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Abstract

We build a class of stochastic gradient integrators with second order accuracy via noise correction.
The integrators multiply the injected Gaussian noise of the stochastic gradient Leimkuhler—-Matthews
integrator by a noise factor, obtained by applying a scalar function, the noise corrector, to the eigenvalues
of an estimate of the covariance of the batch gradient from the same batch. For nonconvex potentials
that are strongly convex outside a ball, every noise corrector satisfying a polynomial bound and every
batch size, we prove that the numerical bias is of second order in the step size h and that the mean square
error of the time average of N samples is bounded by a constant times (Nh)f1 + h*. Under Gaussian
gradient noise and an additional polynomial bound on the square of the noise corrector, we separate the
coefficient of h? in the numerical bias into explicit terms from discretization and noise correction.

1 Introduction

Sampling from a target distribution m(z) o< e=Y(*) on R? is a basic task in Bayesian inference and statistical
physics. When U is a sum over a large data set, only a stochastic gradient g(z;¢) is affordable, an unbiased
estimator of VU(z) computed from a random sample £ such as a mini-batch. The most popular sampler
of this kind is stochastic gradient Langevin dynamics (SGLD) [28], the Euler-Maruyama discretization of
the overdamped Langevin dynamics with ¢ in place of VU. With a step size h, the numerical invariant
distribution of SGLD has a bias of first order in h [27] with two sources [30, Corollary 3]: the stochastic
gradient error, caused by the gradient noise g(x; ) — VU (x), and the discretization error of Euler-Maruyama,
which is of first order even with the full gradient [26].

Several approaches reduce one of these two errors. Variance reduction [1, 2, 9] reduces the stochastic
gradient error. A noise correction compensates for the gradient noise by reducing the injected Gaussian
noise, with the covariance of the gradient noise in the modified SGLD [27] or with an estimate of it from
an independent batch in the covariance-corrected SGLD (CC-SGLD) [8]. These variants of SGLD keep
the Euler-Maruyama step and its discretization error of first order. In contrast, the stochastic gradient
Leimkuhler-Matthews (SGLM) integrator of our earlier work [30] keeps the second order discretization error
of the Leimkuhler-Matthews (LM) integrator [16], and its bias of first order comes from the gradient noise
alone. For the underdamped Langevin dynamics, stochastic gradient Hamiltonian Monte Carlo (SGHMC)
[5] corrects the injected noise in a scheme of Euler type, and the stochastic gradient UBU (SGUBU), built
on the UBU integrator [24], has a bias of first order caused by the gradient noise [19, 21]. A bias of second
order with stochastic gradients has been obtained only in very special settings. For finite-sum potentials
under global convexity, SGUBU attains it with a forward and a backward sweep over a partition of the
summands into mini-batches [22], and variance-reduced variants of SGUBU attain it with control variates
built from the full gradient or from a table of all component gradients, at step sizes below a threshold inversely
proportional to the number of summands [19]. Adaptive Langevin dynamics attains a bias of second order
when the covariance of the gradient noise is constant, with a constant in the bias that grows with the number



of summands [25]. These constructions rely on the finite-sum structure of U or on a constant covariance,
and do not apply to a general stochastic gradient g(x;&).

Apart from these settings, all the stochastic gradient integrators studied earlier have a bias of first order,
which comes from the stochastic gradient error, the discretization error, or both. Is it possible to design a
stochastic gradient integrator with second order accuracy under mild conditions?

The answer is positive: we present a general noise correction approach for SGLM, which achieves a bias of
second order in h. At each step, the covariance of the batch gradient is estimated from the same batch of P
stochastic gradients, and the injected Gaussian noise is multiplied by a noise factor, obtained by applying a
scalar function, the noise corrector, to the eigenvalues of this estimate. The resulting noise-corrected SGLM
(NC-SGLM) integrators use twice as many stochastic gradients per step as SGLD with the same batch size.
The error analysis requires the noise corrector to satisfy only two explicit bounds, which together form the
polynomial bound, and no global bound on the covariance of the gradient noise is needed. To the best of our
knowledge, NC-SGLM is the first class of stochastic gradient integrators that achieves second order accuracy
for nonconvex potentials with a general stochastic gradient.

Our proof is built upon the modified discrete Poisson equation developed in [30]. The proof requires
the potential U to be strongly convex only outside a ball and the moments of the stochastic gradient to
grow at most linearly in |z|, together with regularity conditions. Under these conditions, for every noise
corrector satisfying polynomial bounds, the bias of NC-SGLM is O(h?), and the mean square error (MSE)
of the time average of N samples is bounded by a constant times (Nh)~! + h* at every batch size P > 2,
with constants that do not depend on the noise corrector. An MSE of €2 is then reached with N of order
£7%/2 against e~ for SGLD [27, Theorem 9], which makes NC-SGLM advantageous when a high accuracy is
desired. The noise corrector of CC-SGLD does not satisfy the polynomial bound, and the same results hold
for the corresponding NC-SGLM integrator when the moments of the gradient noise are bounded uniformly
in z. The second order accuracy at every batch size P > 2 is a limit behavior as h — 0; at a finite step size,
the accuracy of NC-SGLM is formally related to the probability of capping.

A parallel line of work bounds the number of queries to a stochastic or noisy oracle needed to reach a
prescribed accuracy [3, 4, 6, 7, 10, 14, 23]. In these works, the step size, the batch size and the number of
iterations are set from the target accuracy and from the constants of the problem, such as the smoothness
constant of U, its convexity or logarithmic Sobolev constant, the dimension and the variance of the gradient
noise. Several guarantees also depend on the distance from the initial value to a minimizer of U, or assume
a warm start. Some of these samplers are built from implicit steps: an inner sampler run to a prescribed
accuracy at each step [14], or rejection sampling around the output of an approximate proximal oracle
[4]. Implementing these samplers as analyzed therefore requires the constants of the problem, and in the
numerical experiments of [14], the parameters are tuned by a grid search instead. In contrast, NC-SGLM is
an explicit update whose definition involves no constant of U or of the gradient noise, and the user chooses
only the step size, the batch size and the noise corrector.

Section 2 introduces NC-SGLM and the noise correctors, analyzes the bias formally, and describes the
computation of the noise factor. Section 3 states the main theorems and compares NC-SGLM with SGLM.
Section 4 presents the numerical experiments, and Section 5 concludes. Appendices A—E contain the proofs.

2 Noise correction in the SGLM integrator

This section introduces the noise correction of SGLM with a general noise corrector, together with four
choices of the noise corrector. The stochastic gradient g(z; £) satisfies the unbiasedness condition E¢[g(x;&)] =
VU (z), where ¢ is the random variable that carries the randomness of the stochastic gradient, and E¢ is the
expectation over £ at fixed x.

2.1 SGLD and SGLM for the overdamped Langevin dynamics

The overdamped Langevin dynamics

dX; = —VU(X,)dt +V2dB;, (2.1)



with (B)¢>0 a standard Brownian motion in R?, has the invariant distribution 7. For a batch size P > 2
we draw a batch &€ := (5(1), e ,f(P)) of P independent copies of £, and form the batch gradient,

P
Gp(5:6) = 5 Y glm; ) € B, (22)
p=1

where the hat and the subscript P distinguish it from a single stochastic gradient g(x;¢).

Let h > 0 be the step size, and let (€x)r>0 be batches and (xx)r>0 be vectors drawn from N(0, I4) with
I, the d x d identity matrix, all mutually independent. SGLD is the Euler—-Maruyama discretization of (2.1)
with the batch gradient in place of VU,

Zit1 = Z, — h gp(Zy; &) + V2h Xk (SGLD)
SGLM is the stochastic gradient version of the LM integrator [16], and is studied as a variant of SGLD
in [30]. SGLM is the Markov chain (Y})r>o in R? with the update

h .
Z =Y+ \/;ka Vig1 = Vi — hgp(Z1; &) + V2h Xy (SGLM)

Although (Y%)r>o0 is the Markov chain, the samples that approximate the target distribution are (Zj)x>o.
With the full gradient VU in place of gp, (SGLM) is the Markovian form of LM, and the samples have a
discretization error of order h2.

2.2 A general noise correction approach

With v®2 := vvT for v € R?, the covariance matrix of g(;¢) is

C(x) = Ee [(g(x;g) - VU(x))®2] e R4, (2.3)

With E, the expectation over the batch at fixed x, the covariance of Gp(x;&) in (2.2) is

S (e £ ) ®2] _ 1
Ee|(3r(2:6) — VU(@)*"] = =5 ZEg[ 2:67) = VU () *] = S C(@), (2.4)
where the cross terms vanish since €, ... () are independent and each g(x; £®)) — VU (z) has mean 0 by
the unbiasedness condition. The batch approximation of C(x)/P is
5 . ®2 5 1
Cp(x;€) = Z (:67) = gp(:€)” € R EelCp(z;:6)] = 5C(x),  (25)
p:l
where the identity for the mean follows again from the independence of £, ... &P,

Noise correction multiplies the Gaussian noise injected in each step by a matrix formed from Cp through
a noise corrector, a measurable function Sy, : [0,00) — R. The error analysis requires the noise corrector to
satisfy the following polynomial bound.

For every h > 0 and A > 0, the noise corrector Sy, satisfies

hA hA h)?
S0~ 1] <minf1, "2 [suon 14 B < B

(2.6)

The noise corrector Sy, acts on the symmetric positive semidefinite matrix Cp (z; &) through its eigenvalues:
the noise factor S, (Cp(z;€)) € R?*? has the eigenvectors of Cp(z;€), and each eigenvalue A of Cp(z; &) is

replaced by Sp(A). The NC-SGLM integrator multiplies the injected noise v2h xi of (SGLM) by the noise
factor at Yy, and is the Markov chain (Y3)g>0 in R? with the update

I A .
Zy =Y, + \/;Xm Vi1 = Yi — hip(Zi; &) + V20 S, (Cp(Yii €k)) Xk (NC-SGLM)



whose samples are (Zx)r>0. NC-SGLM is thus a class of integrators, one for each noise corrector Sy. For a
test function f and w(f) := fRd fdm, the MSE of the time average of N samples is

N-1
MSE(N, h) :=E U;f > f(Zk) = w(f)
k=0

2
] | o

where the expectation is over the batches and the Gaussian vectors, from a given initial value Y € R,
The covariance correction (CC) of CC-SGLD [8] is the noise corrector

SN =1— h%, (2.8)
with the linear noise factor Iy — %ép(l’; &). The corresponding integrator (NC-SGLM) is called CC-SGLM.
CC does not satisfy the polynomial bound (2.6) for A\ > 4 and amplifies the injected noise for hA > 8. With
unbounded variance of the gradient noise, the eigenvalues of Cp(Yj; &) can exceed 4/h for large |Yy|, which
could lead to the instability of CC. CC-SGLD sets the covariance estimate to 0 at large |z| as a safeguard.
We do not employ this safeguard because it introduces a discontinuous correction. CC without safeguard
also enables a clearer comparison with other noise correctors.

We further consider three noise correctors, the root correction (RC), the stable correction (SC) and the

inverse correction (IC),

SSC(\) = (1 - @)+, S\ = (1 + @)_1, (2.9)

hA)%
’ 4 4

SR = (1- =2
2 /+
where ¢4 := max{¢t,0} for ¢t € R. Each of the three noise correctors satisfies the polynomial bound (2.6) and
takes values in [0, 1], so that its noise factor never amplifies the injected noise. The corresponding integrators
(NC-SGLM) are called RC-SGLM, SC-SGLM and IC-SGLM, respectively.
RC is the default choice: when hA < 2 for every eigenvalue A of C p(Yy; &), the identity

2h 8;'¢ (éP(Yk§€k)>2 = 2hI, — h? Cp(Yyi; &) (2.10)

holds exactly. For an eigenvalue A > 2/h, the positive part sets the corresponding eigenvalue of SEC (é p(Yi; € k))
to 0, and we say that SFC (ép(Yk;Ek)) is capped. SC is CC with the positive part, S;¢(\) = SPC(A)4, so
that S,?C (ép) = SEC (ép) when hA < 4 for every eigenvalue A of Cp. IC needs no positive part, and its noise
factor is S} (Cp(z;€)) = (Is+ %ép(x;é))_l.

2.3 Formal analysis of the second order bias

The numerical biases of SGLD and SGLM are of first order in h, and their coefficients of h separate the
discretization error from the gradient noise. Let £ := A — VU -V be the generator of (2.1), and let ¢ solve
the Poisson equation

—Loo(z) = f(z) — n(f), r € R (2.11)

The Poisson equation is widely used in the analysis of integrators for stochastic differential equations [20, 29].
Our earlier work [30] proves the existence of the numerical invariant distributions 73%P and 7™ of SGLD
and SGLM, and derives the explicit coefficients of h in their numerical biases. With the batch gradient gp,
whose covariance is C/P by (2.4), the coefficients are

) SGLD _ 1 1
lim L (J;) (f) _ 3 (V3¢ : V?U) + 5P (V¢ : C), (2.12)
SGLM
}{1_)11}) Th (J;) _7T<f) — %W(V2¢0 :C)’ (213)

where : denotes the full contraction of matrices. In (2.12), the term with V2U comes from the error of the
Euler-Maruyama discretization and remains with the full gradient, and the term with C comes from the



gradient noise. SGLM removes the term with V2U, since LM has a discretization error of second order, and
the coefficient (2.13) of SGLM comes from the gradient noise alone.

The term with C in (2.13) reflects a broken fluctuation—dissipation relation [15]: the overdamped Langevin
dynamics keeps 7 invariant by the balance between the drift —VU - V and the diffusion A in £. In a
step of SGLM from Y}, the batch noise gp(Zx; &) — VU(Zy) has mean 0 given Yj, and xx, and the term
—h(gp(Zk; &) — VU(Zy)) that it contributes to the step Yi11 — Y has, by (2.4) at x = Zj, the covariance

h? Eg, [(9P(Zk;£k) - VU(Zk))®2} = h;C(Zk), (2.14)

which is A% C(Y})/P up to higher order terms. This covariance adds the diffusion ;% C : V2 to £ without a
matching drift, and the linear response to this extra diffusion gives the coefficient (2.13).

Noise correction restores the fluctuation—dissipation relation by reducing the injected noise. Given Y}
and &g, the injected noise vV2h Sy, ((fp(Yk;ﬁk))Xk of NC-SGLM has the covariance 2h Sj, ((fp(Yk;ﬁk))z. By
the polynomial bound (2.6) and the mean in (2.5),

Ee, [2h Sn(Cp(Yi; gk))ﬂ = 2hI; — h; C(Yi) + O(h3). (2.15)

Up to higher order terms, the reduction h?C(Y},)/P in (2.15) cancels the covariance (2.14). The other terms
of the step leave this cancellation intact: the noise correction v/2h (Sh (ép(Yk; &) — Id)xk is of order h by
the bound on |Sp(A\) — 1| in the polynomial bound (2.6), with a coefficient independent of xj given Y%, and
the batch noise has mean 0 given Y; and xg, so that their products with the other terms of the step have
expectations of higher order. The extra diffusion of SGLM is thus removed, the coefficient (2.13) vanishes
for NC-SGLM, and the bias of NC-SGLM is formally of second order, the order of the discretization error
of LM. RC exactly restores the fluctuation—dissipation relation: when SRC (é p(Yi; Ek)), with SEC in (2.9),
is not capped for almost every batch &, (2.10) gives (2.15) without the term O(h?).

In (NC-SGLM), the batch gradient is evaluated at Z, and the noise factor at Y}, so the stochastic
gradients of each batch & are evaluated at both points, and NC-SGLM uses twice as many stochastic
gradients as (SGLM) with the same batch size. Evaluating the noise factor at Y keeps the mean of the step:
since Yy and & are independent of xy, the noise correction has mean 0 given Y}, and the step of NC-SGLM
has the mean of the step of (SGLM). Evaluated at Zj, the noise factor would depend on xg, and the noise
correction would in general shift the mean of the step and leave a bias of first order.

2.4 Computation of the noise corrector

Each step of (NC-SGLM) uses the noise factor only through the vector Sy (ép(x; £))x € R Since S, acts

on the eigenvalues of ép(x;é), a matrix of rank at most min{d, P — 1}, this product requires in general
the eigendecomposition of ép(ﬂf; &), which is expensive when min{d, P — 1} is large. The costs below count
arithmetic operations and exclude the 2P evaluations of the stochastic gradient in each step.

The exact computation forms the d x d matrix C p(z;€) at a cost of order d?P, diagonalizes it at a cost
of order d>, and applies Sj, to its eigenvalues, at a total cost of order d?P + d>. When P < d, the nonzero
eigenvalues of C p(x;€) and their eigenvectors follow from the eigendecomposition of the P x P matrix with
the entries (g(:c;f(p)) - gp(x;é)) . (g(:c;f(‘n) — g}p(az;E)), p,g=1,...,P, at a total cost of order dP? + P3.

The grouping trick reduces the cost for a large batch. Let Py > 2 divide P, and split the batch into Py
groups of P/P, elements,

g= (e, gy, gl = (£G-DP/RTY | GP/R)Y,

The group means §p, p, (z; gVl), j=1,..., Py, given by (2.2) with £U! in place of & and P/P, in place of P,
are independent, each with the mean VU () and, by (2.4) with P/P, in place of P, the covariance £ C(x),
and their average is gp(x;€). The grouped approximation of C(z)/P is

Py 1

> (rm(@:€7) = gp@:). EelCrr(@:8)] = 5C@),  (216)

Jj=1

1

Cpp,(2;€) = BB —1)



of rank at most Py — 1. With (fp’pO in place of Cp in (NC-SGLM), forming the group means costs order dP,
and the eigendecomposition of the Py x Py matrix formed in the same way from the Py group means costs
order dPg + P3, so that the total cost is of order dP + dP§ + P§, linear in d and in P for a fixed Py, such
as Py = 16. Since (2.2) and (2.5), applied to the Py group means, give §p(x;€) and CARP0 (z;€), NC-SGLM
with the grouped approximation is NC-SGLM at the batch size Fy for the stochastic gradient gp,p,, and
the formal analysis of Section 2.3 applies to it.

Only special forms of Sy, avoid the eigendecomposition and allow a direct computation of Sy, (é p(z; 5)))(
One such form is Y€ in (2.8), whose linear noise factor acts on y through the inner products of x with
the P vectors g(z;£P) — gp(a;€), at a cost of order dP. Hence CC is the most affordable choice in high
dimensions, despite its possible instability.

3 Error analysis results

This section states the bound on the MSE of NC-SGLM in Theorem 1, the uniform-in-time weak error in
Theorem 2 and the expansion of the numerical bias in Theorem 3. It then compares these results with those
of SGLM and bounds the probability of capping in Theorem 4. Finally, it gives the explicit coefficient of h?
under Gaussian noise in Theorem 5. The proofs are given in the appendix.

