤ Rv < 20h−1 Mpc) have posi-
tive bias, bv ≈ 6.1 (ΛCDM) and 7.7 (static), because they
are embedded in overdense regions (“void-in-cloud”). In-
termediate voids (20–30h−1 Mpc) have bv ≈ 1.0 and 1.8.
The largest voids (≥ 30h−1 Mpc) have negative bias,
bv ≈ −6.7 and −4.4 (Fig. 17). The sign change with ra-
dius reproduces the behaviour found in simulations and
surveys [17, 30]. The bias values are indicative only, since
they rest on small correlation amplitudes and, for the
largest voids, on 128 and 486 objects.

Void shapes were measured from the inertia tensor of
galaxies in the shell Rv < r < 1.3Rv around voids with
Rv > 15h−1 Mpc. The mean axis ratios are ⟨b/a⟩ =
0.81 and ⟨c/a⟩ = 0.64 for ΛCDM, and 0.80 and 0.63
for the static closure, comparable to the asphericity of
voids in Gaussian fields [26, 98]. The shape distributions
of the two models are almost identical. Shapes are set
mainly by the geometry of the initial field and depend
only weakly on the growth amplitude.

F. Void centres as minima of the curvature field

In the static closure (3)R ∝ δ [Eq. (71)], so the min-
ima of the smoothed density field are the minima of the

spatial curvature, and void centres are a subset of them.

For a Gaussian field smoothed with W = e−k
2R2

G/2, the
number density of minima of any height is [94]

nmin =
29− 6

√
6

53/2 8π2
R−3

∗ ≃ 0.0162

R3
∗

, R∗ =

√
3σ2

1

σ2
2

,

(113)
with spectral moments

σ2
j =

1

2π2

∫
k2+2jP (k)W 2(kRG) dk, γ =

σ2
1

σ0σ2
.

(114)
Counting local minima of the smoothed linear field on
the 2563 grid gives 7 093, 2 324 and 1 057 minima for
RG = 10, 15 and 20h−1 Mpc, against Eq. (113) predic-
tions of 7 318, 2 386 and 1 075. The agreement is 97–98%,
and the residual deficit is due to grid discreteness. The
galaxy field smoothed on 10h−1 Mpc yields 3 519 can-
didate centres with the coarser selection of Appendix D,
from which the void finder retains 3 488. Void abundance
in the model is therefore controlled by the peak statis-
tics of the curvature field, with R∗ ranging from 13 to
25h−1 Mpc and γ = 0.72–0.75.

G. Nearest-neighbour distributions

The k-nearest-neighbour cumulative distribution func-
tions (kNN-CDFs) [95], i.e. the distributions of distances
from random points to the k-th nearest galaxy, are sensi-
tive to all connected correlation functions and especially
to voids. For a Poisson process,

CDFk(r) = P
(
k, 4

3πn̄r
3
)
, (115)

where P is the regularized lower incomplete gamma func-
tion, and 1 − CDF1(r) is the void probability function.
We measured CDF1–4 from 2×105 random points (Fig. 9,
right). The median distances for k = 1–4 are 8.95, 11.88,
13.76 and 15.21h−1 Mpc for ΛCDM and 9.46, 12.44,
14.35 and 15.80h−1 Mpc for the static closure, against
8.44, 10.92, 12.90 and 14.39h−1 Mpc for Poisson. Clus-
tering shifts all CDFs to larger distances, and the static
closure, with 27% more growth, shifts them further.

H. Redshift-space distortions

The three cases differ most clearly in their velocity
fields. In linear theory, a galaxy at real-space position x
appears along the line of sight ẑ at

sz = xz + feff Ψz(x), Ψk =
ik

k2
δk, (116)

where Ψ is the linear displacement field and feff the ef-
fective growth rate of the velocities. For ΛCDM (and
the two-function metric) feff = f = 0.527 at z = 0. For
the static closure feff = 0, since there is no flow relative
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to ua. For the growth-matched closure, Eq. (63) gives
feff = f − 1 = −0.473. We applied Eq. (116) to the
ΛCDM catalogue at z = 0, using the displacement of the
smoothed field, and measured two statistics.

a. Power-spectrum multipoles. The Legendre multi-
poles of the redshift-space power spectrum [83],

Pℓ(k) =
2ℓ+ 1

2

∫ 1

−1

P (k, µ)Lℓ(µ) dµ, (117)

with µ = k̂ · ẑ, were estimated on the grid; modes with
kz > 0 were weighted twice to account for the real-FFT
half-space. In the Kaiser limit [84],

P2

P0
=

4
3β + 4

7β
2

1 + 2
3β + 1

5β
2
, β =

feff
b
. (118)

b. Void–galaxy cross-correlation. Voids were identi-
fied in real space (15 < Rv < 40h−1 Mpc; 3 418 voids),
and the multipoles ξ0(s) and ξ2(s) of the void–galaxy cor-
relation were measured in redshift space in units of s/Rv.
The linear model of Refs. [85, 86] predicts

ξ2(s) =
2β

3

[
ξr(s)− ξ̄r(s)

]
, (119)

ξ̄r(s) =
3

s3

∫ s

0

ξr(s′)s′2ds′, (120)

where ξr is the real-space void–galaxy profile.
c. Results. Table VII and Fig. 18 summarize the

measurements.