3.1 Notations and assumptions

The Euclidean norm on R? is |- |, and ||-|| is the operator norm of matrices and tensors, such as the derivative
ViU (z) of order i. We write ||Vi¢||o := supycpa||Vip(z)| for a function ¢. For tensors T and T" of the
same order, T : T" is their full contraction, as for matrices in (2.13). For v € R% and an integer j > 1, the
tensor power v®7 is the tensor of order j with entries v;, -+ +v,, which extends v®2 = puT. For symmetric
matrices A and B, A > B means that A— B is positive semidefinite. When the chain (Y} )r>0 of (NC-SGLM)
has a unique invariant distribution py, the distribution of Z; when Y} is distributed as pp, is

Th i= lp *./\/(0, g Id). (3.1)

Although (Zg)r>0 does not form a Markov chain, we refer to 7, as the numerical invariant distribution of
NC-SGLM, as the MSE in (2.7) is computed with respect to (Zx)k>o0-
The analysis uses the following assumptions on the potential, the test function and the stochastic gradient.

Assumption 1 U € C3(R?) satisfies

IVU(0)| < M, max ||[VU(z)| <M,  VaeR?, (3.2)

2<i<8
and there are constants m > 0 and R > 0 such that VU (x) = mly for |z| > R.
Assumption 2 f € C*(R?) satisfies

max | V7 f(z)|| < L, vz € RY. (3.3)

1<5<4

Assumption 3 For every &, g(-;€) € C?(RY), with (z,€) — Vg(x;&) measurable, and for every x € R?,

(Bellg(@s )P']) ™ < M1+ Jal),  Ee| sup [IVg(a's©)]?] < M2, (3.4)

|2/ —z|<1
The Laplacian AC of the covariance in (2.3), with entries (AC);; = 22:1 02C;;, satisfies, for every x € RY,

IAC(2)]| < M(1 + |z])*. (3-5)



Assumption 1 is [30, Assumption 1] with the bound on VU added, and Assumption 2 is [30, Assump-
tion 2]. Compared with [30, Assumption 3], Assumption 3 requires the moment of order 24 instead of 12 and
the bound (3.5), and drops the bound on the variance of the gradient noise uniform in z: the gradient noise
may grow linearly in |z| and its covariance quadratically. In particular, Assumption 3 covers the stochastic
gradient g(z;¢) = (14 £)VU(z) of the random potential (1 + £)U(x) with E¢ = 0 and E[¢]?* < oo, with M
replaced by a constant depending only on M and E|¢|?4.

Throughout, C' denotes a positive constant depending only on m, M, R and d, which changes from line
to line, and hy € (0,1] an upper bound on h with the same dependence. Since the polynomial bound (2.6)
involves no parameters other than A and A, C' and hy do not depend on the noise corrector. The notation
O(-) denotes a term bounded by C' times its argument. Throughout this section, S, is a noise corrector
satisfying the polynomial bound (2.6).

3.2 Main theorems
Theorem 1 bounds the MSE (2.7) of NC-SGLM from a given initial value Y.

Theorem 1 Let Assumptions 1, 2 and 3 hold. There are hg € (0,1] and C, depending only on m, M, R
and d, such that for every h € (0, ho), every batch size P > 2, every N > 1 and every Y € R9,

MSE(N, h) < CL*| (1 + |Y0|)2Nih + (14 |Yo]) Pnt|. (3.6)
The bound (3.6) is the MSE bound of LM with the full gradient [30, Theorem 2], with Y{ in place of Zj,
and it holds at every batch size P > 2. Theorem 1 shows that NC-SGLM has second order accuracy in the
MSE. With h of order £'/2 and N of order £~%/2, the MSE is O(¢?) as ¢ — 0 already with P = 2, at the
cost of N steps with 2P stochastic gradients each, that is, O(e~5/2) stochastic gradients.
For Yy € R%, let (Yp(t))i>0 be the solution of the overdamped Langevin dynamics (2.1) with the initial
value Yy(0) = Yy. Theorem 2 compares the law of Z,, with the law of Yy(nh), uniformly in n.

Theorem 2 Let Assumptions 1, 2 and 3 hold. There are hy € (0,1], C and XA > 0, depending only on m,
M, R and d, such that for every h € (0, ho|, every batch size P > 2, every n > 0 and every Yy € RY,

[ELf(Z.)) — ELf (Yo(nh))]| < CL{(1+ [¥o]) e b+ 12 (3.7)

The term of first order in (3.7) decays exponentially in the time nh, and it is at most h? once nh >
A Llog((1 + |Y5])¢/h). For LM with the full gradient, the weak error has an expansion of the same form, in
which the coefficient of h decays exponentially in time [17, Theorems 3.1 and 3.2].

Theorem 3 identifies the leading term of the numerical bias 7 (f) — 7w(f).

Theorem 3 Let Assumptions 1, 2 and 3 hold. There are hg € (0,1] and C, depending only on m, M, R
and d, such that for every h € (0, ho] and every batch size P > 2, the chain (Y)k>o0 of (NC-SGLM) has a
unique invariant distribution up, and 7y, in (3.1) satisfies

2 2

mn(f) —7(f) — % (Vo : V?’U)‘ < CL(% + h3), (3.8)

where ¢y solves the Poisson equation (2.11).

The bound (3.8) also implies
lim
h—0

cL

> (3.9)

s - 1
h(f)h2 (f) 7ﬂﬂ-(v3¢0 VSU)) <
The full gradient ¢ = VU satisfies Assumption 3, and with it Cp = 0 and Sr(0) = 1 by the polynomial

bound (2.6), so that NC-SGLM is LM for every batch size P > 2. Letting P — oo in (3.9) gives, for the
numerical invariant distribution W}I:M of LM,

LM _
lim w _ % (V30 : V2U). (3.10)



Hence, the leading term g—z (V3¢ : V3U) in (3.8) comes exactly from the discretization of LM, while the
remaining term of order h* is bounded with the coefficient C'L/P.

Theorems 1, 2 and 3 do not cover CC-SGLM, since S,?C in (2.8) does not satisfy the polynomial bound
(2.6). Under Assumption 3, the covariance C(x) can grow quadratically in |z|, and so can the noise correction
—V2h % (fp(Yk; &) xx of CC-SGLM in |Y|. The proofs of the three theorems extend to CC-SGLM under a
stronger assumption on the stochastic gradient, the uniform bound E¢[|g(x;¢) — VU (z)[**] < M?* on the
gradient noise for every z € R?, in addition to Assumption 3; we omit the proof.

Applying the noise correction to SGLD gives the noise-corrected SGLD (NC-SGLD) integrator

Zk+1 =71 — hQP(Zk; £k) + \/ﬁSh (éP(Zk;sk))Xk, (NC—SGLD)

in which the noise factor and the batch gradient are evaluated at the same point Z;. Under Assumptions 1,
2 and 3, we can also prove that the numerical invariant distribution 7N “-SGED of (NC-SGLD) satisfies

o TS — ()

h—0 h

= %w(v%po : V2U). (3.11)

The right side is the term of the Euler-Maruyama discretization in (2.12): the noise correction removes the
term of the gradient noise, and NC-SGLD remains of first order. We omit the proof, which is similar to
those for NC-SGLM, due to the page limit.

3.3 Comparison to the results of SGLM and capping probability

The numerical bias of NC-SGLM has an error structure different from that of SGLM, which leads to a
different choice of the step size h and the batch size P. When the covariance of the gradient noise is bounded
uniformly in z, [30, Theorem 4] applied to the batch gradient gp in (2.2) gives

|SOIM () —n(f)] < CL(% + h2), (3.12)

where the dominant term h/P comes from the variance of the stochastic gradient. In comparison, 75“LP

satisfies [30, Theorem 5]
TP () = (N < CLh, (3.13)

where the term with V2U in (2.12) remains at every batch size. Hence the advantage of SGLM over SGLD
lies mainly at large batch sizes. Moreover, each unit of time costs P/h evaluations of the stochastic gradient
in SGLM, so halving h and doubling P have the same cost and both halve the term h/P in (3.12): SGLM
has no preference between a smaller step size and a larger batch size.

For NC-SGLM, each unit of time costs 2P/h evaluations of the stochastic gradient. Halving h divides
the leading term and the bound in (3.8) by at least 4, while doubling P only halves the term C'Lh?/P of
the bound and leaves the leading term unchanged. Hence, to achieve a sufficiently high accuracy, NC-SGLM
favors a small step size h rather than a large batch size P. Like the second order accuracy at every batch
size P > 2 in Theorems 1 and 3, this comparison describes a limit behavior as h — 0.

At a finite step size, NC-SGLM is not always more accurate than SGLM. When h is moderately large,
the remainder in (3.8) can be non-negligible. NC-SGLM may also have a larger numerical bias than SGLM
at the same cost.

Intuitively, NC-SGLM is more accurate than SGLM at a given step size when its noise correction restores
the fluctuation—dissipation relation. For RC, (2.10) holds in the step k exactly when SF¢ (é p(Yi; &) is not

capped. With Ay ax the largest eigenvalue of a symmetric matrix, 3}1}0 (é p(Yi; §k)) is capped exactly when

: (3.14)

SN

/\max (éP (Yk, £k)) >

and the estimate h2C p(Yi; &) of the coyariance of the batch noise then exceeds the covariance 2hI; of the
injected noise along the eigenvectors of Cp(Yy; &) with eigenvalues above 2/h. The condition (3.14) applies
to every noise corrector satisfying the polynomial bound, through the remainder in (2.6): Sp(A) — 1 differs



from its first order term —hT)‘ by at most %, which is smaller than % exactly when hA < 2. Under
(3.14), this bound no longer separates the first order term from the remainder along the eigenvectors with
eigenvalues above 2/h, and the cancellation described after (2.15) can fail. With the grouping trick, Cp in
(3.14) is replaced by Cp,p, in (2.16).

To predict whether NC-SGLM is more accurate than SGLM at a given step size, one can therefore estimate
the probability of (3.14): the smaller this probability, the more often the fluctuation—dissipation relation
holds. Theorem 4 bounds this probability with Y}, replaced by a sample of , for the batch approximation

Cp and for the grouped approximation Cp,p,-

Theorem 4 Let Assumptions 1 and 3 hold, and let P¢ be the probability over the batch & at fived x. There
is C, depending only on m, M, R and d, such that for every h € (0,1] and every batch size P > 2,

/Rd Pe (Amax(ép(x;s)) > i) 7(z) de < C(\/?m}i—n)m’ (3.15)

and, for every Py > 2 dividing P,

N

oy )"

PR =) (3.16)

/R P (Amax(ép,po (@:€)) > i) () de

The bound (3.15) decreases as h'? in h, but as P78 in P. At a fixed cost of 2P/h evaluations of the
stochastic gradient per unit of time, h/(v/P (P—1)) is proportional to v/P/(P—1), so the bound decreases as
P increases. Hence, at a finite step size, h is not the only parameter to reduce: the batch size P also needs to
be large enough for (3.14) to be rare. With the grouping trick, the bound (3.16) still decreases as P increases
at fixed h and Py, and it exceeds (3.15) by a factor of order (P/P;)®, the price of the cheaper computation
with the grouped approximation. The relation between the probability of (3.14) and the accuracy of NC-
SGLM is only formal, and a rigorous comparison between NC-SGLM and SGLM at a finite step size is
beyond the scope of this paper.

3.4 Explicit coefficients under Gaussian noise

The bound (3.9) determines the coefficient of h? in the numerical bias of NC-SGLM only up to a term
bounded by CL/P. When the gradient noise is Gaussian, this coefficient can be computed explicitly. Define
the LM coefficient, the limit in (3.10), by

1

KEM(f) 51"

(V3¢o : VU), (3.17)

where ¢ depends on f through the Poisson equation (2.11). When U is a quadratic potential, the coefficient
is immediately 0. In terms of V2@, the coefficient can be equivalently expressed as

KIM(f) = 2—14 (V260 : (VU - V)V2U - V2AD)), (3.18)

where ((VU . V)VzU)w =VU - V(’)zajU and (vaU)U = &@AU

The explicit coefficient requires the square of the noise corrector to match the reduction of the injected
covariance up to terms of order (hA)2. In this subsection, we also require the noise corrector to satisfy the
following additional polynomial bound.

For every h > 0 and A > 0, the noise corrector S;, additionally satisfies

3
SN2 — 14 M| < B

5 < (3.19)

Among the noise correctors introduced in (2.9), the additional polynomial bound (3.19) applies only to
RC. Furthermore, we assume the stochastic gradient g(z; ) has the Gaussian form in Assumption 4.



Assumption 4 The stochastic gradient is
9(z;8) = VU(z) + (), (3.20)
with & ~ N(0,13) and n € C*(R?; R¥*?) satisfying

max ||Vin(z)|| < M, Yz € R, (3.21)

0<i<4

Under Assumption 4, the covariance (2.3) is C(x) = n(z)n(z) ", and Assumption 3 holds with M replaced
by a constant depending only on M and d, so that Theorem 3 applies.

Theorem 5 Let Assumptions 1, 2 and 4 hold. There are hg € (0,1] and C, depending only on m, M, R
and d, such that for every h € (0, ho] and every batch size P > 2, the distribution 7, in (3.1) satisfies

m(f) = )~ 1 (K7 + 5KES) | < Cond, (3.22)

where KMM(f) is the LM coefficient (3.17), and the additional coefficient from noise correction is

KSC(f) = % W(V%O L (4(VU - V)C - 3AC+2C V2U)), (3.23)
with (VU - V)C);; = VU - VC;j. As a consequence,

In particular, when the covariance matrix is C(z) = 021, with a constant o > 0 (uniform Gaussian noise),

(3.23) gives K34 (f) = %2 (V3¢ : V2U), and the coefficient of h? in the numerical bias of NC-SGLM has
the explicit expression

2

lim M = i (V3o : VOU) + 15 m(V20 : V2U), (3.25)
compared to (2.13) and (2.12). In all these cases, V2¢y is the essential structure for characterizing the
numerical bias: with (3.18) for the LM coefficient in (3.25), every coefficient in (3.25), and in (2.13) and
(2.12) with C = 021, pairs V2¢ with a matrix that depends only on U, 0 and P. By the smoothing estimate
of the semigroup of the overdamped Langevin dynamics (2.1) [29, Lemma 10], [[VZ¢q|loo < C||V f|ls- Under
Assumption 4, the expressions (3.18) and (3.23) then give |KIM(f)| + |KSG(f)| < C||Vf|l~, although the
definition (3.17) involves the third order derivative of ¢p.

4 Numerical experiments

We test the noise correction in both SGLM and SGLD, and name each NC-SGLD integrator by its noise
corrector, as for NC-SGLM. Section 4.1 verifies the explicit coefficient of Theorem 5 in one dimension,
Section 4.2 compares the numerical biases in four dimensions, and Section 4.3 compares the four noise
correctors in a Bayesian logistic regression.

4.1 Verifying the coefficients in a 1D double-well distribution
We verify the coefficient of h? in Theorem 5 with d = 1, the double-well potential and the test function

2 2

U(z) = % +3e7 7, f(z) = cos(2z).
For the gradient noise in (3.20), we take the uniform Gaussian noise with n(z) = 1 and the nonuniform
Gaussian noise with n(z) = 1+ % cos(2z). Since d = 1, the value 7(f) and the exact coefficients K" (f) in
(3.17) and KS9(f) in (3.23) are computed by numerical quadrature.
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We run RC-SGLM with the batch sizes P = 4,8,16 and the full gradient LM, each on 32 chains over
the time duration Nh = 2 x 103, at the step sizes h = 2_1,2_%, ...,27% The values m,(f) of RC-SGLM
and M (f) of LM are estimated by the mean over the chains of the time averages of f(Zy). Figure 1 shows
the evaluated coefficients (m,(f) — 7 (f))/h? and (7™M (f) — 7(f))/h?, together with the exact coefficients
KEM(f) 4+ KSG(f)/P of RC-SGLM in (3.24), and KEM(f) of the full gradient LM.

uniform Gaussian noise nonuniform Gaussian noise

h? coefficient
h? coefficient

Figure 1: The evaluated coefficients (7, (f)—m(f))/h? of RC-SGLM with P = 4,8,16 and (7™M (f)—n(f))/h?
of LM against the step size h, with error bars and shaded bands of 2 standard errors, under the uniform
Gaussian noise with n(z) = 1 (left) and the nonuniform Gaussian noise with n(x) = 1 + & cos(2z) (right).
The curve of LM is the same in both panels. The dashed lines are the exact coefficients KLI\%(f) +KSG(f)/P
of RC-SGLM and K*M( f) of LM, in the colors of the corresponding curves.

The evaluated coefficient differs from the exact coefficient by the remainder of (3.22) divided by h?, and
in Figure 1 this difference tends to 0 roughly linearly in h, with a visible curvature at the large step sizes.
We therefore fit a polynomial of degree 2 in h to the evaluated coefficients of each curve by least squares,
weighted by the inverse squared standard errors, and take its value at h = 0 as the fitted coefficient. In
Table 1, the fitted coefficients are close to the exact coefficients. Their 2 standard errors account for the
fluctuation of the time averages but not for the error of the polynomial fit, and the largest difference occurs
for RC-SGLM at P = 4 under the nonuniform noise, the curve that depends most strongly on h.

P=4 P=8 P =16 LM
Siform fitted 0.1532 4 0.0010  0.1230 & 0.0009  0.1070 £ 0.0009  0.0917 + 0.0008
v exact 0.1539 0.1232 0.1079 0.0926
omumifory,  fitted  0.02230.0009  0.0569 £0.0009  0.0742 % 0.0009 00917  0.0008
U exact 0.0200 0.0563 0.0745 0.0926

Table 1: The fitted coefficients, with 2 standard errors, and the exact coefficients KIM(f) 4+ KSG(f)/P of
RC-SGLM and KEM(f) of LM, under the uniform and the nonuniform Gaussian noise. The fitted coefficient

is the value at h = 0 of the polynomial of degree 2 in h fitted by weighted least squares to the evaluated
coefficients in Figure 1.

Under the uniform noise, KS¢(f) > 0, and the evaluated coefficients of RC-SGLM lie above the evaluated
coefficient of LM and approach it as P increases, as the term KS¢(f)/P in (3.24) indicates.

Under the nonuniform noise, the terms 4 (VU - V)C — 3 AC in (3.23), which involve the derivatives of
C = n?, give a negative part of KSG(f), larger in absolute value than the positive part from the term 2C V2U,
so KSG(f) < 0. At h = 27!, where the remainder of (3.22) is still large, the evaluated coefficients of RC-
SGLM lie above the evaluated coefficient of LM and decrease as P increases. For h < 272, they lie below the
evaluated coefficient of LM, the smallest at P = 4: RC-SGLM with batches of 4 stochastic gradients has a
smaller numerical bias than LM with the full gradient. The analysis of Section 3.4 is essential to understand
this observation, since it separates the error: the coefficient of h? in (3.24) is the sum of KIM(f) from the
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discretization of LM and KS®(f)/P from the noise correction, and the sign of KSG(f) depends on C through
(3.23). The upper bound (3.9) controls KS¢(f)/P only in size, and with such upper bounds alone, it is
difficult to explain why RC-SGLM with P = 4 has an even smaller error than LM with the full gradient.

4.2 Comparing the bias in a 4D Gaussian mixture distribution

The target 7 is a mixture of the Gaussian distributions N'(9;,%;) on R*, j = 1,...,10, with weights
proportional to (3/4)7~!, means ¥; drawn at random in the ball of radius 4.5 centered at the origin, and
covariance matrices 3; drawn at random. With the coordinates z1,...,z4 of x, the stochastic gradient is

g(x;€) = VU(z) + & (zysinzy, ..., x4 sinzy), &~ N(0,1),

and the test function is
flx) = e~ le—5(01+95)*

The integrators are compared at 4, 8 and 16 evaluations of the stochastic gradient per step, with
P = 4,8,16 for SGLD, RC-SGLD and SGLM and P = 2,4,8 for RC-SGLM. At each step size h =
2-1.2-3 ..., 274 every integrator runs 32 chains over the time duration Nh = 4 x 108, and its numer-
ical bias for f is estimated using the mean over the chains of the time averages of f(Zy).

4 evaluations per step 8 evaluations per step 16 evaluations per step

RC-SGLM

numerical bias

2-16 -¥- SGLM

2717 4 —$— RC-SGLD

2718 4 -9- SGLD

2719 r r r r r r . . .

T T T T T T
94 9-T/2 93 9-5/2 92 9-3/2 9-1 9-4 o9=T/2 93 =52 92 9-3/2 9-1 94 9-7/2 93 9-3/2 9-2 9-3/2 9-1
h h h

Figure 2: The absolute value of the numerical bias for f of SGLD, RC-SGLD, SGLM and RC-SGLM against
the step size h, with error bars and shaded bands of 2 standard errors, at 4 (left), 8 (middle) and 16 (right)
evaluations of the stochastic gradient per step.

RC-SGLM SGLM RC-SGLD SGLD

4 evals 211 1.23 1.22 1.14
8 evals 3.05 1.25 1.14 1.14
16 evals 2.54 1.26 1.13 1.14

Table 2: The fitted orders of the numerical bias of RC-SGLM, SGLM, RC-SGLD and SGLD at 4, 8 and 16
evaluations of the stochastic gradient per step. The fitted orders above 2 are in bold.

In every panel of Figure 2, the numerical bias of SGLM is below those of SGLD and RC-SGLD and
decreases at about first order, as (2.13) suggests, while SGLD and RC-SGLD keep the discretization error
of first order of the Euler-Maruyama step. The numerical bias of RC-SGLM is the smallest at the small
step sizes in every panel. Table 2 lists the fitted order of each curve, the slope of the least squares line of
the logarithm of the absolute value of the numerical bias against the logarithm of h over all step sizes: the
fitted order is above 2 for RC-SGLM in every row, and between 1 and 1.3 for the other integrators.
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Table 3 relates the smaller bias of RC-SGLM to the capping condition (3.14). The table lists the capping
probability, the probability of (3.14) with Y} replaced by an exact sample of 7, and the bias ratio, the
numerical bias of SGLM divided by that of RC-SGLM at the same number of evaluations per step. Given
Y = y, the probability of (3.14) is explicit for this stochastic gradient, and the capping probability is its
mean over 108 samples y of 7. The 2 standard errors of the bias ratio are below 10% of its value, except
at h = 27% with 8 evaluations per step and at h < 272 with 16 evaluations per step, where they are at
most 27%. The capping probability decreases as h decreases, and at each step size it is smaller at a larger
batch size, by orders of magnitude at the small step sizes, in line with the bound (3.15). Doubling P and
halving h both double the cost per unit of time, and wherever both are possible in the table, doubling P
reduces the capping probability at least as much as halving h, and much more at the small step sizes, for
example by a factor of about 3 x 10® against 37 at h = 273 with 8 evaluations per step. In every row, the
bias ratio exceeds 1 from some step size on and keeps increasing as h decreases, and this step size is larger
where the capping probability is smaller. At h < 273 with 8 and 16 evaluations per step, the numerical
bias of RC-SGLM is more than an order of magnitude smaller than that of SGLM. At h = 27!, where the
remainder in (3.8) is non-negligible, the bias ratio is below 1 in every row, even at 16 evaluations per step,
where the capping probability is a few percent.

h=2"1' h=2"% hp=2"2 h=2"3 H=23 p=2"3 H=24
capping 3.0 x 1071 23 x 1071 1.6x 107! 1.1x10"! 6.7x 1072 3.8 x10"2 1.9 x 102

devals = tio 0.675 0.635 0.773 1.06 1.51 2.32 3.97
8 ovals capping 1.6 x 107! 9.2x 1072 4.7x1072 20x1072 6.7x 1073 1.5x1073 1.8x 1074
VS Latio 0.670 0.932 1.77 3.58 7.57 14.5 21.9
16 ovals capping 3.4x1072 9.6x107% 1.4x1073 9.0x107® 21 x107% 32x107% 51x1071°
v ratio 0.948 2.37 5.27 8.41 10.8 12.2 15.5

Table 3: The capping probability of RC-SGLM with P = 2, 4,8, the probability of (3.14) with Y} replaced by
an exact sample of 7, and the bias ratio of SGLM to RC-SGLM at 4, 8 and 16 evaluations of the stochastic
gradient per step. The ratios greater than 1 are in bold.

4.3 Comparing the noise correctors in a 5D Bayesian logistic regression

The banknote authentication data set [18] contains n = 1372 genuine and forged banknotes, each with a label
yi € {0,1} and 4 features extracted from its image. The target 7 is the posterior of the Bayesian logistic
regression with the prior A'(0,5) and the inputs a; € R®, formed by the features, centered and scaled to
unit variance, and a constant 1. Its potential is

n

|J;‘2 a;-x
U(SU)ZT‘i‘i:Zlfi(ﬂf), li(z) =log(1 4 €e*'™) —y;a; - z,

and the stochastic gradient is g(z;§) = x + nV{¢(x) with £ uniform on {1,...,n}.

All integrators use the step size h = 279 and 384 evaluations of the stochastic gradient per step: P = 192
for RC-SGLM, SC-SGLM, IC-SGLM and CC-SGLM, and P = 384 for SGLM, SGLD, RC-SGLD, SC-SGLD,
IC-SGLD and CC-SGLD. Every integrator runs 32 chains over the time duration Nh = 10°. The posterior
means and variances of the 5 coordinates of = are estimated from the time averages of Z;, and of the squares
of its coordinates over all chains, and compared with the means and variances of 6.4 x 107 draws of the
No-U-Turn sampler (NUTS) [13]. The maximal bias is the largest absolute error of the posterior means, and
the variance error is the largest absolute relative error of the posterior variances.

In the right panel of Figure 3 and in Table 4, RC-SGLD, SC-SGLD, IC-SGLD and CC-SGLD reach
a common plateau, at about half the maximal bias and variance error of SGLD. As (3.11) predicts, the
noise correction leaves the term of the Euler-Maruyama discretization, which depends neither on the noise
corrector nor on the batch size. This term is about as large as the term with C in (2.12): the maximal bias
of SGLD is about the sum of those of SGLM and of the NC-SGLD integrators.
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NC-SGLM (P=192) NC-SGLD (P=384)

A

\,
A r= M i e, ——— e — ]

____________________
........

maximal bias

0 25000 50000 75000 100000 0 25000 50000 75000 100000
time duration Nh time duration Nh

— RC — SC IC — CC --- no correction

Figure 3: The maximal bias of RC-SGLM, SC-SGLM, IC-SGLM and CC-SGLM with P = 192 and SGLM
with P = 384 (left), and of RC-SGLD, SC-SGLD, IC-SGLD, CC-SGLD and SGLD with P = 384 (right),
against the time duration Nh, at h = 279 with 384 evaluations of the stochastic gradient per step. The
colors indicate the noise correctors, and the dashed lines are SGLM (left) and SGLD (right).

P =192 (SGLM: P =384) RC-SGLM  SC-SGLM  IC-SGLM  CC-SGLM SGLM

maximal bias (x107%) 039+032 111+£030 1.38+0.26 0.72+0.29 3.01+£0.25
variance error (x1072) 0.27+0.06 0.57+0.06 091+0.04 0.53+£0.05 3.12+£0.06
running time (min) 11.1 11.4 11.2 8.0 6.8

P =384 RC-SGLD SC-SGLD  IC-SGLD  CC-SGLD SGLD

maximal bias (x 1073) 3.09+£0.32 3.18+0.26 3.04+0.34 291+0.29 5.90+£0.25
variance error (x107?) 2494+0.05 2.494+0.04 254£0.03 2.51+£0.04 5.27+0.05
running time (min) 14.8 14.8 14.7 9.6 6.8

Table 4: The maximal bias and the variance error at Nh = 10°, with 2 standard errors over the 32 chains,
and the running time of the integrators of Figure 3, NC-SGLM and SGLM (top) and NC-SGLD and SGLD
(bottom). The running time is measured on an AMD Ryzen 9 9950X3D with the 32 chains run in parallel
on 32 threads. The smallest maximal bias and variance error are in bold.

In the left panel and in Table 4, every NC-SGLM integrator has a smaller maximal bias and variance
error than SGLM and than every NC-SGLD integrator, and RC-SGLM has the smallest, by a clear margin
in the variance error. The capping probability of RC-SGLM, estimated from 10° draws of NUTS, is about
1072, so (2.10) fails only in a fraction of about 10~2 of the steps, while CC, SC and IC, which do not satisfy
(3.19), leave a term of order h® in 2h Sy, (ép)Q in every step.

In Table 4, every noise-corrected integrator runs slower than SGLM and SGLD at the same number of
evaluations of the stochastic gradient per step, even with d = 5, since it also computes the noise factor. By
Section 2.4, the linear noise factor of CC costs order dP and adds the least time, and the noise factors of
RC, SC and IC, computed by the eigendecomposition of ép, cost order d?P + d® and add the most.

5 Conclusion
To the best of our knowledge, NC-SGLM is the first class of stochastic gradient integrators with second
order accuracy for nonconvex potentials and a general stochastic gradient. Its construction is explicit: each

step multiplies the injected noise of SGLM by the noise factor, which applies a noise corrector satisfying
the polynomial bound (2.6) to the batch approximation (2.5). For every such noise corrector and every

14



batch size P > 2, Theorems 1, 2 and 3 bound the MSE by a constant times (Nh)~! + h*, the weak error
uniformly in time, and the numerical bias by a constant times h2. Under Gaussian gradient noise and the
additional polynomial bound (3.19), Theorem 5 separates the coefficient of h? in the numerical bias into the
LM coefficient KIM( f) of the discretization and the coefficient KSG(f)/P of the noise correction.

NC-SGLM evaluates each batch at both Yy and Zj, and thus uses twice as many stochastic gradients per
step as SGLM with the same batch size. In high dimensions, both the cost and the accuracy of NC-SGLM
depend on the noise factor: its exact computation costs order d?P + d® per step, or dP? + P3 when P < d,
the grouped approximation raises the bound (3.16) on the capping probability, and CC does not satisfy the
polynomial bound. At a finite step size, NC-SGLM can be less accurate than SGLM, and its comparison
with SGLM rests on the capping probability, whose relation to the accuracy is only formal.

Future work includes the noise correction of stochastic gradient integrators for the underdamped Langevin
dynamics, more efficient implementations of the noise factor, the combination with variance reduction ap-
proaches, and realistic applications in high-dimensional Bayesian inference.
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A  Proof of Theorem 1: MSE estimate

The proof of Theorem 1 follows the proof of the MSE bound of LM in [30, Theorem 2]. Appendix A.1 sets
up the probability space, the splitting of a step of NC-SGLM and the bounds on the stochastic gradient
and the noise factor used below. Appendix A.2 recalls the modified class of [30, Section 4], with which the
MSE is bounded by the mean square of a time average error along the chain (Yj)r>o and a term of order
ﬁ + h*. Lemma 1 in Appendix A.3 bounds the moments of the chain and gives its invariant distribution
1, Lemma 2 in Appendix A.4 shows that the local weak error of NC-SGLM against the modified dynamics
is of order h3, and Appendix A.5 combines them into Theorem 1. Throughout this appendix, the noise
corrector Sy, satisfies the polynomial bound (2.6), and it enters the proofs only through the bounds (A.10)
on the noise factor. The thresholds on the step size in the results of [30] used below are included in hg.

A.1 Setting

The proofs of Lemmas 1 and 2 control one step of NC-SGLM through moment bounds on the batch gradient,
the batch approximation Cp and the noise correction, uniform in the batch size P.

The Gaussian vectors are the increments x; = h*I/Q(B(k_H)h — Byp,) of the Brownian motion (B:):>o,
independent of the batches (€;)r>0, and the initial value Y} is independent of both. With the filtration

Fr:=0(Yo, By, §:0<s<kh, 0<j<k—1), Ex[-]:=E[-|Fk], (A.1)

the state Yy, is Fy-measurable, and F, (Bih+s — Brn)s>o0 and & are independent.
The moment bound in (3.4), Jensen’s inequality over the batch and |VU (z)| < M (1 + |z|) by (3.2) give,
for z € R? and 1 < ¢ < 24,

Ee[lgp(:§)17] < MI(1+|2)? Eellgr(z;6) — VU (2)|"] < C(1+ Jz[)?. (A-2)

Since the variance of g(z; &) is at most its moment of order 2, (3.4) bounds the trace of the covariance matrix,

Te[C(@)] = Ee[lga:€) — VU@)2] < M2(1+[a)?, @ eRY, (A.3)
and the trace of (2.4) gives, for z € RY,
R M2(1 + |z|)?
Be[lir(a:€) - VU()?) < LIV (A4)
The supremum of the Jacobian of the batch gradient over the unit ball around z,
A(z:€) = | ISUI‘)<1||V9P($'; oI, (A.5)
satisfies, by Minkowski’s inequality over the batch and (3.4),
Ee[A(r:€)?] < M2, (A.6)

and, by the definition of A for |z — 2’| < 1 and by |[VU(z) — VU (2')| < M|z — 2| for |z — 2| > 1,

gp(z;€)—gp(2';€)| < (A(x';SHMHEJP(m;£)—VU(w)\+|§P(w’;£)—VU(95’)|)I$—$’|7 z, 2’ € R (A7)
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For |z — 2’| < 1, the bound on Vg in (3.4) and |V2U|| < M give
E¢[lg(x:€) — VU(z) - g(a';€) + VU(2")P] <AM?|x — 2.
Since C(x) is positive semidefinite, (A.3), this bound and the Cauchy-Schwarz inequality give, for A € R4*4

Az C2)] < MP(1+ [z Al [IC(2) = C@)| S 4MP(L+ Ja| + |2])* |z — /|, 22" €RE (A

_For a batch size P > 2, the batch approximation ép($;£) in (2.5) is positive semidefinite, so that
[Cp(x;€)|| < Tr[Cp(x;€)], and replacing §p(z; &) by 0 does not decrease Tr[Cp(z;€)]. Hence

P
ICp (2:€)|| < Z (a; 6P

and Jensen’s inequality with the moment bound in (3.4) gives

M27‘(1 + |fE|)2T

5 1
Ee[[ICp(x; 6)]"] < —Fo o 3 SrSin e R, (A.9)

Since the noise factor has the eigenvectors of Cp(x; £), whose eigenvalues lie in [0, |Cp (x; €)]|], the polynomial
bound (2.6) gives the bounds on the noise factor

"Sh(ép(x;ﬁ)) _ IdH < min{l, b IIéP($;€)||}7 (A.10)

snCotw) ~ 1a+ L enme)| < 2 ico

Since Sy, is measurable, the noise factor Sy, (ép (z;€)) is a measurable function of (z,£).
The step of (NC-SGLM) from Y}, to Yi1 splits as

Y41 =Y + Dy + (i, Dy, == V2h xi, — h §p(Zk; ), Ck i=V2h <3h(CP(Yk7€k)) - Id)XIm (A.11)

where Dy, is the SGLM displacement, the displacement of one step of (SGLM) from Y%, and (j is the noise
correction. By (A.10), the noise correction is bounded by

Gl < VR min{1, & [Cp(Yi: €)1} < min{ [Cp(Yis €01, oVER[Cr(Yii ) }Ixal  (A12)

Since (fp(Yk;Ek) is independent of xj given Fi, (A.12) and (A.9) bound the moments of (. Given Fj, and
Xk, (A.2) at Z = Yy + +/h/2 xx bounds the moments of §p(Zy; &) and of Dy. Therefore, for 1 < ¢ < 12,

Ex|Di|? < ChE + Ch(1 + |Vi|)%,

£ A13
Ek|§k|q<Cmin{hq(1+\yk|)q’ h7(1+|Yk|)2q}_ (A.13)

A.2 DModified discrete Poisson equation

The analysis runs on the chain (Y%)r>0, and the modified class absorbs the Gaussian shift Z, —Yj, = 1/h/2 x&
of (NC-SGLM) through a modified test function, potential, generator and discrete Poisson solution. The
modified test function is the heat flow of f,

~ h
Fly) =E[f(y+ \@ V)] X~ N 1), (A.14)
so that, since xy is independent of Fy,

Ex [f(Z1)] = fn(Y). (A.15)
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The modified potential of [30, Section 4.2] is

. h h
On(a) = Ula) + 7 (VU (@) — AU(2)) o(%) z e RY, (A.16)
with a smooth cutoff 8, 0 < 6 < 1, equal to 1 on {|z| < 1} and to 0 on {|z| > 2}, and the constant J € (0, 1]

of [30, Lemma 1], chosen in its proof sufficiently small, independent of h, such that

max Vil (z) — VU (2)| < min{%, M}, Ve e R, he (0,0]. (A.17)

1<i<5

The modified target and the generator of the modified dynamics, the overdamped Langevin dynamics (2.1)
with the potential Uy, are

7 (x) o e Un(@), Ln:=A—-VU, V. (A.18)
For each k, the solution (?k(s))s>(] of the modified dynamics from Y%, driven by (Bgh+s — Bin)s>0, satisfies

df/k(s) = —Vﬁh (}N/k(s)) ds + \/idBk}H_S, Yk(O) =Y, (A.19)

so that, with etihw(y) the mean of i at the time ¢ > 0 of the modified dynamics from y, for every measurable
1) of polynomial growth,

By [0 (Vi(h)] = (") (V). (A.20)
The modified discrete Poisson solution ¢~>h and the modified discrete Poisson equation it solves are
bn 1= hzejhéh (Fo—7n(fn), o — e = h(fa — 7). (A.21)
§=0

The modified class involves U and f only, not the stochastic gradient. Under Assumptions 1 and 2 and
(A.17), [30, Lemma 2 and Corollary 1] give the convergence of the series in (A.21), and the bounds on the
modified bias 7, (fr) — 7(f) and on the derivatives of ¢,

|70 (fa) = 7(£)| < CLR?,  max ||V ()| <CL, Vo eR? (A-22)
\J\

By (A.15), the differences f(Z)) — fn(Yi) are martingale differences, and, since f is L-Lipschitz,

@L%

Ex[(£(Z0) = ()] < Ex[(£(Z0) — F(V)"] < P BilZ = Yl = 5

With f(Zy) = fn(Yi) + (f(Z) — fa(Ye)) in (2.7), the Cauchy-Schwarz inequality, the orthogonality of these
martingale differences and the bound on the modified bias in (A.22) bound the MSE by the mean square of
the time average error 3 Zg:_ol(fh(Yk) — 7n(fn)) and a term of order R + h':

N-1 2
MSE(N, h) < 3E Ujlv 3" (alYa) = 7n(fa))| | +CL? (ﬁ + h4). (A.23)
k=0

Telescoping (;NSh (Yiq1) — éh(Yk) along the chain gives the time-averaged error formula

1~ ; o e —d(Yh) 1R 1 A
Y (f (Y) = 7n(fn)) = + — Tr+ — g, (A.24)
N P h\1k h h ) Nh N kZ:O k N kZ:O k

with the discretization term and the martingale difference

o (Yis1) — on(Vie(h on(Yie(R)) — on (Y . _ s
T, = On(Yit1) h¢h( k( ))7 U, = Pn (Vi ( )31 on(Yi) + (Vi) = 7 (F), (A.25)
where T, and Uy, are Fj41-measurable and E; U, = 0 by (A.20) and (A.21). The conditional mean E; Y} is

the local weak error of one step of NC-SGLM against the modified dynamics (A.19), divided by h.
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A.3 Moments and invariant distribution

The terms of (A.24) are bounded through moments of the chain that are uniform in time. Lemma 1 bounds
these moments by a Lyapunov estimate on the step Yy+1 — Yi = Dy + (i, and gives the invariant distribution
wp, in Theorem 3 by Harris’s ergodic theorem [12, Theorem 1.2], whose minorization is checked on the map
(A.27).