� ΛCDM: P2/P0 = 0.395±0.018 for k < 0.1hMpc−1,
against the Kaiser value 0.428. The small deficit
is the familiar nonlinear (Fingers-of-God-like) sup-
pression from the lognormal field.

� Static closure: P2/P0 = 0.007 ± 0.015, consistent
with zero.

� Growth-matched closure: P2/P0 = −0.395± 0.016,
a negative quadrupole.

The void–galaxy quadrupole averaged over 1.2 < s/Rv <
2.2 shows the same pattern: +0.034 ± 0.006, +0.001 ±
0.003 and −0.039±0.004 respectively, against linear pre-
dictions of +0.060, 0 and −0.054. Every redshift survey
has measured a positive large-scale quadrupole [79, 80],
and void–galaxy quadrupoles are consistent with out-
flow [18, 86]. Both closures of the g00 = −1 model
are therefore excluded by the sign or the existence of
redshift-space distortions, independently of amplitude.

I. Comparison with observed void catalogues

Public void catalogues from SDSS and BOSS [12–
14] contain voids of effective radius ∼ 10–100h−1 Mpc
with stacked profiles well described by Eq. (73) [17].
Their abundances, shapes and redshift-space distortions
agree with ΛCDM simulations [13, 18, 19]. Redshift-
space void–galaxy correlations show coherent outflows
consistent with linear theory [18]. In the static clo-
sure these outflows are absent (Sec. VC); in the growth-
matched closure the energy flux points inward at late
times [Eq. (63)]. Section XH shows that this produces
a vanishing or negative void–galaxy quadrupole. Both
closures are therefore in tension with void dynamics, in-
dependently of the growth-rate and EG arguments of
Sec. V. A quantitative fit to survey data, including sur-
vey geometry, redshift-space distortions and selection, is
beyond the scope of this paper; the estimators of this
section apply unchanged.
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TABLE VII. Redshift-space statistics of the z = 0 mock for the three velocity fields. P2/P0 is averaged over k < 0.1hMpc−1;
⟨ξ2⟩ over 1.2 < s/Rv < 2.2.

Case feff P2/P0 Kaiser ⟨ξ2⟩ Linear
ΛCDM 0.527 0.395(18) 0.428 0.034(6) 0.060
Static 0 0.007(15) 0 0.001(3) 0
Growth-matched −0.473 −0.395(16) −0.449 −0.039(4) −0.054
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FIG. 18. Redshift-space statistics of the ΛCDM mock with the velocity fields of the three cases. Left: void–galaxy monopole
in real and redshift space. Centre: power-spectrum quadrupole-to-monopole ratio with the Kaiser predictions (dotted). Right:
void–galaxy quadrupole with the linear predictions of Eq. (120) (dotted).

XI. CONFRONTATION WITH GROWTH AND
LENSING DATA

We now fit the three cases to published measurements
of the growth rate and of the lensing-to-velocity ratio.

A. Data

For fσ8(z) we use eight measurements: 6dFGS at z =
0.067 [87], the SDSS main galaxy sample at z = 0.15 [88],
the three BOSS DR12 consensus bins at z = 0.38, 0.51
and 0.61 [79], and the eBOSS LRG, ELG and quasar
samples at z = 0.70, 0.85 and 1.48 [80]. For EG we use
five measurements at z = 0.32 and 0.57 [64, 89–91]. The
values are listed in Table VIII. We use diagonal errors.
The BOSS bins are correlated at the ∼ 30% level and
several EG measurements share data, so the χ2 values
below are indicative; the differences between models are
large enough that this does not affect the conclusions.

B. Models

All models use Ωm = 0.315 and have one free ampli-
tude, σ8 ≡ σ8(z = 0):

ΛCDM : fσ8 = f(z)σ8
D(z)

D(0)
, EG =

Ωm
f(z)

,

(121)

static : fσ8 =
σ8

1 + z
, EG =

Ωm
2
, (122)

growth-matched : fσ8 as ΛCDM, EG =
Ωm
2f(z)

.

(123)

For the static closure we take the generous view that the
growth rate f = 1 would be measured. Since this closure
has no peculiar velocities, a literal prediction would be
fσ8 = 0, which is excluded at very high significance.
We also fit the phenomenological growth index [92], f =
Ωm(a)γ , with σ8 and γ free and EG = Ωm/f .

C. Results

Table IX and Fig. 19 give the results.