Lemma 1 Let Assumptions 1 and 3 hold, h € (0,hg] and P > 2. Then the chain (Yi)k>o0 of (NC-SGLM)
satisfies, with By, of (A.1), forn=1,...,6 and every k > 0,

By |Yies 1|2 < (1 . % h) Yi|?" + Ch, (A.26)
and has a unique invariant distribution pp,, with uy(|y)'?) < C.

Proof of Lemma 1. First, we verify the Lyapunov estimate (A.26). The proof of [30, Lemma 3] for SGLM
uses only the conditional mean and the conditional moments of the step, here Yy 11 =Y = D+ by (A.11).
Since the noise factor Sy, (Cp(Yk; £k)) is independent of xj, given Fy, Ex[¢x] = 0. Hence

Ep[Yi+1 — Yi] = Ex[Di] = —h Ex[VU(Zy)].
The bound z - VU (z) > 2|x|* — C of [30, Lemma 17] at 2 = Z, the bound |VU(Z;)| < M (1 + |Z|),
Ex|Zk|? = [Yi|? + % and Young’s inequality give
my 2
Yie Ex[VU(Z0)] 2 ¢ Yil” = C.
By (A.13), the conditional moments of the step satisfy
Ey|Yii1 — Yi|? < Ch + ChI(1+|vi])Y, 1<g<12.

With these bounds, the proof of [30, Lemma 3] gives (A.26).

Next, we verify the minorization required by Harris’s ergodic theorem. The minorization bounds the
transition kernel from every point of a level set {|y|> < Rw} from below by a constant times a fixed
probability measure, where Ry, := 64C/m > 2Ch/({¢h), with the constant C' of (A.26) for n = 1, depends
only on m, M, R and d. Fix y with |y|?> < Ry. From Yy = y, since v2h xo = 2v — y at v = 44+ v/h/2xo0,
the step (NC-SGLM) reads

Yi="Te, (% + \/EXO), Te(v) == 2v + <5h(éP(y;§)) - Id)(2U —y) — h§p<% + v;é), veRY, (A.27)

where Sj, (é p(y; E)) does not depend on v. The minorization follows from the properties of Tg,, required for
&y in an event of probability at least %, that 7¢, is Lipschitz with constant 3 on the closed unit ball B and
that T¢,(B) contains B. Let hg also satisfy

T2Mho(1+RE) <1, 16hoM2(1+R3)*(2+ RE,) < 1. (A.28)

With A of (A.5), we define the event

ar(5:60) - VU (3)| <aM(1+ Ry, ICe(yigo)ll < 4M2gfféﬂz}.

Qo = {A<g;€0) < 4M,
Since |y| < Rll,f, the bounds (A.6), (A.4) at x = § and (A.9) with r = 1 give

Ee,[A(3:€0)%] | Ee,[19r(3:60) = VU(DP] | (P—1)Ee, [ICr (y; €0)]
16012 16M2(1 + R3)? AM2(1 + RE,)?2
1 1 1 1

<—t—— <
6 7 16P "1 2

P(Q5) <
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On Qq, for v,v’ € B, the definition of A, |[VU ()| < M(1 + Ry}”), (A.10) and (A.28) give

1
h ﬁp(% +U;€0) *@P(% Jrv’;ﬁo)’ < 4AMhlv — '] < 3 v =],
(Y 1 1
h’gp(§ +u;50)] <OMh(1+Ry) < 3,

R 1 1 1
|5 (Cr(ys€0)) = Lo 120yl < 20021+ RE)* 2+ R) < 5,
) s 1
|sn(Crv:€0)) - 1| < 2mar2 (14 R5)* < =

Hence 7¢, is Lipschitz with constant 2 4 % + % < 3 on B, and for w € B the map

v %(w — (Sh(ép(y;éo)) — Id)(m; —y)+ hgp<% +v;€o)>

sends B into the ball of radius §(1+ § + %) = 2 and is Lipschitz with constant (g + ) = & on B; its fixed
point v € B solves T, (v) = w, so B C Tg,(B). For a Borel set I' C R%, the inclusion 'NB C Tg, ('Ts;l(F) NB)

and the Lipschitz bound give, on £y, with Leb the Lebesgue measure,
Leb(T' N B) < 37 Leb(7, (1) NB).

Since ¥ 4+ \/h/2x0 ~ N (%, %Id) is independent of &y and its density on B is at least a constant 8, > 0

depending only on h, d and Ry, (A.27) gives, for Yy =y,
Bh B
P(Y1 €T) = P(Qo) 34 Leb(TNB) > 53 Leb(T' N B),

the minorization with the uniform distribution on B.

Finally, Harris’s ergodic theorem gives the unique invariant distribution pup, and the law of Yj from
Yy = 0 converges to uy in total variation. Since E|Y;|'? < C by (A.26) for n = 6, Fatou’s lemma gives
pn(ly|t?) < liminfy o E|Y;|!? < C. |

A.4 Local weak error

The batch noise gp(Zy; &) — VU (Zk) in Dy of (A.11) contributes to the local weak error a term of order h?
linear in C/P, the noise correction cancels this term, and Lemma 2 bounds the remaining local weak error
by Ch3. For a tensor T of order j and vectors vy, ...,v; with i < j, T[vy,...,v;] is the tensor of order j — i
obtained by contracting T with vq,...,v;.

Lemma 2 Let Assumptions 1 and 3 hold, h € (0,ho] and P > 2, and let G € C*(R?) have bounded
derivatives of orders 1 to 4. Then the chain (Yi)r>o0 of (NC-SGLM) and Yy of (A.19) satisfy, with Ey of
(A.1), for every k >0,

[EL[G Vi) = GT()] | < CRP D IVIGlao (1 + 1Y), (A.29)

j=1

Proof of Lemma 2. By (A.11), the step reads Yi+1 = Y + Dy + (g, so that
Ey[G (Y1) — G(Yi(h)] = Ex [G(Yy + Dy) — G(Yi(h)] + Ex [G(Yy + Dy + G) — G(Yi + Dy)],  (A.30)

where the two terms are the effects of the SGLM displacement Dy, and of the noise correction (i, respectively.
We show that the step of (SGLM) satisfies

[Ec[G(YVe + Dy) = G(Vi(h)] - 573 VG(Y) Bk [C(Z0)]| < OB Y IVIGI- (14 I¥))", (A31)

Jj=1
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that the contribution of the noise correction satisfies
h? o
’]Ek |G(Yk + Dy + ) — G(Yi + Di)| + 75 V2G(Yz) : C(Yk)‘ <CR? Y IVGlo (1+ Vil)°,  (A.32)

j=2
and that the sum of the terms of order h? in (A.31) and (A.32) satisfies

2
;‘—P V2G(Yr) : (Ex[C(Zy)] fC(Yk))’ < OR?||V2G oo (1+ Vi])°. (A.33)
Inserting (A.31)—(A.33) into (A.30) gives (A.29).

For (A.31), the state Y} + Dy, differs from the state Y3, +v/2h xx —h VU(Z},) after a step of LM from Y}, by
—h times the batch noise gp(Zy; &) — VU(Zk). Given Fy, and (Birts — Bih)ogs<h, which determine Yk(h)
and the state after the step of LM and are independent of £, the batch noise has mean 0 and covariance
C(Zy)/P by (2.4), and its moment of order 3 is at most C(1 + |Z|)® by (A.2). With these properties of
the batch noise, the proof of [30, Lemma 7] gives (A.31), with (A.8) in place of the bound on the covariance
uniform in = assumed there.

For (A.32), Taylor’s formula for G about Yj, + Dy and for VG about Y} gives

G(Yy, + Dy + k) — G(Yi + Dy,) = VG(Yi + Dy.) - G + 05",

) 1, b (A.34)
VG(Yk + Dk) = VG(Yk) +V G(Yk)[Dk] + 5 \Y% G(Yk)[Dk, Dk] + 03 ke

with |g$*] < 1IV2G|| oo |Ck|? and lo2*| < V2G| oo | Di|*. Inserting VG(Yy + Dy) in (A.34) into VG (Y +
D) - ¢ gives the high-order expansion

G(Yi+Di+Cr)—G(Yi+Dy) = VG(Yk)'Ck+V2G(Yk)[Dk>Ck]"’% V3G (Y1) Dk, D, G+ 03" -Crto5F . (A.35)

The moments (A.13) of (g, with the bound Ch3(1 + |Y3|)? for ¢ = 2, and of Dy, with ¢ = 6, and the
Cauchy—Schwarz inequality give

Byl 0§ | + Ex| o8 - G| < CR*(IIV2G oo + V4G loo) (1 + Vi) (A.36)

The noise correction ( is linear in xg, and its coefficient v/2h (Sh(ép(Yk;gk)) — Id) and gp(Yy; &) are
independent of yj given Fi. Hence

Ex[VG(Y2) - G] =0, Ex [V2G (Vi) [ (Ye; &), Gk]] = 0. (A.37)
In the term V2G(Y})[Dy, (] of (A.35), (A.11) gives
Dy = V2hxy, — hjp(Yi; &) — b (9P (Zr; &) — Gp(Yei &k)). (A.38)

The part v/2h xi of (A.38) gives, by E[X%Q] =1y,
V2hEy [V2G(Ye) Xk, G]] = 2h VG (V) : By, [Sh (éP(Yk§£k)) - Id} (A.39)

and (A.10), the mean in (2.5) and (A.9) with r = 2 give

R 2
‘Qh V2G(Y3) : By [sh (Cp(Yi;&r)) — Id} + ;—P V2G(Yy) : C(Yi)| < CR?||V2G|oo (1 + |Yk|)4, (A.40)

which gives the term of order h? in (A.32). The part —h gp(Yx;&x) gives a term of mean 0 by (A.37). For
the part —h (§p(Zk; €k) — Gp(Yi; &x)), (A7) with Zy, — Yy, = \/h/2 xx, (A.12) and Holder’s inequality with
(A.6), (A.2) and (A.9) give
h‘Ek [V2G(Y3) [9p(Zk; &) — Gp (Vi €k), <k]]‘
h3 - . N
< 5 1 V2G oo Eu | (AYis €0) + M + [3p(Z13€6) = VU(Z0)] + [3p(Yii &) = VU (¥i)]) (A-41)

< CP (Vi €)1k 2] < CR¥192G oo (1 + Yi]).
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In the term 3 V3G (Y3)[Dx, Dy, ) of (A.35), the part with v/2h ), in both factors Dy, is a cubic form in
xx with coefficients independent of x; given Fj, whose conditional expectation vanishes. The other parts
contain the factor h §p(Zx; &), whose moments given Y are bounded by (A.2) at © = Zj, and Holder’s
inequality with (A.13) gives

1
5 ‘]Ek [VSG(Yk)[Dk,Dk,Ck]]‘ < CH| V3G oo (1 + Vi) (A.42)

Inserting (A.36)—(A.42) into (A.35) gives (A.32).

For (A.33), Zr — Y, = \/h/2 xi with xj independent of Fy, so Ex[C
semigroup e*® acting entrywise. By (A.8), e"*C — C as t — 0, and by (
that, with x ~ N (0,1) and h < 1

(Zy)] = (e52C)(Yy), with the heat
3.5), 0y etAC = e AC for t > 0, so

h/4 h/4
||]Ek[C(Zk)]fC(Yk)H</O [ AC) (Y| dt < M/ E(1+Yi| + V2 [x])?dt < Ch(1+ |Vi))%, (A43)

which gives (A.33). O

A.5 Proof of Theorem 1

Proof of Theorem 1. Let h € (0,hg], P > 2 and N > 1. Taking expectations in (A.26) with n = 6 and
iterating over k gives
ElVi|? <C(1+|Y|)?, k>0, (A.44)

and (A.13) and the bound E|Yy(h) — Yi|? < Ch(1 + |Y%])? in [30, Lemma 18] give
Vi1 — Yil? + E[Vi(h) — Yi|> < Ch(1+[Yo))*. (A.45)

Let first Nh > 1. By (A.24) and the Cauchy—Schwarz inequality, the mean square of the time average
error is at most

N—-1 2

3 3

N2h2E|(,Z5h YO d)h(YN E Tk +ﬁE E el , (A.46)
k=0

the sum of the boundary term, the discretization term and the martingale term. By the Lipschitz bound on
¢n in (A.22) and (A.44), the boundary term satisfies

CL2
‘Nh

C’L2

E|dn(Yo) — dn(Yn)|” < (1+Yo))%.

N2h2

In the discretization term, Y is split into its conditional mean E; T} and the fluctuation Ty — ExTy. By
(A.25), Lemma 2 with G = ¢5, and (A.22) give

By Yx| < CLR(1+ [Vi])°,

and Jensen’s inequality and (A.44) give

<CLA(1+|vo])"”

Since E, ¥y, = 0 and ¥, — h ! (&h()}k(h)) - gzgh(Yk)) is Fj-measurable, the Lipschitz bound on ¢ and (A.45)
give, for the martingale differences ¥y and Y; — E; Yy,

L2
7(1 + |Y0|)27

1 - . -
B[V +E| Ty — ExYil* < 7 E[én(Ya(h) — dn(Ye)|* + EIT4* < —
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and their orthogonality bounds the martingale term and the fluctuation by
N-1
> U
k=0

Adding these bounds proves (3.6) for Nh > 1. For Nh < 1, |f(x) — w(f)| < CL(1 + |z|) by Assumption 2
and the moments of 7 [30, Lemma 17], and E|Z;|* < C(1 + |Yo|)?, so that

N-1

Z (Y —ExYy)

k=0

2 2 CL2

<
Nh

1
+ 75 E (1+v])".

3
Nz

2
MSE(N, h) < CL*(1+[Yy])* < o

Nh O’+|Y6D2'

B Proof of Theorem 2: uniform-in-time weak error

Recall that (Yy(%)):>0 is the solution of the overdamped Langevin dynamics (2.1) with Y5(0) = Y. For ¢ > 0
and a measurable function F of polynomial growth, the semigroup e** satisfies

(“F)(y) =E[FXo(1)], Yo=uy. (B.1)
The proof of Theorem 2 splits the weak error E[f(Z,)] — E[f(Yo(nh))] into two differences.

e The first difference is E[fy, (Y,)] — (e"hi’lfh)(Yo) between NC-SGLM and the modified dynamics (A.19).
It sums the local weak errors of Lemma 2 and is of order A2 uniformly in time.

e The second difference is (e”héh fn)(Yo) — (e"£ £)(Yy) between the modified dynamics and the over-
damped Langevin dynamics. By Lemma 3, it is the modified bias of order h2? plus a term of order h
that decays exponentially in nh.

Appendix B.1 proves the ergodicity estimate of Lemma 3, Appendix B.2 proves Theorem 2, and Appendix B.3
shows by an example that the term of first order in (3.7) cannot be removed.

B.1 Ergodicity estimate for functions of quadratic growth

For a function F of quadratic growth, Lemma 3 bounds (e’“F)(y) — m(F) that decays exponentially in ¢.
Appendix B.2 applies the lemma to f, — f and to Fy of (B.21), whose quadratic growth carries the factor h.

Lemma 3 Let Assumption 1 hold. There are C and A1 > 0, depending only on m, M, R and d, such that
for every K > 0 and every measurable F with |F(z)| < K(1 + |z|?) for x € RY,

(e F)(y) —n(F)| < CKe ™' (1+|y[*), t>0, yeR% (B.2)

Proof of Lemma 3. Let (Yy(t))i>0 be the solution of the overdamped Langevin dynamics (2.1) with ¥,(0) = y.
1t6’s formula gives the drift condition [12, Assumption 1], E|[Yy(#)[> < e~ 2t |y|? + Cp for t > 0, with Cy > 0
depending only on m, M, R and d.

We verify the minorization [12, Assumption 2] on the level set {|y| < Rp}, where Ry is defined by

4C
2 . 0
Ry = Fpp—y) s (B.S)

With the Brownian motion (By)i>o of (2.1), fix Ry > 0, depending only on d, such that

1
P(2v2 sup |Bil > B) < 5. (B.4)
0<t<1 2

We define the events Q and, for a Borel set I' € R, Qr C Q by

Q::{ sup |y+\/§Bs\§R0+R1}, Qr:={y+V2B eT}nQ.