� ΛCDM: χ2 = 17.8 for 12 degrees of freedom, with
σ8 = 0.808.
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TABLE VIII. Data used in the fit (diagonal errors).

Sample z Value Ref.
6dFGS 0.067 fσ8 = 0.423± 0.055 [87]
SDSS MGS 0.15 0.53± 0.16 [88]
BOSS DR12 0.38 0.497± 0.045 [79]
BOSS DR12 0.51 0.459± 0.038 [79]
BOSS DR12 0.61 0.436± 0.034 [79]
eBOSS LRG 0.70 0.473± 0.041 [80]
eBOSS ELG 0.85 0.315± 0.095 [80]
eBOSS QSO 1.48 0.462± 0.045 [80]
SDSS LRG 0.32 EG = 0.39± 0.06 [64]
RCSLenS/CFHTLenS 0.32 0.48± 0.10 [89]
RCSLenS/CFHTLenS 0.57 0.30± 0.07 [89]
Planck×CMASS 0.57 0.243± 0.060 [90]
CFHTLenS×CMASS 0.57 0.42± 0.056 [91]

TABLE IX. Best fits to the data of Table VIII (13 points).

Model σ8 χ2
fσ8

χ2
EG

χ2 ∆χ2 ∆AIC
ΛCDM 0.808 7.3 10.5 17.8 0 0
Static 0.683 36.4 53.6 90.0 72.2 72.2
Growth-matched 0.808 7.3 31.5 38.8 21.0 21.0
γ free (γ = 0.48) 0.791 8.5 8.6 17.1 −0.7 1.3

� Static closure: ∆χ2 = +72.2; its best fit, σ8 = 0.68,
tries to compromise between f = 1 at all redshifts
and the low EG = Ωm/2.

� Growth-matched closure: it fits fσ8 by construction
but has ∆χ2 = +21.0 from EG alone.

� Growth index: γ = 0.48+0.08
−0.08 (∆χ2 = 1 interval

0.40–0.56), consistent with the general-relativistic
value γ ≃ 0.55. The value γ = 0 (f = 1) is ex-
cluded.

In terms of the Akaike information criterion [93], AIC =
χ2 + 2k, the static and growth-matched closures are dis-
favoured by ∆AIC = 72 and 21.

D. Cosmic-shear power spectrum

Because the model lenses with Σ = 1/2 [Eq. (58)], the
convergence power spectrum in the Limber approxima-
tion [58],

Cκκℓ =

∫ χs

0

dχ

χ2
W 2(χ) Σ2 P

(
ℓ+ 1/2

χ
, z

)
, (124)

W (χ) =
3ΩmH

2
0

2c2
χ(χs − χ)

χs a
, (125)

is reduced by Σ2 = 1/4 at fixed matter power. For
sources at zs = 1 (Fig. 20), the growth-matched closure
gives exactly 1/4 of the ΛCDM spectrum. The static clo-
sure, with its larger late-time growth, gives 0.32 of it at
ℓ = 100. A survey interpreting such data with general rel-
ativity would infer S8 ≡ σ8(Ωm/0.3)

1/2 lower by a factor

of two than the clustering amplitude. The observed lens-
ing amplitudes are lower than the CMB-inferred value by
only of order 10%, the so-called S8 tension. The model’s
factor of two is therefore excluded by cosmic-shear sur-
veys as well.

XII. DISCUSSION

A. What the spatially varying scale factor explains

The metric (1) provides an exact, covariant and eco-
nomical description of a cosmic void. In the static clo-
sure:

1. every void corresponds to a solution of the Lich-
nerowicz equation (70);

2. the void is a domain of negative spatial curvature
whose local Ωk equals −Ωm(a)δ;

3. the conformal factor needed is tiny (|ψ| ∼ 10−6–
10−4) and smooth, so a nearly homogeneous R(t,x)
produces a strongly inhomogeneous galaxy distri-
bution;

4. the tidal field around the void is the electric Weyl
tensor 4πGπab.

In the mocks, voids identified purely from galaxy posi-
tions coincide with negative-curvature domains for 95%
of their centres. In this geometric sense, large voids are
regions where the spatial scale factor R is locally “more
open”, not regions where it is larger.

B. What it does not explain

Three properties of the model conflict with data when
it is treated as a closed cosmological model.

1. No lapse. With g00 = −1 there is no Newtonian
potential in the time–time component, so comoving
matter feels no gravitational acceleration (ΦB = 0),
and lensing is halved (Σ = 1/2). The EG measure-
ments disfavor this at ∼ 3–4σ.

2. Growth. A static spatial factor gives D ∝ a
with f = 1 even during acceleration, which is ex-
cluded by redshift-space-distortion measurements
of fσ8 [79, 80]. Reproducing ΛCDM growth re-
quires a time-dependent ψ, which brings an energy
flux with the wrong sign relative to observed void
outflows.