0<s<1
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Since VU is bounded on the ball {|z] < Ry+ R}, Girsanov’s theorem up to the exit time from this ball and
1t6’s formula for U(y + /2 B,) give

P(Yo(1) €T) > ]P’(Yo(l) €T, sup |Yo(s)| < Ro + Rl)

0<s<1

_ 1 (B.5)
= E|:1§2F eXp(U(y) U(g V2B - /0 (i’VU(y + \/§BS)|2 - %AU(y + \/iBs))dsﬂ.
Since y + v/2 By has the law N (y,21,), the lower bound (B.5) gives
P(Yo(1) €T) > (4m) "% /Fexp<U(y) 3 Ulz) _ |Z_4y|2>
(B.6)

x ]E{lg@(p(—/ol(hVU(y%-\@BS)|2 - ;AU(y+\/§Bs)>ds) ‘ y+V2B; = z]dz.

Since the integrand in (B.6) is nonnegative, we restrict the integral to z € I’ with |z| < Ry, the radius of the
level set. For % in the level set and such z, given y + V2 By = z,

sup |y + V2B, = sup |y+s(z—y) +V2(Bs —sB1)| < Ry + V2 sup |B, —sBi,
0<s<1 0<s«<1 0<s<1

where (B, — sB1)o<s<1 is independent of By and v/2supge < |Bs — sBi| < 2v2supgc <y | Bi|. Hence (B.4),
(3.2) and |z — y| < 2Ry give

1 _ 2
1 . 2 1 (B.7)
Z|VU($)|2—§AU($)<C(1+Ro+Rl)27 2| < Ro + Ra.

P(Q|y+\f231=2)>

Inserting (B.7) into (B.6) gives a constant a3 > 0, depending only on m, M, R and d, such that for |y| < Ry
and every Borel set I' C R,
P(Yo(1) € T') = a; Leb(T'N {|z| < Ro}). (B.8)

Hence, for |y| < Ro, the law of Yj(1) is at least a times the uniform distribution on {|z| < Ro}, with
1
o= min{§7 oq Leb({]z] < RO})}. (B.9)

Finally, Harris’s ergodic theorem in the form of [12, Theorem 1.3] applies to the Markov chain (Y5(n)),>0
with the Lyapunov function |z|?, the drift condition at + = 1 and the minorization (B.8) with « of (1B.9),
since RZ > 2Cy/(1 —e~™/2) by (B.3). The theorem gives § > 0 and & € (0, 1), depending only on m, M, R
and d through e=™/2, Cy, Ry and «, such that each step of this chain contracts the total variation distance
weighted by 1+ 3|z|? by the factor @. Since 7 is invariant under (2.1), the contraction, applied n times to
the point mass at y and to 7, gives, for every measurable ¢ with [1(x)| < 1+ B|z|? for z € R4,

[("“)(y) = ()] < @™ 2+ Blyl* + Br(a]),  n>0. (B-10)

By [30, Lemma 17],
7(|z]?) < C. (B.11)

Since |F(z)| < K max{1, 371}(1 + B|z|?) for x € R%, (B.10) gives

(™ F)(y) —=(F)| < CKa™(1+[y|*), n

WV
o

(B.12)
For ¢ > 0, the drift condition gives
(e HDEF) ()] < (1+ Co)K (1 + |2]?), r € RY

and the invariance of 7 gives w(e~ ") F) = n(F). Hence (B.12) with n = |t], applied with e(*~*)£F and
(14 Cp)K in place of F and K, gives (B.2) with A\ = |logal. O
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B.2 Proof of Theorem 2

Proof of Theorem 2. Let h € (0,ho], P > 2, n > 0 and Y, € R% The modified test function fn of
(A.14) satisfies Assumption 2 with the same L, and, by (A.17), the modified potential U, of (A.16) satisfies
Assumption 1 up to the order 5 with 2M/ and % in place of M and m. Since the proof of [30, Theorem 1]
uses Assumption 1 up to the order 5 only [30 Section 4.2], that theorem applies to U and f and, with
constants independent of h, to Up, and f),. With £, and 7, of (A.18), the theorem gives \g > 0, depending

only on m, M, R and d, such that for s > 0 and = € R?,

max, [[V2(e*5 ) (o)]| < CLe .

The bound (B.13) with j = 1 and the moment bounds of 75, and 7 in [30, Lemma 17] give

(" fu) @) = Fn(fi)| + (€2 1) (@) = (£)] < CL( + Ja) e

By (A.15) and (B.1), the weak error splits as

E[f(Zn)] — E[f (Yo(nh))] = E[fn(Ya)] — ("5 i) (Yo) + (€™ i) (Yo) — ("€ £)(Yo) -

(1) (2)
Dn,h Dn,h

For DSL, telescoping over the steps and (A.20) give, with Ey of (A.1) and Y3 of (A.19),
DY), = DO E[(e0 I ) (Vi) — (TR ) (Y

=>» E [Ek [(e(”’kfl)héh ) (Yiegr) — (e h=DEn (Y/k(h))ﬂ :

Taking expectations in (A.26) for the moment of order 6 and iterating over k gives
E(1+ Vi)’ <C(1+e BHY[°), k>0

With A\; of Lemma 3, we take in (3.7)

A= %mm{/\o,)\l, 31%1}

Let hg also satisfy Aghg < 1, so that

n—1
2
e~ No(n—k=1)h —Ao(n—k—1)h—3mkh —2X(n—1)h —2Xnh_
,;0 0 <—/\Oh E e 0 <ne <Cne

By (B.13), (B.17), (B.19) and Lemma 2 with G = e("=k=DhLn f in (B.16), D( ;1 satisfies

n—1

]D ’ CLh?)Ze—AO(n—k—l)h(l+e—3’1—’gkh|yo|6) < OLh? + CLh? nhe™ 2 |y, S,

k=0

For D'?) | let F, be the difference of the generators £, and £ applied to estn fh,

n,h?
= (VU — Vﬁh) . Vesﬁhfh = (Eh — ﬁ)eSEh’fh, s> 0.
The bound |VU,,(z) — VU (x)| < Ch(1 + |z|) of [30, Lemma 1], (B.13) and (B.11) give

|Fs(z)| < CLhe (1 + |z), |7(F,)| < CLhe ™% s>0, z¢eR%
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For t > 0 and s € [0, t], the semigroup of the modified dynamics satisfies
Byt En f = _F =) n f
so that It6’s formula and (B.21) give
d (@0 ) (Yo(s)) = —Fr—s (Yo(s)) ds + V2 V (=94 ) (Yo (s)) - dBs.

The stochastic integral has mean 0, since Velt=s)Ln fn is bounded by (B.13). We integrate over s € [0,1],
take expectations with (B.1), substitute s — ¢t — s and add (e'“(f, — f))(Yo) to both sides:

("5 ) (Yo) — (e F)(Yo) = (¢"“(Fu — £)) (Yo) + /0 (IR (Yo) ds. (B.23)

Taylor’s formula for f to the order 1 in (A.14) and Ey = 0 give | fu(z) — f(z)| < % for 2 € R%. Lemma 3,
applied in (B.23) to fi — f with K = 9% and to F, with K = CLhe~** by (B.22), gives, with \ of (B.18),

o R t
(" fr)(Yo) — (e ) (Yo) — 7 (fn — f) —/ m(Fs)ds| < CLh(1+t)e M (1+ [Yo|?). (B.24)
0
As t — o0, (B.14) turns (B.24) into
w(fo=0)+ [ wE)ds =Fnlh) - 7(0) (8.25)
0
At t = nh, (B.25) turns (B.24) into
DE) — (7n(fn) — 7(f)) +/ 7(Fy)ds| < CLh (1 4 nh) e 2" (1 + [V [?).
nh
The bound on the modified bias in (A.22) and the bound on 7(Fy) in (B.22) then give
D) | < CLh? + CLh (1 +nh) e~ (1 + [V, ?). (B.26)
Inserting (B.20) and (B.26) into (B.15) gives (3.7). O

B.3 Necessity of the term of first order

The following example shows that the term of first order in h in (3.7) is necessary. Let d = 1, U(x) = 22/2,
g = VU and f(x) = x, which satisfy the assumptions of Theorem 2 with m = M = L =1 and R =0. Then
(NC-SGLM) is (LM) for every noise corrector satisfying the polynomial bound, as noted after (3.9). Hence
LM gives E[Z,] = (1 — h)"Yp, while E[Yy(nh)] = e ""Y}. Since, uniformly in n,

h
(1—h)"—e ™ =__nphe "t

2
> + O(h?),

the weak error at the time nh = 1, that is, for h = 1/n, is
h 2
E[Z] — E[Yo(nh)] = —5 Yo + O(h?|Yp)).

Hence, for Yy # 0, the weak error at the time nh = 1 is of first order in h. Since (B.20) bounds |D7(112L| by
Ch?(1 + |Yy])® at nh = 1, this term of first order comes from DS;L
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C Proof of Theorem 3: numerical bias estimate

The proof of Theorem 3 compares NC-SGLM with the full gradient LM,

h
Zk_Yk"‘\/;le Yit1 :Yk—hVU(Zk)-l- V2h xk. (LM)

Since the full gradient satisfies Assumption 3 and NC-SGLM with ¢ = VU is (LM), Lemmas 1 and 2
apply to (LM). The bias of NC-SGLM splits into the bias 7M(f) — 7(f) from LM and the difference
7n(f)—7EM(f) from stochastic gradients. Appendices C.1 and C.2 give the transition density, the exponential
ergodicity and the semigroup estimates of LM, Appendix C.3 compares a step of NC-SGLM with a step of
LM, Appendix C.4 constructs the midpoint distribution vy, and Appendix C.5 combines these results into
Theorem 3. Throughout this appendix, the noise corrector Sy satisfies the polynomial bound (2.6), and hg
also satisfies hoM < i, hoM? < % and the conditions stated in the proofs below.

The midpoint distribution v}, plays the role of the modified target 7, in [30, Section 4.2], but it is built on
the midpoint potential V}, of (C.6) rather than on the modified potential, and it must meet two requirements.
First, v, must satisfy

v(fn) = m(f) = O(LK?)

for the modified test function f, = e*2f of (A.14). Then, for the invariant distribution f; of the chain
(Yi)k>o0 of (LM), (3.1) and this requirement give the bias of LM:

M) = 7 (f) = B (fn) = 7(f) = B (fn) — v (fn) + O(LR?).
Formally, this requirement amounts to the expansion

h h?
=71——-A — A? 3. 1
vh=m = 7r—|—32 w4+ O(h”) (C.1)
Second, the change of v, under one step of LM must have an explicit term of order A%, which, divided by the
step size h, gives the coefficient o (V3¢ : V3U) of h? in (3.8). The construction of v, in Appendix C.4 is
therefore the core of the proof.

C.1 Markov transition density of LM

This subsection defines the one-step operators of NC-SGLM and LM, derives the transition density of LM
by a change of variables in the Gaussian vector of one step, and bounds the midpoint potential that appears
in this density.

With the full gradient in place of the batch gradient, the SGLM displacement Dy of (A.11) becomes the
LM step Dy. For an initial state Y, independent of xo and &y, with Zy = Yy + 1/h/2x0 of (LM), and a
measurable function G' on R of polynomial growth, the LM step and the one-step operators are

Do :=V2hxo —hVU(Z), (PaG)(y):=E[GMV1)], (PrG)(y):=E[G(Yo+Do)], Yo=y, (C2)

where Y is the state after one step of (NC-SGLM) from Y. For a probability measure p on R?, P;u and
f,ju denote the laws of Y7 and of Yy + Dg for Yy ~ pu. For n > 0, f;:h denotes the transition of LM on
probability measures over the time nh: fzhu is the law after n steps of LM from Yy ~ p. The transition
density f;(y, -) of LM is the law of the state y 4+ Dy after the LM step from the initial state Yy = ¥, and,
for a probability density v on R¢,

Pia) = [ v Pia)dy,  ze Rl (©3)
R
By Lemma 1 with ¢ = VU, 7, is the unique invariant distribution of P, and satisfies 1, (Jy|*2) < C. By

(3.1), the numerical invariant distribution 7, := 7™ of LM in (3.10) is 7, = &, * N(0, 2 1,).
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In this appendix, Do, pn, 7, and P without a bar are defined for (NC-SGLM), and Dy, Ty, 75 and Pp,
with a bar are defined for (LM). In particular, we use 7, instead of 7™ in the proofs for consistency of
notation. Since |VU(Zy)| < M (1 + |Yo| + |xo|) for h < 1, the LM step satisfies

|Do| < V2h|xol +hM (1 + [Yo| + [xol)- (C.4)
In terms of Zj, the state after the LM step is
— h
Yo + Do = 2(20 -3 VU(ZO)) Y. (C.5)

Since %M < %, the map w — = + %VU(w) is a contraction of R for every z € R?, with a unique fixed
point. Next we formally define the midpoint map and the midpoint potential.

The midpoint map wy, and the midpoint potential V}, are

wp(x) — h VU (wh(z)) = =, Vi(z) := U(wp(z)) — % |VU (wp,(2)) 2, z € RL (C.6)

2

Hence wy, is the inverse of the map w — w — % VU (w), a diffeomorphism of R? whose Jacobian satisfies

9 h 7
glamla—5 V23U (w) = 3 L w € RY, (C.7)

Differentiating (C.6) gives

th(x) = (Id — gVQU(wh(x))>71, VVh(.’L‘) = VU(wh(x)), (C 8)
V2Vi(z) = V2U (wp(z)) (Id - SVQU(wh(x)))il, I+ gVQVh(x) - (Id - gV2U(wh(az))>71.
By (C.8) and (C.7) at w = wp(x),
%Id = Vwp(x) = Ig+ gVQVh(a:) > %Id, z € R4, (C.9)

The midpoint map wy, and the midpoint potential Vj, allow an explicit expression for the transition
density P),(y,y’) of LM. By (C.6), the map w + 2(w — & VU(w)) — y in (C.5) with the initial state Yy =y

sends w to ¢’ if and only if w = wh(%‘y/)7 and its Jacobian determinant is 2¢ det(I; — & V2U (w)). By (C.8),

y+y 1 h y+y
wh( 5 )—y=§(y’—y)+§VVh( 5 ) y,y' € R% (C.10)

For the initial state Yy = y and the state y' = y + Dq after the LM step, the map in (C.5) sends Zy =
y+/h/2x0 to ¢/, so that wy(L5L) = Zy and (C.10) gives

/
y’=y—hVVh(yzy)+v2th, (C.11)

that is, the LM step is a midpoint step with the midpoint potential V},. The change of variables from w to
y' in the law N (y, & I,) of Zy, together with (C.8) and (C.10), gives the transition density of LM:

. + / 4 ! ]2 1 + / ,
Pr(y.y) :Ah<y 2y ) (4mh) glexp(*%* §(y’fy)-VVh(y 2y )) y.y €RY, - (C12)

where Ap(z) is defined as
h h
Ap(z) := det (Id + 5 VQVh(ar)> exp(—z |VVh(ac)|2>7 r € RL (C.13)

Lemma 4 below gives the estimates of V}, used to bound the transition density (C.12).
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Lemma 4 Let Assumption 1 hold and h € (0, ho]. The midpoint potential Vi, of (C.6) satisfies, for x € R?,

max [[VVi(2)| <C, [VVa(@)| <CO+ ), Vale) —U©0) > o |of* - C,
piss 6 (C.14)
max [V7Vi(e) = VU ()] < Ch(1 + Ja]),
the error of the midpoint rule for the line integral Vi,(y') — Vi (y) of V'V, satisfies, for y,y' € RY,
Vi)~ Vi)~ & — o) 9V (L5 | <ty - P (C.15)
and Vj, satisfies, with all functions evaluated at x € R?,
h 2 PP, h 2
‘Vh —v-Ywoup-Lv U[VU,VU}‘ +h ’AVh AU - YA
4 8 4 (C.16)

+ R ‘V2Vh L V2V, + % A2V, — V2U : V2U — % A2U’ < CR3(1 + |z])%.

Proof of Lemma 4. To prove (C.14), we use VVj, = VU owy, ||[Vwy(z)|| < £ and ||[Vwy, () — 14| < Ch, from
(C.8) and (C.9). The formula for Vuwy, differentiated up to the order 6 with the derivatives of U of orders 3
to 8, bounds Viwy, for 2 < i < 7, and (C.6) with |[VU(w)| < M(1+ |w|) and hM < 1 bounds |wy,(z)| and

|wp(z) — x| in terms of |z|, and |z| in terms of |wp (x)|:

pas [Vun (@) < O, ()] < 20a] 41,
s 9 1 (C.17)
wnla) 2] < Ch(1L+[el),  Jol < 3 fun(e)| + .
Hence ||[V'V,(z)|| < C for 2 <i < 8. By (C.l?)7 [VVi(2)] < C(1+ |z|) and
VU (wn(2)) = VU (@)l < Ch(L +]al),  1<i<7, z€RY (C.18)

which, with |[Vwp(z) — I4]| < Ch and the bound on Viwy, give the bound on V'V, — VU in (C.14). By
[30, Lemma 17] and hM? < 2,

h h
Uw)-U©0) > Tl -C  JIVU@)P <M A+wP) < lul?+C weR?,
which, at w = wp, () and with the bound on |z, give the lower bound on V}, in (C.14).
To prove (C.15), we apply Taylor’s formula for V{L about %y/ to the order 2 at the points %y/ + %(y’ —y),
which gives (C.15) with the constant 7 sup,cpa||V3Vi(2)]].

To prove (C.16), we apply Taylor’s formula for U about wy(z) to the order 2 at z = wy(z) — & VVj, (),
with |[VV;(z)| < C(1 4+ |z|) by (C.14), and insert the result into (C.6):

2
U(z) = U(wn(x)) - g [VVi(2)? + % V2U (wn(2)) [VVa(2), VVi(2)] + O(h3(1 + |2])?), 1)
Vi(z) = U(x) + % |V Vi (z)|* — %ZVQU(wh(x)) [VVi(2), VVi(z)] + O(R*(1 + |z])?).