3. Effective fluid. By Theorem 1, any inhomogeneity
requires anisotropic stress. In the static closure the
inhomogeneous component has w = −1/3 and no
peculiar velocity, unlike clustering dust.
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The model does not alter the rarity of the largest voids
(Table III): since the density is linear in ψ, Gaussian
ψ gives the same void statistics as Gaussian δ at fixed
amplitude. Only non-Gaussian initial conditions for ψ,
or a different growth history, could change them.

Table X summarizes the predictions of the three real-
izations.

C. Possible physical interpretations of the effective
fluid

The stresses required by Eqs. (26)–(27) could be in-
terpreted in several ways. (a) Backreaction and coarse-
graining : averaging an inhomogeneous dust universe pro-
duces effective curvature and stress terms [49–51]. For

our congruence the kinematical backreaction is QD =
2
3 (⟨θ

2⟩D − ⟨θ⟩2D) − 2⟨σ2⟩D = 6VarD(α̇) ≥ 0, which acts
with the sign of acceleration. It vanishes in the static
closure and is of order (Hψ)2 ∼ 10−10H2 in the growth-
matched one, so it is negligible. (b) Modified gravity, in
which a gravitational slip is generic [62]; the extreme slip
of Eq. (57) is, however, disfavored. (c) A dark sector with
anisotropic stress, such as a scalar field with gradient en-
ergy: Tij ⊃ ∂iφ∂jφ contains a term of the form ∂iα∂jα
in Eq. (27), but no single minimally coupled field repro-
duces the ∂i∂jα term. (d) A coordinate artefact : the
metric is the Newtonian gauge with Φ set to zero, and
adding back the lapse g00 = −(1+ 2Φ) restores standard
general relativity with dust. Interpretation (d) leads to
the two-function metric of Sec. VIII, in which voids are
still negative-curvature domains of R but are now also
potential hills of the lapse N , and the effective fluid be-
comes ordinary pressureless matter.

D. Relation to exact inhomogeneous models

The LTB models are spherically symmetric dust solu-
tions with grr = R′2/(1+2E) and areal radiusR(t, r) [41–
43]. They are not conformally flat in general, and each
shell evolves as an independent FLRW universe with its
own curvature, so voids are naturally open regions. Our
model is conformally flat with an unperturbed lapse. It
coincides with LTB only in the FLRW limit, but shares
the identification of voids with locally open geometry.
The Stephani models [45] are conformally flat perfect
fluids with a spatially varying pressure and a non-trivial
lapse; Theorem 1 shows that removing the lapse forces
them back to FLRW. Szekeres models [44] have no sym-
metry but are again dust with a non-trivial spatial met-
ric. Among these, the conformally flat ansatz is the
most restrictive and the only one that requires imperfect
sources. Section VII makes the comparison with LTB
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TABLE X. Summary of predictions for the three realizations of a spatially varying scale factor, compared with ΛCDM/GR at
fixed density field. “Ref.” gives the section where each is derived or tested.

Observable Static closure Growth-matched closure Two-function metric Ref.
Perfect-fluid source possible no no yes III, VIII
Growth rate f(z = 0) 1 0.53 0.53 VC
Lensing strength Σ 1/2 1/2 1 IVB
Tidal field Eab

1
2
GR 1

2
GR GR VIII F

EG at z = 0.32 0.16 0.23 0.45 XI
ISW amplitude 0 1

2
GR GR IV

Redshift-space quadrupole 0 negative positive (Kaiser) XH
Void outflow none inflow outflow VC
Local Hubble excess in voids 0 ∼ 10−5 − 1

3
fδ IX

Matter skewness S3 (Gaussian ψ) ∼ 10−5 ∼ 10−5 34/7− (neff + 3) XD
Cosmic-shear power 0.32 (at ℓ = 100) 1/4 1 XID
∆χ2 vs ΛCDM (fσ8+EG) +72 +21 0 XI
Voids as negative-curvature domains yes yes yes VI

quantitative.

E. Other void-based proposals

Large voids have been invoked to explain several
anomalies: the apparent acceleration in giant-void LTB
models [48, 49], the local Hubble-rate excess [21], and
the CMB Cold Spot through the ISW effect of the Eri-
danus supervoid [22]. The present framework places all
three in a common geometric language, since each con-
cerns the local curvature and expansion of R(t,x). It
also shows that the static and growth-matched closures
cannot help with any of them. The static closure has no
local Hubble excess and no ISW effect, and the growth-
matched closure has an ISW signal of half the general-
relativistic amplitude, which makes the Cold Spot harder
to explain. Only the two-function metric reproduces the
standard predictions. The size of these effects then de-
pends on the rarity of the voids, which Table III shows
to be extreme in Gaussian ΛCDM statistics.

F. Observational tests

The model makes sharp predictions that differ from
ΛCDM at fixed density field:

1. stacked void and cluster lensing at half the general-
relativistic amplitude;

2. EG = Ωm/2 (static) or Ωm/(2f) (growth-
matched);

3. no ISW signal (static) or half the general-
relativistic ISW (growth-matched), for example in
stacked supervoid ISW measurements [81];

4. no redshift-space distortions around voids (static),
or inward-pointing energy flux (growth-matched);

5. void abundance at z = 0 enhanced by the factor
implied by Dstatic/DΛCDM = 1.27.

Sections XH and XI confront items 2 and 4 with mocks
and with published data; both closures fail, while the
two-function metric passes by construction.

G. Extensions

Several generalizations are natural. (i) An anisotropic
scale factor, gij = Rij(t,x), would allow sheared expan-
sion, as in LTB and Szekeres models, at the cost of los-
ing conformal flatness and the Lichnerowicz structure.
(ii) In the two-function metric, nonlinear voids could be
modelled with McVittie-type ansätze, Eq. (95), with a
smooth negative-mass profile in place of the point mass,
or by matching to LTB interiors. (iii) A light-cone treat-
ment, integrating Eq. (43) and the Sachs equation (50)
through realizations of ψ, would give distance–redshift
relations and void lensing maps directly in the model.
(iv) Applying the void finder, the curvature reconstruc-
tion (Lichnerowicz equation) and the redshift-space es-
timators of Secs. X and XH to DESI and Euclid void
catalogues would turn the geometric picture into a mea-
surement of the spatial curvature field around voids.

XIII. CONCLUSIONS

We have worked out the Einstein equations for the
FLRW line element with a scale factor R(t, x, y, z) de-
pending on space as well as time. The curvature is given
in closed form. The comoving observers are geodesic,
shear-free and irrotational. The source is an imperfect
fluid whose energy flux is the gradient of the local Hub-
ble rate and whose anisotropic stress is the trace-free spa-
tial curvature, and the Weyl tensor is purely electric and
equal to 4πG times that stress. Perfect fluids force the
metric back to FLRW.
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Voids appear as domains of negative spatial curvature,
reconstructed exactly from any density profile by a Lich-
nerowicz equation. They need conformal factors of only
10−6–10−4, and in mock catalogues they coincide with
negative-curvature regions for 95% of their centres. The
static version of the model grows structure as D = a,
and is distinguished from ΛCDM by the void size func-
tion at z ≲ 0.5 with overwhelming significance in a giga-
parsec volume. All versions halve gravitational lensing at
fixed density. Growth-rate, lensing-to-velocity and void-
outflow data therefore disfavor the model as a closed cos-
mology.

Its value is twofold. It gives an exact geometric lan-
guage in which voids are regions where the spatial scale
factor is locally open. It also shows, through an explicit
and exactly solvable example, that the time–time com-
ponent of the metric is indispensable for the dynamics of
voids. An exact LTB void confirms that the static model
is a linear approximation, and redshift-space statistics to-
gether with a fit to thirteen growth and lensing measure-
ments disfavor both closures (∆χ2 = 72 and 21). Restor-
ing the lapse, −N2dt2 + R2dx2, removes every one of
these difficulties: perfect fluids are allowed, the slip van-
ishes, and ΛCDM dynamics is recovered, while voids re-
main negative-curvature domains of R. Applying the es-
timators presented here to survey void catalogues within
this two-function framework, including nonlinear stages
via exact solutions such as McVittie-type and LTB-type
geometries, is the natural next step.
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and redshift-space statistics, the void-finder robustness
tests, and the likelihood fit. The measurements used in
the fit are listed in Table VIII.

Appendix A: Notation

Table XI collects the principal symbols.

TABLE XI. Principal symbols.

Symbol Meaning
R(t,x) spacetime-dependent scale factor
ua comoving four-velocity
α conformal exponent, eα = R/(1 + kr2/4)
θ, Aa expansion, acceleration
a(t) background scale factor
σab, ωab shear, vorticity
ψ excess conformal factor, α = ln a+ ψ
ρ, p effective density, isotropic pressure
ν, N = eν lapse exponent and lapse
qa, πab energy flux, anisotropic stress
(3)R Ricci scalar of t = const slices
Eab, Hab electric, magnetic Weyl tensors
Ωloc
k local curvature parameter

ΦB , ΨB Bardeen potentials

w = eψ/2 Lichnerowicz variable
Σ, µ lensing and growth modifications
D, f growth function and rate
EG lensing-to-velocity ratio
A(a) growth-matched amplitude
∆a, Za covariant gradient variables
δc, rv, rs HSW profile parameters
Rv, Nv, fV void radius, number, volume fraction
ξ̄, S3, S4 counts-in-cells moments
P0(R) void probability function
b, bv galaxy and void bias
β = feff/b redshift-space distortion parameter
H local Hubble rate θ/3
QD kinematical backreaction