Taylor’s formula for VU about z to the order 1 at wy(z) = = + % VV,(z), with (C.8) and the bound on
VV, — VU in (C.14), gives

h
VVi(z) = VU(2) + 5 V2U(z) VU (z) + O(h*(1 + |z])?),
and inserting this expansion and (C.18) with ¢ = 2 into the expansion of V;,(z) in (C.19) gives

Vi(z) = Ul(z) + % VU (x)]? + % V2U(2)[VU(z), VU (z)] + O(R*(1 + [z])*). (C.20)
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By (C.8) and Taylor’s formula for AU about z to the order 1 at wy,(z) = = + % VV}(z), with the bound on
vV, — VU,

AVj(z) = AU (wp(z)) + g V2U (wy(2)) : VU (wy(2)) + O(R?),
AU (wp(z)) = AU(z) + g VAU(z) - VU(z) + O(h*(1 + |z])?),

and, by (C.18) with i = 2 and since A|VU|? = 2V2U : V2U +2VU - VAU,
AV (2) = h 2 2 2
w(r) = AU(z) + 4A|VU| (z) + O(h*(1 + |z])?). (C.21)

Finally, the bound on V2V}, and the bound on V'V}, — VU for i = 2 and i = 4 in (C.14) give |V2V}, :
V2V, + 2 A%V, — V2U : V2U — L A2U| < Ch(1 + |z|), which, with (C.20) and (C.21), gives (C.16). O

C.2 Ergodicity and semigroup estimates of LM

Lemma 5 gives the exponential ergodicity of P, at a rate per unit time independent of h and, as a conse-
quence, a solution ®;, of the discrete Poisson equation

b, — f}ﬁbh =F— ﬁh(F) (0.22)

with a bound of order h~!. The equation (C.22) differs from the discrete Poisson equations of [30, Sections 3.3
and 4.4] in its semigroup: it uses Py, of the discrete Markov chain in (LM). We write F' and ®;,, with capital
letters, for the right side and the solution of (C.22), to distinguish them from the test function f and the
solutions ¢g of (2.11) and ¢, of (A.21). For a measurable function F on RY, let

F
|1 F|lw := sup M (C.23)
yEeRY 1+ |y|6

Lemma 5 Let Assumption 1 hold. There is v > 0, depending only on m, M, R and d, such that for every
h € (0, ho), every measurable F with || F|y, < 0o, every n > 0 and every y € R?,

[(PLE)(y) = (F)| < Ce™ ™ || F||y (1 + [y1°). (C.24)

Consequently, @, := Enzo(ﬁzF — i (F)) solves (C.22) and satisfies

C
@a() < 3 IFI(1+ 1), yeR?, (C.25)

Proof of Lemma 5. The proof applies Harris’s ergodic theorem to the transition f;h with J := [1/h], so
that 1 < Jh < 2, and sums the resulting bound (C.24) over n for (C.25). By (A.26) for the moment of order
6, with g = VU, and 1 < Jh < 2, iterating J steps gives the drift condition [12, Assumption 1]

Pulyl® < (1= m)ll +Ch = Pilyl® < eyl 4 G, (C.26)

with Cy > 0 depending only on m, M, R and d, not on h, and thus the bound
PL(l+1y°) < (1 +Co)(1+y°), 0<i<J (C.27)
We verify the minorization [12, Assumption 2] for P, on the level set {|y| < Ry}, where Ry > 0 is

defined by

4C
6 ._ 0
R = . (C.28)

The minorization requires a lower bound on the transition density f;h(yo, yy) of J steps of LM, the density
at yy of the law after J steps from the initial state Yy = yo, uniformly for |yo|, |ys| < Ro. By the Markov
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property, this transition density is the integral of the product of the transition densities (C.12) of the J steps
over the states y1,...,y5-1:

J—-1

Pon(wo,ys) = /(Rd)J . 11 Pk yrsr) dys - - dys—a. (C.29)
k=0

Note that Iy + 2 V2V, (2) = (1+ M) 11, = e "M/2]; by (C.8). Then (C.13)-(C.15) give

J—1
_ 2|2 +
An(@) > e S gy ) - OV (B < Vi(ya) + Valwo) c}]wﬁ—%ﬁ<0w>
k=0

With the Brownian motion (By);>o of (2.1), fix Ry > 0, depending only on d, such that

1

P(z\/i sup |By| > R1> <7 (C.31)

0<t<2

and define

J—1
Q= {(yl,...,yjl) e (Rd)"_l : lgr]?g}( ) lye| < Ro + R, ’;) |Yrt1 — yk| }

The set Qp is the regular domain of the intermediate states (y1,...,ys—1), on which the product of the
transition densities P}, (yx, yp41) in (C.29) is bounded below by a product of Gaussian densities.
On Qq, (C.12), (C.30), [Vi(ys) — Va(yo)| < C(1 + R2) by the bound on VVj, in (C.14), and Jh < 2 give

J—17* J—1 i lvmei-wl?
H Pk k1) = aa H(47rh) ze L (C.32)

k=0 k=0
with a; > 0 depending only on m, M, R and d. As a function of (y1,...,ys—1), the product of Gaussian
densities on the right side of (C.32) is proportional to the joint density of the values

k
Yo + *BJh>7 1<k<J -1,

k
= (Y — o) +\f2(3kh o

J
at the times kh of the Brownian motion vy + V2B, 0 < t < Jh, conditioned on vy + V2B, = vy,
since (B; — ﬁ Bin)o<t<an is independent of By,. We write Py, ,,, and E,, ., for the probability and the
expectation under this joint density of (y1,...,y7-1). Since |yol,|ys| < Ro and sup, s, B — ﬁBJh| <
2sup,<q | By, (C.31) gives

1

Pyo.u ( Ykl > Ro + Rl) <7 (C.33)

Under Py, ,,, the 1ncrement Yks1— Yk, 0 < k < J—1, has the law of 1 7 (Y —yo) +V2 (B(k+1)n — Brn— % Byy),
and E[(Bi11)n — Brn — ¥ Bsn)®?] = (1 — %) hls. Markov’s mequahty and this identity give

1<k<J 1

J—-1
Pyo.y (Z (Y1 — yk| > 1) Eyoys Z [Yk+1 — yk|
o (C.34)
<« lys — yol® 3 1 3 3.9 1 1
<4Z T+22E‘B(k+l)h_3kh_j-8jh‘ < C(Rgh +h2)<Z

by choosing h small enough. By (C.33) and (C.34), Py,,,, (1) = 3. The product of Gaussian densities in
S0

(C.32) integrates over  to (47TJh)_%e_|yJ_y0|2/(4Jh) Pyq.y, (€21), so that (C.29) with the integral restricted
to 1, Py, (1) = 3, 1 < Jh <2 and |y; — yo| < 2Ro glve

—unl2
Ponlwo.ys) > G (dmh)~Fe™ T > a, (C.35)
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where a5 is defined as
(6] 2
Qg = ?1 (87‘()7%67}%0 > 0.

By (C.35), the minorization [12, Assumption 2] holds with the uniform distribution on {|y| < Rg}: for
Yol < Ro and ys € RY,

— 1
P yn(Yo, y) = I 2 s |<Ho} (C.36)

eb({lyl < Ro})’
where « is defined as )
Q= min{i, as Leb({|y| < RO})}. (C.37)

Harris’s ergodic theorem in the form of [12, Theorem 1.3] applies to the transition ﬁjh with the Lyapunov
function |z|%, the drift condition (C.26) and the minorization (C.36) on the level set {|y| < Ry}, with a of
(C.37), since RS > 2C,/(1 — e=3™/16) by (C.28). The theorem gives § > 0 and @ € (0,1), depending only
on m, M, R and d through e=3™/16 Cy, Ry and «, such that

[ 81al) Pl =Pl (da) < 6 [ (14 Blal) s = pol () (C.38)

for distributions gy and g on R%. As in the proof of Lemma 3, (C.38) applied n times to the point mass at
y and to the invariant distribution f,, with f,(|z|%) < C, gives

(P F)(y) -y (F)] < Cam |Fllw(1+|yl°),  n>0. (C.39)

Every integer n > 0 can be written as n = qJ + k with ¢ > 0 and 0 < k < J, and then ¢ > %h — 1 since
Jh £ 2. By (C.27), Hf:FHW < (14 Co)||F|lw, and ﬁh(fZF) = 7, (F) by the invariance of 1. Hence (C.39)
with ¢ in place of n and fZF in place of F gives (C.24) with v := %| log &|.

To prove (C.25) and that ®p solves (C.22), let hg also satisfy vhg < 1, so that Zn>0e—7"h < %h By

(C.24), the series defining ®;, converges absolutely and satisfies (C.25), and dominated convergence with
(C.27) for i = 1 gives (C.22):

Prd, = Z(fZF —p(F)) = @ — (F =1, (F)).

n>1
]
Lemma 6 below derives the semigroup estimates of P, on functions F with ||F||,, < oo.
Lemma 6 Let Assumption 1 hold, h € (0, hg], and let F' be measurable with | F|lw < co. Then
IV PuF) )| < CRH|FIl(+ )¢, 5=1,23,  yeR”. (C.40)

Proof of Lemma 6. To prove (C.40), we bound the derivatives in y of the transition density fZ(y, y') and
differentiate

Pub)) = | FO) Pl dy (C.a1)
R
under the integral. Fix y' € R%. By (C.12), (C.13) and (C.10),
B g hoon, (4+Y 1 y+y'y P2
Py, y') = (4rh) det([d—f— 5V Vh< . ))exp( . wh< . ) y’ ) (C.42)

For the initial state Yy = y and the state v/ = y+ Dg after the LM step, distributed as ﬁz (y,-), the midpoint
is “Y — 7, — 2 YU(Zy) by (C.5), and (C.6) gives

+/ h 1
o) = un (L) v=zo-y=[Bre ni@ul = (C.43)
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Here Qj,(y) depends only on y for fixed 3, and the other equalities hold at 3’ = y + Dy. Hence, under
P, (y,-), the law of h=/2|Qy,(y)| does not depend on h.
By (C.9) and (C.17), the derivatives of Qp(y) with respect to y satisfy

Vo] <2, [|[V'Quy)|| < Ch, i=2,3,4. (C.44)

Since (th)(%y/) =2(14+ VQn(y)), (C.9) gives

det (Ta + g v%(%y/)) = 2 det(Iy+ VOi(y)) > (g)d

W7 det (I + VOu(y))|| < Cdet(Iy+ VQi(y)), j=1,2,3.

(C.45)

The Leibniz rule for the product (C.42), with (C.45) for its determinant and the chain rule for exp(—+ |Qn(y)|?),
gives, for j =1,2,3,

e — d 1

IVPuw ) <CPawy) > > T3 IIV* @], (C.46)

£=0 iy4-Fig=f k=1

where the inner sum runs over the partitions of the ¢ directions of differentiation into blocks of sizes i1, ..., 4,
and the empty product for £ =0 is 1. By the Leibniz rule and (C.44),

1 4 1 8 1
7 [VIQn)?]| < 7 1Qn(y)l, 7 V21 Qn(y) || < 7 + CQn(y)l, 7 V2 1Qnw)?|| < C+ C1Qny)l,

so that, for h <1 andi=1,2,3,

1 - i 1 i

S IViIen@)P| < chmE (1 hE [Qn)l) " (CAT)
In each product of (C.46), the sizes i, add up to £ < 7, so that (C.47) and h < 1 give, for j =1,2,3,

IV7P5 ) < Ch™3 (1427 [Qu(w)) Py, ). (C.48)

Since (C.10), (C.8), (C.17) and hM < § give [Qn(y)| = 2|y’ — y| — 1 (1 + |y]), the right side of (C.48) is
bounded by a Gaussian function of ¢’ uniformly for y in bounded sets, so that dominated convergence allows
differentiating (C.41) under the integral. Since P, (y,-) is the law of the state y + Dy after the LM step,
(C.48), (C.43) and (C.4) give, for j =1,2,3,

/R AEW VP ) dy' < Ch™H I E[(L+ [xol) (1 + [y + Dol*)| < Ch=3 1F L (1 + Iy)"

which gives (C.40). O

C.3 One step of NC-SGLM against one step of LM

We compare NC-SGLM with LM through the one-step operators Pj, and P of (C.2), on test functions
whose derivatives of orders 2 and 3 grow at most polynomially.

Lemma 7 Let Assumptions 1 and 3 hold, h € (0,ho] and P > 2, and let K > 0 and G € C3(R?) satisfy
V232G (z)|| + | V3G (2)|| < K(1 + |z|)8 for x € R, Then the one-step operators Py, and P, of (C.2) satisfy

3

(PLO)w) ~ PaC)w)| < CK S (14, yer” (C.49)

Proof of Lemma 7. Fix the initial state Yy = y. With the SGLM displacement Dy and the noise correction
o of (A.11) and the LM step Dg of (C.2), the state Y7 after one step of NC-SGLM reads

Y1 = Yo+ Do + (o = Yo + Do + o, (o= —h(gp(Zo; &) — VU(Z0)) + Co, (C.50)
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where éo follows from Dy — Dy = —h(gp(Zo;go) — VU(ZO)). The terms of order h?/P from (, and from
the batch noise at Zy cancel up to C(Zp) — C(Yp), and two bounds on the batch noise control the remaining
terms of Taylor’s formula for G about Yy + Dy.

To prove (C.51), let z € R%. The batch noise gp(z; &) — VU (x) is the mean of the P independent vectors
g(z;£®)) — VU(x), which have mean 0 and satisfy E¢|g(z; &) — VU(2)|? < C(1 + |z])9 for ¢ = 2,4 by (3.4)
and |VU(z)| < M(1+ |z]). In the expansion of | 2521(9(33; ¢@)) —VU(x))|*, the terms in which some index

p occurs in only 1 of the 4 factors have mean 0, and the other terms, at most 3P? in number, give

Ee[lap(:€) — VU(@)|'] < o (1+ [2])" (C51)

To prove (C.52), let z,v € R%. By (3.4) and dominated convergence, E¢[Vg(z;¢)] = V2U(z), so that
(Vgp(z;€) — V2U(2)) v is the mean of P independent vectors of mean 0 with E¢|(Vg(z;€) — VU (2)) v|* <
E¢|Vg(z; &) v|?> < M?|v|?. For z,2" € R%, the difference of the batch noise at 2’ and at  is

1
(00658~ VU) ~ 3r5:8)~VU@) = [ (Varla+s(a' ~2) €)= V20 (e o' ~2)) &~ ) s
Jensen’s inequality over s, with E¢|(Vgp(z;€) — V2U(2)) v|* < M72 [v]?, gives

2
(9p () ~ VU@)) — (ap(2:8) - V@) < S5 o —af?, 2/ € B (C.52)

Ee|

Since &p is independent of xo, (C.51) with x = Z; holds given xo. Holder’s inequality between the
moments of orders 4 and 14 of the batch noise, with the moment of order 14 bounded by (A.2), and the
bound |¢o| < 1 [|Cp(Yo; &0) 1Y% x0| of (A.12) with (A.9) give

Ch* Cho

E||* < Pz (1+Yo))*, E|él® < e (1+Yo))?. (C.53)
Taylor’s formula for G about Yy + Dy to the order 2 gives
_ . 1 .
E[G(Y1) — G(Yo + Do)] = E[VG(Yy + Do) - Co] + 3 E[V?G(Yo + Do) : (%] + Ele3*], (C.54)

where the remainder g3" satisfies, by || V3G(z)|| < K(1 + |=|)®, Holder’s inequality, (C.53) and (C.4),
v DNOIE 3 1159 Yi h? 9
01 < CR((1+ % + Do) ol + 16ol?), Bl < e (14 o). (C.55)
Since Dy is a function of xo and the batch noise has mean 0 given g, (C.50) reduces the term of (C.54)

linear in ¢y to o o

For ¢ € CY(R?) _such that ¢ and V¢ grow at most polynomially, Gaussian integration by parts in xo and
the Jacobian of Dy in x( read

— h
E [x0 ¥ (x0)] = E[V¥(x0)], VDo = V2hI;— h\/; V32U (Zo). (C.57)
Since Sy, (ép(YO;SO)) is independent of xq, (C.57) gives

E[VG(Yo + Do) - o] = V2RE|VG(Yo + Do) - (B[S (Cr(Yo:€0))] — L) o]
= 2hE[V2G(Yo + Do)] : (E[Sa(Cr(Yoi &0))] — Lu) (C.58)

- hQ]E{Tr[(IE[Sh (Cr(Yo;€0))] — Id) V2G(Yo + Do) VQU(ZO)H.
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By (A.10), the mean in (2.5) and (A.9),

[ELsi (€r(v0: €0)] ~ 1u+ s el « T e o). ||l Crasa)] - 1] < S 1+ 1val2,

so that (C.58), the bound on V2G and (C.4) give

2 3
[E[VG(¥o + Do) - 6] + ;LP E[V2G(¥, + Do) - (%) < CK%(l o). (C.59)

By (C.50), the term of (C.54) quadratic in (o is the expectation of
Lo . 2
§VG(YO+DO): =T+ T2+ T, (C.60)

where the three terms are defined as

h? — . 1 —
T = e V?G(Yo + Do) : (§p(Zo; &) — VU(ZO))®27 T = 3 V2G(Yy + Do) : (52, (C.61)
T3 := —h V*G(Yo + Do) [gp(Zo; &0) — VU(Z0), o).
Since the batch noise has the covariance C(Zy)/P given xo by (2.4) at @ = Zp, (C.61) gives
h? —
E[Ti] = 2P E[V2G(Yy + Do) : C(Z)]. (C.62)
The bound |¢o| < 2v/2h[|Cp(Yo; &) | [xo| of (A.12) and (A.9) give
h? 10

|E[T2]| < CK —5 (1 + [Yo])™. (C.63)

P

In 73, we split the batch noise at Z; into the batch noise at Y, which is independent of xgo, and the
difference of the batch noise at Zy and at Yy, bounded in (C.52):

Tz = Tz,a+ T3, (C.64)
where T3, and T3 are defined as

Ta,a = —h V?G(Yo + Do) [gp (Yo; &) — VU(Yo), Col

2 I \Ts . (C.65)
T == —h V*G(Yo + Do) [dp(Zo; &) — VU(Zo) — gp(Yo; o) + VU (Y0), Co]-

For T3, of (C.65), (C.57) given & replaces the factor xq of (p by the derivative of V2G(Yy + Do) in xo, and
the bound on V3G, the Jacobian, (A.10), (A.4), (A.9) with r = 2 and (C.4) give

3
|E[T3,0)| < CKR*(1+ |Yo|)6E[|§P(Yo;€0) - VU(Y))| ||éP(Y0;§0)||} < CK]];% (14 [vo))°. (C.66)

For T3, the bound on V2G, (C.52) with x = Y and 2/ = Zy, which holds given o, the identity |Zy — Yo| =
V/h/2 |xo| and the bound [(o| < &v2h||Cp(Yo; €0)| [xo| of (A.12) give

|E[T3,]| < CKZZ(I + |Yo))?. (C.67)
By (C.64), (C.66) and (C.67),
|E[T3]| < CKZ(l + Yo ))?. (C.68)
By (C.60), (C.62), (C.63) and (C.68),
)%E[VQG(YO +Dy) : (82 - % E[V2G(Yy + Do) : C(Zo)] ‘ < CK}};Z(l + [ Yo|)20. (C.69)
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Inserting (C.56), (C.59), (C.69) and (C.55) into (C.54) gives

(E[G(yl) — G(Yo+ Dy)] - % E[v%;(yo +Dy) : (C(Zo) — c<y0))} ‘ < CKh;(l FYo).  (C.70)

It remains to bound the term with C(Zy) — C(Yp) in (C.70). The bound (A.43) at k = 0 and (A.8) give
[E[C(Z0)] — C(Yo)|| < Ch(1 +|Y0|)?,  ||C(Zo) — C(Yo)|| < 4M>(1 + [Yo| + | Zo|)* | Zo — Yol-
The bound on V3G gives
IV2G (Yo + Do) — V2G(¥o)|| < K (1 + Yol + [Dol)° [Dol-
With V2G (Y, + Do) split into V2G(Yp) and V2G(Yy + Do) — V2G(Yp), the bound in (C.4) gives
[E[72G(Y, + Do) : (€(Z0) — C(0)) || < CKR (1 + [%))",

and with (C.70) we prove (C.49). O

C.4 The midpoint distribution and its change under LM

This subsection constructs the density v, that meets the two requirements stated in the opening of Ap-
pendix C. This subsection does not involve stochastic gradients, so the only randomness comes from the
Gaussian noise in one step of LM. By (C.12), the product e~"»¥) f;(;%y’) is symmetric in (y,y’) up to
a factor whose exponent is half the error of the midpoint rule bounded in (C.15). Hence one step of LM
changes e~"* only through this error, which gives a term of order h? and terms of order h®. We seek
v, x exp(—V, + ©p) with a correction ©y, of order h. To match the expansion (C.1), (C.16) formally gives

h2

h
@h*ZAVh—*E

1
(VQU . V2U fAQU).
2
By (C.16), V2V}, : V2V, + %Ath = V32U : V2U + %A2U + O(h). Hence, formally,
h h’2 2 2 1 2 3
O = ZAVh—l—G(V Vi V2V + 5 A Vh) +Oh?).