Appendix B: Connection and curvature components

From Eqs. (6)–(8), the Riemann tensor Rabcd =
∂cΓ

a
bd−∂dΓabc+ΓaceΓ

e
bd−ΓadeΓ

e
bc has the independent com-

ponents

R0
i0j = e2α

(
α̈+ α̇2

)
δij , (B1)

R0
ijk = e2α (δik∂jα̇− δij∂kα̇) , (B2)

Rijkl =
(3)Rijkl + e2αα̇2

(
δikδjl − δilδjk

)
, (B3)

where the purely spatial curvature of e2αδij is

(3)Rijkl = e2α
(
δilAjk + δjkAil − δikAjl − δjlAik

)
,

Aij = ∂i∂jα− ∂iα∂jα+ 1
2δij(∇α)

2. (B4)

Contracting gives Eqs. (9)–(11). Equation (B2) is the
Codazzi relation with extrinsic curvature Kij = α̇ e2αδij ,
and Eq. (B3) is the Gauss relation. For FLRW one has
Aij ∝ δij and R

0
ijk = 0.

The Kretschmann scalar follows from the decomposi-
tion into Weyl and Ricci parts,

RabcdR
abcd = CabcdC

abcd + 2RabR
ab − 1

3R
2, (B5)

with CabcdC
abcd from Eq. (34) and Rab =

8πG
(
Tab − 1

2Tgab
)
+Λgab evaluated from Eqs. (24)–(27).

It is finite wherever α is smooth: the voids constructed
here contain no curvature singularities.
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Appendix C: Spherical reduction

For α = α(t, r), with ′ ≡ ∂r,

∇2α = α′′ +
2

r
α′, (∇α)2 = α′2, (C1)

8πGρ+ Λ = 3α̇2 − e−2α

(
2α′′ +

4

r
α′ + α′2

)
, (C2)

8πGqr = 2α̇′, (C3)

8πGp− Λ = −
(
2α̈+ 3α̇2

)
+ 1

3e
−2α

(
2α′′ +

4

r
α′ + α′2

)
, (C4)

8πGπrr = −16πGπθθ

= 2
3e

−2α

(
α′2 − α′′ +

α′

r

)
. (C5)

The electric Weyl tensor has eigenvalues Err = −2Eθθ =
4πGπrr. The Misner–Sharp-like mass within areal radius
R = reα is

M(t, r) =
R
2G

(1−∇aR∇aR)

=
R
2G

[
R2α̇2 − rα′(2 + rα′)

]
, (C6)

using ∇aR∇aR = −(∂tR)2 + e−2α(∂rR)2 with ∂tR =
Rα̇ and ∂rR = eα(1 + rα′). A void, with α′ > 0 in-
side, has a mass deficit relative to the background term
R3α̇2/2G.

Appendix D: Numerical methods

a. Symbolic verification. The Christoffel symbols,
Riemann, Ricci and Einstein tensors of Eq. (3) were com-
puted symbolically for arbitrary α(t, x, y, z), reproduc-
ing Eqs. (9)–(15) and (12) exactly. Equation (33) was
checked by evaluating Ci0j0 and πij at a test point for a
non-separable α.
b. Background and closures. The ΛCDM

growth function was computed from D(a) =
5
2ΩmE(a)

∫ a
0
[a′E(a′)]−3da′ with E2 = Ωma

−3 + ΩΛ.

Equation (61) was integrated in ln a from a = 10−3 with
a fifth-order Runge–Kutta method and relative tolerance
10−8.

c. Lichnerowicz equation. Equation (72) was inte-
grated outward to r = 5rv with relative tolerance 10−11,
using the regular expansion w′′(0) = −Kδ(0)/3 at the
origin. Doubling the resolution changes ψ(0) by less than
10−4 in relative terms. The lensing convergence uses
the Born approximation along straight lines through the
void.

d. Mocks and void finder. Fields were generated by
fast Fourier transform. Void candidates are local min-
ima of the galaxy density on a 1283 grid smoothed with
a 10h−1 Mpc Gaussian. For each candidate the 600
nearest galaxies are found with a periodic k-d tree; the

void radius is the largest neighbour distance rk at which
(k − 1)/( 43πr

3
kn̄) ≤ 0.2. Overlapping candidates are re-

moved in order of decreasing radius. The genus uses
the 26-connectivity Euler number of the thresholded 1283

field. The Landy–Szalay pair counts use k-d tree neigh-
bour counting.

Appendix E: The two-function metric in detail

For Eq. (81) the nonvanishing Christoffel symbols are

Γ0
00 = ν̇, Γ0

0i = ∂iν, Γ0
ij = α̇ e2α−2νδij , (E1)

Γi00 = e2ν−2α∂iν, Γi0j = α̇ δij , (E2)

with Γijk as in Eq. (8). The Einstein tensor is given by

Eqs. (82)–(85). We verified these expressions, including
all off-diagonal spatial components, with a symbolic com-
putation for arbitrary α(t,x) and ν(t,x). The trace of
Mij is

Mkk = 2∇2α+(∇α)2+2∇2ν+2(∇ν)2+2∇α·∇ν. (E3)

a. Spherical symmetry. For α(t, r) and ν(t, r) the
condition (91) for vanishing anisotropic stress becomes
the ordinary differential equation

ν′′ + α′′ − α′2 + ν′2 − 2α′ν′ − α′ + ν′

r
= 0. (E4)

Its homogeneous linear solutions ν + α = c0 + c2r
2 cor-

respond to a constant shift of the lapse and to spatial
curvature. The isotropic Schwarzschild metric (94) satis-
fies Eq. (E4) exactly. For the void of Sec. VIB we solved
Eq. (E4) perturbatively, ν = −ψ + η, with the decaying
boundary condition η′ → 0. The quadratic source −2ψ′2

gives |η| ≤ 1.5× 10−11.
b. Linearized equations. With α = ln a+ψ and ν =

Φ,

8πGδρ = 6H(ψ̇ −HΦ)− 2c2

a2
∇2ψ, (E5)

8πGqi = 2c ∂i(ψ̇ −HΦ), (E6)

8πGδp = −2ψ̈ − 6Hψ̇ + 2HΦ̇ + 2(2Ḣ + 3H2)Φ

+
2c2

3a2
∇2(ψ +Φ), (E7)

8πGπij = − c2

a2
(
∂i∂j − 1

3δij∇
2
)
(ψ +Φ). (E8)

With ΨB = −ψ and ΦB = Φ these are the Newtonian-
gauge equations of Refs. [38, 39]. Setting Φ = 0 recovers
Eqs. (51)–(54).

Appendix F: Robustness of the void statistics

To test whether the discrimination between ΛCDM
and the static closure (Table VI) depends on analysis
choices, we repeated the z = 0 void analysis while vary-
ing one choice at a time:
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� the void density threshold, ∆ = −0.7 and −0.9;

� the smoothing scale used to select candidate cen-
tres, 5 and 15h−1 Mpc;

� the galaxy bias, b = 1.2 and 2.0;

� the number density, n̄ = 10−4 and 10−3 h3 Mpc−3,
with minimum radii of 15 and 7h−1 Mpc;

� the Poisson sampling seed.

Table XII lists the results. Void numbers and sizes change
with the definition, as expected. In every case, however,
the static closure produces larger voids that fill more vol-
ume, and the Kolmogorov–Smirnov test separates the
two models with log10 p between −34 and −115. Chang-
ing the Poisson seed alters log10 p by about 6, which in-
dicates the sampling scatter of this statistic.

a. Lichnerowicz integration. The central conformal
factor of the void in Sec. VIB is independent of the inte-
gration tolerance (10−8 versus 10−11) and of the sampling
(2001 versus 5001 points) to better than 10−9 in relative
terms. It depends on the outer boundary through the
normalization ψ(rmax) = 0: ψ(0) = −4.87, −4.83 and
−4.75× 10−6 for rmax = 4, 5 and 8 rv. The HSW profile
with the parameters used is not exactly compensated (its
mean contrast within rv is not cancelled by the ridge), so
ψ has a weak 1/r tail. The quoted value therefore carries
a ∼ 2% boundary uncertainty, which affects none of the
conclusions.

Appendix G: Consistency checks in the FLRW limit

For α = ln a(t)− ln(1 + 1
4kr

2), with ϕ ≡ 1 + 1
4kr

2,

∂iα = −kxi
2ϕ

, (∇α)2 =
k2r2

4ϕ2
, (G1)

∂i∂jα = −kδij
2ϕ

+
k2xixj
4ϕ2

, ∇2α = −3k

2ϕ
+
k2r2

4ϕ2
.

(G2)

Hence ∂i∂jα − ∂iα∂jα = −kδij/(2ϕ) is pure trace, so
πij = 0 [Eq. (27)], and

2∇2α+ (∇α)2 = −3k

ϕ
+

3k2r2

4ϕ2
= −3k

ϕ2
, (G3)

so that e−2α[2∇2α+ (∇α)2] = −3k/a2. Equations (24)–
(26) then reduce to the Friedmann equations,

8πGρ+Λ = 3H2+
3k

a2
, 8πGp−Λ = −2

ä

a
−H2− k

a2
,

(G4)
with (3)R = 6k/a2 from Eq. (17), qi = 0 and Eab = 0, as
required. The redshift formula (43) reduces to 1 + z =
ao/ae, because exp(−

∫
∇α · dx) = ϕ(xo)/ϕ(xe) cancels

the spatial factors in Reff = a/ϕ. The Lichnerowicz equa-
tion (70) with uniform δρ is solved by w = ϕ−1/2 (up to

the factor a−1/2) with k = 8πG
3c2 a

2δρ: a uniform density
excess is equivalent to positive spatial curvature, which
is the separate-universe statement. In the two-function
metric, ν = ν(t) is a time reparametrization and the same
checks apply with dt→ eνdt.