In the change of e~"*» under one step of LM, the term %AVh of O}, also cancels the term of order h?, and
Oy, cancels the terms of order h3 other than the explicit term. Next we drop O(h?) and define the midpoint
correction potential and the midpoint distribution.

The midpoint correction potential ©p and the midpoint distribution vy, are

On(z) := ZAVh(x) - %(v?vh(x) L V2V (z) + %A2Vh(x)), z € RY, (C.71)
vp(z) = Zih exp(—Va(z) + On(z)), r € RY (C.72)

where Zj, is the normalizing constant.

First, we show that the convolution of vy, with NV(0, 21,) differs from = by O(h3).

Lemma 8 Let Assumption 1 hold. For every h € (0, ho|, the midpoint distribution vy, satisfies

/Rd(l +z)) ‘(yh *N(o, g[d»(a@) - ﬂ(x)‘ dr < Ch®. (C.73)
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Proof of Lemma 8. By (3.2) and (C.16), Vi (z) — U(0) < C for |z| < 1. This bound, (C.71) and (C.14) give
Z, > e V0 /C and

max ||V'Oy(x)|| < Ch, vp(z) < Ce#l=l®, z € RY, (C.74)

0<i4

so that vy (|z|P) < C for every p > 1, with C dependmg also on p.
We next expand v, about 7. The identities Ae~Y = (|[VU|? — AU) e~V and

AZeU = ((|VU|2 — AU)? +2V2U : V2U 4+ 4VU - VAU — A2U — 4V2U[VU, VU]) eV, (C.75)
together with (C.71) and (C.16), give

~Vi(x) + On(z) = ~U(x) +an(z) + 05" (), [o5" (x)] < CH*(1+ Ja])*, (C.76)

where ay(x), which contains the terms of first and second order in h of the expansion, is defined as

2
ap(z) := f% eVAe VU + 2—2 (eUAzer - (eUAer)Q). (C.77)

By (C.75), the term (|VU|? — AU)? of eV A%e~Y cancels (eV Ae~Y)2, so that (3.2) gives |as| < Ch(1+ |2])%.
We apply Taylor’s formula for the exponential function about 0 to the order 2 at ap + g:‘;" of (C.76), and
bound the factor max{e~Y,e~V»*®r} in its remainder by the lower bounds on U of [30, Lemma 17] and on
V3, in (C.14), with (C.74):
‘e_%L"F@h _ e—U(1 tap+ %ai)‘ < CH3(1 + [2])2e- VO & lal*
and, with (C.77) and 1 af = g—; (eVAe"U)2 + O(h3(1 + |z])*), this bound gives
—Vi+0 v h -U h? 2 -U 3 12 —U(0)— 2 |z|?

‘e PR e +ZA6 —3—2Ae ’gCh(l—HxD e eal®l (C.78)

Integrating (C.78) over R%, since Ae™V and A%e~Y integrate to 0, gives Z;, = (14 O(h?)) [z, eVdx and

h h?
Vh:w—ZAﬂ—&—?EAQﬂ'—i—Qgh, / (1+ |z]) |04 (z)| do < CRHA. (C.79)
R4

Finally, we convolve (C.79) with A/(0, %Id). For a function w integrable against 1+ ||, the heat semigroup
satisfies w * N'(0, 21,) = e%%w and

/Rd(1—|—|x|)| Byl de < (1+¢27)/(1+|x|)\w\dx, 0. (C.80)

For j € {0,1,2} and w € C¥*2(R4) whose derivatives of orders 0 to 2j + 2 are integrable against 1 + |z,
Taylor’s formula in time for the heat semigroup, with (C.80) for A’*lw in place of w, gives

/ (1+ |z|) ‘w *N(O Id) ' ‘ dr < ChIH! / (1 + |z]) |AT T w] da. (C.81)
Rd 42 Rd

The bound (C.81) applies to the terms of (C.79) with j = 2 for 7, j = 1 for Am and j = 0 for A%x. In each
case AJT1w = A7, which involves the derivatives of U of orders up to 6. With (C.80) at ¢ = % for w = p5",
the bounds (C.81) for m, Am and A%r give

[+l

in which the terms with A7 and A?7 cancel, so that the bound reduces to (C.73). O

2
_h h h( h dz < Ch?,

h2
—Ar— — A? — (A A2 — —A?
1 T 32 T+ 7r—|—4 77) D T

v *./\/(0, g[d) — 1

Second, we show that the change of v}, under one step of LM has an explicit term of order h3.
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Lemma 9 Let Assumption 1 hold. For every h € (0, hg|, the midpoint distribution vy, satisfies

LA+l [(Pin)(@) - (o] do < OO, (82

and, for every K > 0 and every ¢ € CHRY) with maxi<;j<4|| VIt < K,

b (P — ) — (9 90) | < cxen, (C33)

Proof of Lemma 9. To prove (C.82) and (C.83), we write the LM step through its midpoint. Let the initial
state Yy ~ v, be independent of xg, and let Dy be the LM step of (C.2). The step from Y, to Yy + Dy has
the midpoint Yy + $Do. The pair (Yo, Yy + Do) has the density vy (y) Py (y,y') at (y,y'). By (C.12) and
(C.72), the change of variables (y,y’) = (z — 1,z + 1), with the Jacobian determinant 2%, shows that the
pair (Yo 4+ 2 Do, $Dy) has the density

d In|2

pa.n) = M) (i + m) (e — ) FeE @0 (mh)~fe= " 2y eRY, (C.84)

where (rh)~2e~I*/h is the density of (0, L7,) at n, and the exponent =y, is defined as

(Vi(z+n) = Vi(z —n)) —n- VVi(z) — %(@h(x +n) — On(z — 1)), z,n e R (C.85)

DN | =

Eh(xvn) =

The pair (Y + Do, —3 Do) has the density p(z, —n) at (z,7).
We next bound the exponent =, and the factors Ay, and (v (x +n) v, (z —1))/? of p in (C.84), and the
gradient in z of the product of these three functions,

N|=

Br(z,n) = Ap(x) (Vh(x +n)vp(z — n)) Znlz,n), z,neRY, (C.86)

which is odd in 7 since Zj, is. The bound (C.15) at (y,y') = (x — n,x + n), the odd part of Taylor’s formula
for VV}, about z to the order 2, (C.14) and (C.74) give

Zn(@ | + [VaBa(z,m)| < C(Inf° +hinl),  z,n€R% (C.87)
By (C.13), (C.9) and (C.14),

An(z) < (%)d An(z) — 1| + [Vieg An(z)] < Ch(1+ [2)?, =z € R (C.88)

The bound on vy, in (C.74) gives

Nl

(vn(z +n) vn(z —n))? < Ce~ @+ ) e RY. (C.89)

y (C.14) and (C.74), |Viogvp(x)| = |VOu(z) — VVj(z)| < C(1 4+ |z|). Then (C.87)—(C.89) give
VB (@, )| < C+ [a] + [n)2 (| + hlpl)e~ S0P+ 5 ) e RY. (€.90)

To prove (C.82), we write the change of the density with (C.84). The densities of Yy + Dy and of Y at
z € R? are the integrals over i of p(z —n,7) and of p(z — n, —7), so that

) =) = [ (o= —pz—n-m)dn, R (o)

Since Zj, is odd in 7 and the other factors of p are even in 7, (C.86) gives

d n|?

p(w,n) _p(x7 —77) —th(%n) (ﬂ-h’) e S |Eh(90777)|3(13(13a77)+P(xa—77))a T,n eRd' (092)

| =
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In every expectation over 5 from here on in this proof, n = \/h/2 x with x ~ N(0, I), so that the expectation

is the integral against the factor (wh)_%ei"'z/h of p, not against p(z,n). Then (C.91), (C.92) with z = z—n,
the densities p(z, £n) of the pairs (Yo + 3Dy, £2Dy), (C.87), (C.4) and the moments of v, from (C.74) give

/R (U 120° | Prvn)(=) = va(z) = 2E[$a(z = m,m)] [dz < CE[ (L + [Yo| + Do) (Dol + hlDol)”| < n.

(C.93)
Since Py, is odd in 7, [‘Bh(z n)] =0, so that E[B4(z —n,7)] = E[Bn(z — n,1) — Ba(z,n)]. The identity
Pr(z —n,m) —Bu(z,n) fo V2 PBr(z —sn,n) -nds and (C.90) give

QD [E B =) = (][ 4= < CE [l 0+ D (nl® + 1] < €8 (Co9

The bounds (C.94) and (C.93) give (C.82).

To prove (C.83), let ¢ have bounded derivatives as in Lemma 9. Since f;yh and vy, are probability
densities, vy, (Ppy—1)) is the integral of 1(z) —1(0) against (Pj,p)(2) —vp(2) in (C.91). Then [¢(z)—1(0)| <
K|z|, (C.93), the substitution 2 = z — n and the oddness of By, in n give

v (Prtp — o) — /Rd E[‘ﬁh(%ﬁ) (V(z+mn) —v(@— ﬁ))}dﬂﬂ < CKh3. (C.95)

We next expand the integrand of (C.95) about x, which involves P (z,n) itself and the difference ¢ (x +
n) — (x —n). For the factor (v4(z + n)va(z — n))/2 of Pyu(x,n) in (C.86), we apply Taylor’s formula
for Vj, — ©p, to the order 3 at x +n and = — n, with (C.14) and (C.74), and then Taylor’s formula for the
exponential function to the order 1. The remainder of Taylor’s formula for the exponential function carries
the factor max{vy (), (vn(x + 1) vi(x — 1))/2} < Ce~#l#1° by (C.74) and (C.89), so that, for z,7 € RY,

1
2

[+ mywnte —m) =@ (1 = 5 V2Vale) 0% < Ol + hll?) (14 e B (.96)

Taylor’s formula about z for Vj, to the order 6, for AV}, to the order 4 and for V2V, : V2V, + % A2V}, to the
order 2 at « +n and  — n in (C.85), with (C.71), gives

En(z,n) = 20 (@) + E (2,0) + E (2,7), (C.97)

where, with all derivatives evaluated at x from here on in this proof, = ( ) and = ( ) are defined, and the

remainder = ( ) is bounded by (C.14), as

1 h
= (o) = VPV = 2 VAV, -,

2

~(5) s _h AV, - @3 h* 217 . o2 }Az ) (C.98)
(z,7) = 120vvh 0 — VAV +16v(vvh.vvh+2 Vh> "
=) ()| < C(lnl" + hlnp + 12 nf*).
Taylor’s formula for ¢ about x to the order 3 gives
1
Gla+n) = Y@ —n) =2V9(@) 0+ 3 V(@) 0% + of (w,m), (C.99)
where, by the integral form of Taylor’s remainder and the bound on V44, the remainder QZJ satisfies
v P1-9)® ca 4 ®4 v K
diwn) = | (Vi (z +sm) = Vi@ —sn)) :n®ds, o} (w,m)] < 75 Inl*. (C.100)
We insert (C.97) and (C.99) into (C.95), and, in the term Wlth the product of =¥ 4 = "(5 and 2V -n+

3 V3 1 n®3, we replace (v (z + 1) vi(z —n))Y? by v (2)(1 — 3 V2Vi(2) : 9®2) from (C. 96) The coefficient
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g—: in (C.83) comes from this product. Counting the pairings of the factors of y gives

_ 1 h3
E[E) (Ve -m] =0, SE[E (V™)) = 5 VP : V*V,
13 (C.101)
E[EP (Vo -n)] = 16 V(VPVh: V*VA) - Vo = E[(V?V  0?) =P (Ve -n)].
By (C.101), the terms of order h? and h? of the product of the Taylor approximations of B, (z, 1)/ (An(x) v (z))
and of ¥(x + ) — 1(z — n) have the total expectation g—z V34 : V3V},. Elementary inequalities with (C.14),
the bound K on the derivatives of ¥ and E|n|® < Ch?? absorb all terms of higher order into CKh*, so that

3
’E[(l—VQVh n®2)( =3 150 )(ww.n%v%:n®3)}—}2i4v3¢:v3vh <COKRY, zeRL (C.102)

It remains to bound the three remainders in the comparison of (C.95) with (C.102): R; from the

approximation of (v, (z41) vi(z—n))"/?, Ry from EE:), and R3 from gff. Inserting these three approximations

into P (z,n) (Y(x +n) — P(z —n)) gives
Bu(x,n) (Y& +n) — Y —n) = Ru(z,n) — Ra(x,n) — Ra(z,1n)

1 C.103
= An(@) vn(a) (1 - %v“’vh %) (B0 +20) (299 -0+ 5 Vi in®?), (C.103)
where the remainders are defined as
1 1
R (2,1) = Ah<x>((uh<x + ) vz - 77))2 —vi(2) (1= 5 V2Vh %))
(BT s L) oo

Ra(ar,m) = M) (on e+ 1) v — 77))% =0 @) (290 0+ 5 Vo),
Ra(z,n) = Pu(z,n) e} (@,7).

For Ry and Ra, (C.88), (C.98) with (C.14), the bound K on the derivatives of 4, (C.96) for R, and
(C.89) for Ry give, for z,n € RY,

m |1,"2

Rz, m)| < CK(Inf? + k) (1 + ) e &5 [Ro(z,m)| < CK(Inl + ) (1 + [n]?) e~ & (C.105)

m

Since E[(|n|2 4+ h)*(1+|n|®)] < Ch*, (C.105) gives E|Ry(z,n)| +E|Ra(z,n)| < CKh*e 871" For R, (C.87)
and (C.100) give only | [ E[R3(z,n)] dz| < CKAT/2. By (C.104),

/RdE[Rg(x,n)}dx = /01 (- / PBr(z,n (V Y(x+sn) -V z/)(x—sn)) ®4dx}ds

and, for s € [0, 1], the substitutions z = 2 F sn move the difference of V49 to Bj,. The identity B, (z —
sn,m) —Bu(z+sn,n) = — [ VoPBu(z +rn,n) - ndr and (C.90) then give

[ i) (Ve + 1) = T — o) % | < CRIP(L-+ (1l + ).
and EUWP(l + nD)2(Inl* + h|77|)] < Ch*. Hence

‘ RdE[Rl(x,n)}dx) + ‘/RdE[Rg(m,n)]dx‘ + ‘/RdJE[Rg(m,n)]dx‘ < CKh*. (C.106)

Combining (C.95), (C.103), (C.102) and the remainder estimates (C.106) gives
3

‘yh(mw V) 7;‘*4 / An(@) v (2) V3(2) : V3Vi(z) da:' < CKh*. (C.107)
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Finally, we pass from (C.107) to (C.83). By (C.88), [oa|vn(z) — w(z)|dz < Ch from (C.79), and
V3V (z) — V3U (2)|| < Ch(1 + |z|) from (C.14)

‘/Rd Ap(2) v (2) V39 (2) : VPVi(2) do — m (VP4 VSU)‘ < CKh.

This bound and (C.107) give (C.83). O

C.5 Proof of Theorem 3

Proof of Theorem 5. Let h € (0,ho] and P > 2. Lemma 1 gives the unique invariant distribution ps of
NC-SGLM, with un(y|'?) < C. By (3.1) and (A.14), 74(f) = 1 () and () = in (fa).