Appendix H: Series and asymptotic solutions of the
Lichnerowicz equation

Near the centre of a spherical void, with δ(r) = δ0 +
1
2δ2r

2+O(r4) and K ≡ 3ΩmH
2
0/(4c

2a), Eq. (72) has the
regular expansion

w(r) = w0−
Kδ0w

5
0

6
r2+

(
K2δ20w

9
0

24
− Kδ2w

5
0

40

)
r4+O(r6),

(H1)
so that ψ = 2 lnw has curvature ψ′′(0) = − 2

3Kδ0w
4
0 >

0 in a void. For r → ∞, where δ → 0, the solution
approaches the harmonic form

w(r) → w∞

(
1 +

µ

r

)
, µ =

K

w∞

∫ ∞

0

δ w5 r2 dr,

(H2)
which is the Lichnerowicz analogue of the exterior
Schwarzschild solution: a void with net mass deficit has
µ < 0 and a 1/r tail in ψ. For an exactly compensated
profile µ = 0 at linear order and ψ decays faster. This ex-
plains the weak dependence of ψ(0) on the outer bound-
ary noted in Appendix F. Existence and uniqueness of
positive solutions for δ ≥ −1 follow from the sub- and
super-solution method for semilinear elliptic equations
of Lichnerowicz type [66].

Appendix I: Analytic lensing of a top-hat void

For a uniform underdense sphere of comoving radius
rv and contrast δv < 0, compensated by a thin shell, the
projected contrast is∫

δ dℓ = 2δv
√
r2v −R2 Θ(rv −R), (I1)

and the convergence in general relativity follows from the
Born approximation as

κGR(R) =
3ΩmH

2
0

c2
χl(χs − χl)

χs al
δv
√
r2v −R2, R < rv.

(I2)
The mean convergence within R and the tangential shear
γt = κ̄− κ follow by elementary integration:

κ̄GR(R) =
2

R2

∫ R

0

κGR(R
′)R′dR′

= κ0
2r3v − 2(r2v −R2)3/2

3rvR2
, (I3)

with κ0 = κGR(0). In the R(t,x) model every expression
is multiplied by 1/2. For δv = −0.85, rv = 30h−1 Mpc,
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TABLE XII. Void statistics at z = 0 under variations of the analysis. Nv: number of voids; R̄v: mean radius in h−1 Mpc; fV :
volume fraction; KS: two-sample Kolmogorov–Smirnov statistic between the two models and log10 of its p value.

ΛCDM Static closure
Variation Nv R̄v fV Nv R̄v fV KS D log10 p
Fiducial 3488 22.8 0.188 3155 25.3 0.236 0.243 −85.9
∆ = −0.7 3459 25.2 0.254 3108 28.0 0.317 0.238 −81.2
∆ = −0.9 3486 19.9 0.129 3179 22.2 0.164 0.220 −70.2
Candidate smoothing 5h−1 Mpc 6997 20.5 0.275 6090 22.4 0.318 0.195 −107.6
Candidate smoothing 15h−1 Mpc 1501 24.1 0.101 1468 27.5 0.145 0.250 −40.5
b = 1.2 3736 21.1 0.161 3501 22.9 0.192 0.188 −55.6
b = 2.0 3156 25.9 0.253 2810 29.5 0.336 0.280 −102.2
n̄ = 10−4 3357 27.4 0.315 3077 29.2 0.348 0.156 −33.6
n̄ = 10−3 3125 19.5 0.110 2934 22.9 0.166 0.293 −114.6
Poisson seed 2 3486 22.8 0.189 3204 25.3 0.240 0.233 −79.5

zl = 0.3 and zs = 1, Eq. (I2) gives κ0 = −1.8 × 10−3,
about twice the numerical value for the smoother, partly
self-compensated HSW profile of Table II.

Appendix J: Statistical conventions

a. Errors. Correlation-function errors are σξ =
std(ξi)/

√
Nsub over Nsub = 8 independent octants.

Power-spectrum errors are σP = std(Pk)/
√
Nk over the

modes in each shell. Void-size-function comparisons use
Poisson errors on binned counts.

b. Tests. The two-sample Kolmogorov–Smirnov
statistic is D = supR |F1(R) − F2(R)|, where Fi are
the empirical cumulative distributions of void radii. Its
p value follows from the asymptotic distribution with
effective sample size n1n2/(n1 + n2). The binned test
uses

χ2 =
∑
bins

(N1 −N2)
2

N1 +N2
, (J1)

with the number of non-empty bins as degrees of freedom.
c. Model comparison. For the fits of Sec. XI we use

χ2 =
∑
i[(di −mi)/σi]

2 and the Akaike information cri-
terion AIC = χ2

min + 2k for k free parameters [93]. A
difference ∆AIC > 10 is conventionally regarded as deci-
sive.
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