We split the bias 7, (f) — w(f) into the bias 7, (f) — w(f) of the LM discretization and the error 7, (f) —
7h(f) of the random batch, and show

2

\ﬂ(f) —7(f) = % (V3o : VOU )\ < OLR? (C.108)

and 2
[ (£) = mul)] < CL T, (C.109)

which together give (3.8). Both proofs use a solution of the discrete Poisson equation (C.22) of LM, con-
structed with Lemma 5

We first solve the discrete Poisson equation of LM with the right side h(fh - ﬁh(fh)), starting from the
modified discrete Poisson solution ¢y, of (A.21). Let

F* = ¢y — Pron — h(fr — 7n(fn))- (C.110)
For the initial state Yy =y, (A.21), (C.2) and (A.20) give
F(y) = (" 61) (y) — Prén)(y) = E[dn(Yo(h)) — dn(Yo + D))

Hence F*(y) is the local weak error of one step of LM against the modified dynamics. By (A.22), on satisfies
the hypothesis of Lemma 2. This lemma with g = VU, G = ¢, and k = 0 gives, for the norm ||-|| of (C.23),

\F*(y)| < CLR*(1+ |y)®,  [|[F*|lw < CLK®,  yeR% (C.111)
y (C.111), Lemma 5 with F' = F* gives a solution &% with
5 (y)| < CLR*(1+ |y, &) —Prdj = F* — @, (F*), yeR™ (C.112)
Integrating (C.110) against the invariant distribution 7z, of LM gives
i (F*) = hwn(fa) = —h g (fa), (C.113)
so that (C.112) and (C.113) give
(& — 1) = Pr(dn — ®7) = h(fn — 1 (f1))- (C.114)

We then compare ¢;, with the solution ¢o of (2.11). By [30, Section 3.3], ¢ is unique up to an additive
constant among the functions with a bounded gradient and satisfies

max, V9 ¢o| oo < CL. (C.115)
For the initial state Yy = y, (C.57) gives E[xo VU (Zo)" \/7 E[V2U . This identity, the symmetry
of xo, Taylor’s formula for VU about y to the order 1 and (C.4) give, for the LM step Do,
|E[Do] + liVU(y)| <Ch*,  |[E[(Do)®?] — 2hl4|| < CR*(1 + |y|)?, (C.116)
[E[(Do)*’]]| < CR*(1+ [y, E[Do|* < Ch*(1 + Jy))*.
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y (C.115) and (C.116), Taylor’s formula for ¢y about y to the order 3 gives

|(Prdo)(y) — do(y) — h (L) (y)| < CLA* (1 + [y])*. (C.117)
By (C.110) and the Poisson equation (2.11),

(&n = d0) = Pu(dn — d0) = h(n(f) = 7n(fn)) = F* + (Pudo — do — hLo) + h(fu— f).  (C.118)
By (C.111), (C.117) and (3.3), the right side F of (C.118) satisfies |F|w < CLh% Lemma 5 with this F'
gives a solution ®} with

95 (y)| < CLh(1+1yl°), @} —Pp®;, =F —m,(F), yeR% (C.119)

Integrating (C.118) against the invariant distribution 7z, shows that the constant h(7(f) — 7a( fn)) equals
—71i,,(F). Hence ¢p, — ¢g — @} is invariant under Pp,. Since th and ¢g have bounded gradients, (C.119) gives
lorn — ¢o — DF |lw < o0, and (C.24) as n — oo shows that bn — do — O3 is a constant ¢, € R, that is,

dn — do = B}, + ch. (C.120)

The specific value of ¢, does not affect the derivatives despite the dependence of h.
To prove (C.108), we compare 7y, (fn) with v, (fs) by Lemma 9 and vy, (f,) with 7(f) by Lemma 8, and
then replace ¢y, by ¢g in the resulting coefficient of h%. Integrating (C.114) against v, gives

() = o) = 5 on(Pud = n) = [ (Prn@) = ma(a)) Bi(e)de. (Ca21)

Since v () = (v * N'(0, 812))(f) and | f(z) — (0)] < Lfz], Lemma 8 gives [u () — 7(/)| < CLKS. B
(A.22), ¢y, satisfies the hypothesis of Lemma 9 with K = CL. The lemma with 1) = ¢y, the bound on ® in
(C.112) and the bound on vy (f) — 7(f) turn (C.121) into

T (f) =7 (f) = ;Lzﬂ(v%h ViU) ‘ < CLW®. (C.122)

To replace ¢, by ¢g in the coefficient 7(V3¢;, : V3U), we write w(V31) : V3U) as ©(Ws ) for 1 = ¢y,
and ¥ = ¢g, where W3 is defined as
d
Wy =~ Y~ 0,0;0k(e7Y 0:0;0,U). (C.123)
ij, k=1

Since eV 0;(e7Y -) = 9; — O;U, the function W3 in (C.123) is a polynomial of degree at most 3 in VU with
coefficients formed by the derivatives of U of orders 2 to 6. Hence (3.2) gives

[Ws(x)] < C(A+|z))®,  zeRL (C.124)

Let ¢ € C3(R%) have derivatives of orders 0 to 3 that grow at most polynomially. Since 7(x) < Ce—ml=I*/8
[30, Lemma 17], integrating by parts 3 times in f]Rd Y Wse™ VU dx gives

(W3 ) = m(V3 : V2U). (C.125)
In particular, 7(Ws3) = 0. Then (C.120), m7(W3) = 0 and (C.125) with ¢ = ¢}, and 1) = ¢y give
m(V3¢y : VPU) — (V3¢ : V3U) = (W3 (¢1 — ¢0)) = 7 (W3 ©}). (C.126)

By (C.119) and (C.124), |7(W3 ®)| < CLh. Hence (C.126) and (C.122) give (C.108).

To prove (C.109), we first check the hypothesis of Lemma 7 with K = CL for the solution on — é; of
(C.114). By (3.2), the state y+ Dy after the LM step from the initial state Yy = y satisfies ||V (y+Do)|| < C
for j =1,2,3. Then (A.22), (3.3) and the chain rule under the expectation in (C.2) give

IV9 (Prdi)lloo + IV Pl <CL, =23, (C.127)
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By (C.112), % = F* — i, (F*) + P, ®*. Hence (C.127) and Lemma 6 with F = &% give, for j = 2,3,
h h h h

V7 (6 = D) )] < IV nlloo + [IV7 F* oo + V7 (Pr®7) ()| < OL+ CLA*™5(1+ [y|)® < CL(1 + [y])°.
Integrating (C.114) against the invariant distribution pj, of NC-SGLM and applying Lemma 7 with G' =
on — ®j, give

g — (F 7 T x D (4 T * h? 10 h?
b |pn(fr) = 1, (fn)| = ’/«Lh(Ph(éf)h—‘I’h)—Ph(ﬁbh—q’h))‘ <CLFuh((1+\yl) ) < CL*

Dividing by h gives (C.109). O

D Proof of Theorem 4: capping probability

The proof bounds the largest eigenvalue of ¢ p(x; &) by a sum of P independent terms, bounds the probability
of (3.14) at a fixed z through the moments of this sum, and integrates the result against m. The same
argument with the Py group means in place of the P stochastic gradients gives (3.16).

Proof of Theorem /4. Fix z € R% Since (f’p(x;E) is positive semidefinite and gp(z;€) minimizes v —
et 9@ W) — o, (2.5) gives

P
Amax (Cp (73 €)) < Z z; 6P — VU (x) %, (D.1)

where the P stochastic gradients of the sum are independent, each with mean Tr[C(x)] < M?(1 + |x])*.
For (3.15), let first Tr[C(x)] < (P — 1)/h. Then, by (D.1), Amax(Cp(z;€)) > 2 implies

;
> (@ e?) - VU@ - miew)) > 220D - pgeqay > PEZL.

p=1

The P terms of this sum are independent with mean 0, and by (3.4) and (3.2) each has a moment of order
12 at most C(1 + |z])**, so Markov’s inequality with the moment of order 12 of the sum gives

Pe(Ane Crlei) > 2 ) < (5rpy) OP(L+ o = c(ﬁ(]’”;_l))mu ¥l

If instead Tr[C(x)] > (P — 1)/h, then M?h(1 + |z[)?/(P — 1) > 1, so that

O e e e I

In both cases,
h

Pe (e Cr(a:€)) > 7 ) < C(mp_l))mu )

and integrating against m, whose moments are bounded [30, Lemma 17], gives (3.15).
For (3.16), the Py group means §p, p, (z; €19 of (2.16) replace the P stochastic gradients. Since §p(z; &)
is the mean of the group means, the argument for (D.1) shows

Py
AmaX(CPPO(x 5)) ﬁz‘gp/Po(q%Eb])—VU(J?)‘Q)
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where the P, terms of the sum are independent, each with mean 2 Tr[C(z)] by (2.4) with P/Py in place of
P. Each gp/p, (z;€V)) — VU(2) is the mean of P/P, independent vectors with mean 0 and moment of order
24 at most C(1 + |z|)**, so that

Ee[arsm, (x:60) ~ VU] < 0 (F2) " (1 4 [a)

Let first £2 Tr[C(z)] < (Py — 1)/h. The argument for (3.15), with this moment bound, gives

Pe (Amax(ép,po(x;g)) > i) < (Po(Pf)l—l)) CPO (if) (1+ |x|>24 _ C<%>12(1+ |x|)24

If instead 22 Tr[C(z)] > (Po — 1)/h, then 2M2h(1 + |z])?/P > 1, so that

Pe (s Crntor) = 2) < (LI (I

Integrating against 7, as for (3.15), gives (3.16). O

E Proof of Theorem 5: explicit coefficient under Gaussian noise

The proof of Theorem 5 refines the proof of Theorem 3 under Assumption 4. The bound (C.108) already
gives the LM coefficient KMM(f), and it remains to refine (C.109) to |my(f) — mEM(f) — h; KSG(f)| <
CLh°/2/P. Appendix E.1 checks that Theorem 3, its proof and the lemmas of Appendices A and C apply
under Assumption 4 and extends the semigroup estimates of Lemma 6 to the order 4, Appendix E.2 expands
one step of NC-SGLM against one step of LM to the order h3, and Appendix E.3 compares p; with 7
and combines these results. Throughout this appendix, the noise corrector Sy also satisfies the additional
polynomial bound (3.19), and hq satisfies the conditions of Appendix C.

E.1 Setting under Gaussian noise

This subsection writes the batch gradient and the batch approximation in terms of the mean of the batch
and a matrix independent of this mean, bounds the moments of the mean, of the batch approximation and
of the difference between the noise factor and I;, bounds the derivatives of the covariance C, checks that
Assumption 3 holds under Assumption 4, and extends the semigroup estimates of Lemma 6 to the order 4.

Under Assumption 4, the batch gradient (2.2) and the batch approximation (2. 5) depend on a batch

€= (W, ..., £P) of P independent vectors drawn from A(0, I;) through its mean § and the matrix 3,
1 & 1 - ®2
- — () Se— _— () _ ¢ E.1
Pg:lé ; P_lpE:1(£ £, (E.1)

since (3.20) gives
Gp@ ) =VU@) + @), Cp(:6) = pn@)Sn@) T, z R (E-2)

The vectors € and €@ — ¢, p=1,. P form a Gaussian vector, and E[¢ (€®) — £)T] = 0 for every p, so &
and 3 are independent. Since & ~ N ( I4),

Q\Q

E[{] =0, E[£®3] =0, E[¢)< 57 1<g<12 (E.3)
Using 3 is positive semidefinite and ZP £®) —¢12 25:1 1€(P))2, Jensen’s inequality and P < 2(P — 1)
give E[||2]"] < E[Tr[2]"] < 2" E[j¢M]?] < C for 1 < r < 12. Hence (E.2), (3.21) and (A.10) give, for every
xGRdand1<r<12,

T} << (E.4)

E[ICr(:€)] + b~ E[||Sn (Cr(a:0)) — L[ | < &
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Since C = nn' under Assumption 4, the Leibniz rule gives

max ||[VC(z)| < 16M?,  zcR% (E.5)
0<i<4
Assumptions 1 and 3 hold, with M replaced by a larger constant depending only on M and d: by (3.2)
and (3.21), |g(z;8)] < M(1 + |z|) + M|¢] and ||Vg(z;&)|| < M + M|¢|, the moments of || of orders up
to 24 depend only on d, and ||AC(x)| < 16dM? by (E.5). Hence Theorem 3, its proof and the lemmas of
Appendices A and C apply under Assumptions 1, 2 and 4.
Lemma 10 extends Lemma 6 to the order 4. Appendix E.3 applies this extension with F' = <f>; to bound
the derivative of order 4 of the solution ¢, — ®% of (C.114).

Lemma 10 Let Assumption 1 hold, h € (0, ho], and let F be measurable with ||F||y, < co. Then P,F €
C4R?) and B
VY PrE)w)|| < CR72 | Fllw (1 +))°,  y € R% (E6)

Proof of Lemma 10. To prove (E.6), we follow the proof of Lemma 6 with j = 4. By (C.17) with ¢ = 5,
the function Qp(y) of (C.43) also satisfies ||V°Qp(y)|| < Ch. Hence (C.45) holds for j = 4, and the Leibniz
rule with (C.44) gives (C.47) for i = 4. Then (C.46) and (C.48) hold for j = 4, and the rest of the proof of
Lemma 6, with the factor (1 + |xo|)* in place of (1 + |xo|)?, gives P, F € C*(R?) and (E.6). O

E.2 Expansion of one step of NC-SGLM against one step of LM

Lemma 11 below identifies the term of order h%/P of the difference P;,G — PG bounded in Lemma 7 as
h% AG, where the operator A is defined, for G € C3(R%), as

AG = éAC : V2G+%VC : V3G+3V2G: (cV?U), (E.7)

where VC: V3G = Y0 | 0iCij 9:0;0,G. By (E.5) and | V2U| < M,

(AG) )| < C(IVGWII + IV GWI),  yeR (E8)

Lemma 11 Let Assumptions 1 and 4 hold, h € (0,hg] and P > 2, and let K > 0 and G € C*(R?) satisfy
V2G(2)|| + [|[V3G(2)| + |[VAG(2)|| < K(1 4+ |z])® for € RY. Then the one-step operators Py, and Py, of
(C.2) and the operator A of (E.7) satisfy

(1+ [y))®, y € R (E.9)

| T

(PAG)(») - (PLG)(y) — 5 (AC) )| < O

Proof of Lemma 11. Fix the initial state Yy = y, and let £ and 3 be given by (E.1), so that xo, £ and & are
independent. By (C.50) and (E.2), the state after one step of NC-SGLM is Y; = Y; + Dy + (o with

o = —hn(Zo) € + G, (E.10)
where (p is the noise correction of (A.11). By (3.21), (E.3) and (E.4), for 1 < ¢ < 12,

3q

Ellhn(Z0)é7] <O . B[l <c (E11)
Pz P4
and, by (C.4),
Dol + 120 — Yol < Ch (1 + [¥])(1 + [xol). (E.12)
Taylor’s formula for G about Yy + Dg to the order 3 gives

3
G(V1) - G(Yo+ Do) =Y % V'G(Yo+Do): ¢ + o', oyl < %(1 + ¥ + Dol + [ol)” Col*. (B.13)

i=1

46



(E.11), (E.12) and Holder’s inequality give E|o}'| < CKh*P~2(1+ |Y,|)S. Inserting (E.10) into the terms of
orders 1 to 3 of (E.13) gives products of degrees 0 to 3 in &, and the products of degrees 1 and 3 have mean
0 by (E.3). The product of degree 2 from the term with V2G is T; of (C.61), so that (C.62) gives

%E[V2G(YO + Do) : (hn(20)€)**] =E[Ti] = gEWzG(YO + Do) : C(Z)]. (E.14)

By (E.11), (E.12) and Hélder’s inequality, the products of degrees 2 and 0 from the term with V3G satisfy

1 — . X 1_. — hz
‘Eb VEG(Yo + Do) [hn(Z0) €, hn(Zo) €, Go] + & VPG(Y + Do) - ;?3} ‘ <OK 25 (1+ %)% (B.15)
Inserting the bound on E|g}"|, (E.14) and (E.15) into (E.13) gives
’E[G(Yl) — G(Yy + Do) — VG(Yy + Do) - Go

h2
2P

. (E.16)
V2G(Yy + Do) : C(zo)} ‘ < OK 7 (1+ Yo%

1 —
=5 V2G(Yo + Do) : (% — S

The products in (E.16) that contain (s are VG(Yy + Do) - (o and 3 V2G(Yy + Do) : ¢, and we estimate
their means. For VG(Yy + Dy) - (o, (A.10), (E.4), the mean in (2.5) and (E.12) give

HE[Sh(ép(Yo;so))] —Ia+ %C(YO)H <C %22’ (E.17)

HIE[V2G(Y0 + Do) V2U(Z0)] — V2G(Yy) v2U(Y0)H < CKh¥(1+|v))7,
and inserting (E.17) into (C.58) gives
‘EWG(YO + Do) - Go] — 2R E[V*G(Yy + Do) : (E[Sh(ép(yo;fo))] - Id)
- 5 VPG () : (C(%) V2U(Yy)| < CK =+ %))
For £ V2G(Yy + Do) : (§?, since E[x§?] = I,

%E[V2G(Y0) (9% = hV2G(Yo) - E[(Sh (Cp(Yo: &) — Idﬂ, (E.19)

and (E.12) and (E.4) allow replacing V2G(Yy) by V2G(Yy + Do) on the left side and by E[V2G(Yy + Dy)]
on the right side of (E.19):

7

’%E[VzG(YO + Do) : 8% — hE[V2G (Yo + Dy)] : IE)KSh (Cp(Yo; €0)) — Idﬂ ‘ <CK % (1+[Yo))". (E.20)
The terms with the factor E[V2G (Y + Do)] in (E.18) and (E.20) add up to
BE[V2G(Yo + Do) : (E|Sn(Cr(Yoi&0))*| — Lu). (B.21)

The additional polynomial bound (3.19) on the eigenvalues of Cp(Yy; &o) gives

5 2 h 4 h3 5 3
HSh(CP(Yb;Eo)) —Iq+ ECP(Y();&))H <3 ICp (Yo €0)||"
and (E.4) with » = 3 and the mean in (2.5) give

h3

=5 (E.22)

HE{&(CAP(YO;&))Z} —1Ia+ %C(YO)H <C
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Inserting (E.18)—(E.22) into (E.16) gives

]E [G(Y1) — G(Yo + Dy)] — % E [v?e(yo + Do) : (C(Z) — C(Yo))}
7 (E.23)
) () VAU )| < ok 1+ )y

It remains to expand the mean with the factor C(Zy) — C(Yp) in (E.23). With Zy — Yy = \/h/2 xo and
Do = V2hxo —hVU(Zy) of (C.2), Taylor’s formula for C about Y to the order 2 and for V2G about Yj to
the order 1, with (E.5), gives

h h ,
C(20) €)= Vel + LT ool + 3. el <220 ol
(E.24)

_ _ , K e
V2G(Yy + Do) = V?G(Yy) + VPG(Yy)[Do] + 03°, o3’ < 5(1 + [Yo| + [Dol)° [Dol?.

In the expansion of V2G(Yy + Dy) : (C(Zy) — C(Yp)) by (E.24), the means of the contractions

—h VAG(Y,)[VU(Zo)] : (C(Z0) — C(Y0)), V2hVPG(Yy)[xo] : (C(Zo) —C(Yo) — \/EVC(YO)[XO]) (E.25)
are bounded by (E.5) and (E.12). Hence (E.24) and (E.25) give

]E[WG(YO + Do) : (C(20) — C(YO))} - %v?a(yo) L AC(Yo) — hVC(Yo) - V?’G(YO)‘ < OKR3(1+|Yo))®.

(E.26)
By (C.2) with Yy = y and (E.7), inserting (E.26) into (E.23) gives (E.9). O

E.3 Proof of Theorem 5

The proof of Theorem 5 replaces the mean of a function under uj by its mean under 7, and Lemma 12
bounds the error of this replacement by applying Theorem 3 to the heat flow of the function.

Lemma 12 Let Assumptions 1 and 4 hold, h € (0,ho] and P > 2. Then the invariant distribution pp, of
NC-SGLM satisfies, for every 1 € CH(R?) with ||Vi)||e < o0,

ln () — 7(¥)| < Ch? || V4| (E.27)

Proof of Lemma 12. For 7 € (0,1], we define the heat flow ¢, of ¥ by

2|2

2 dz, x € R4, (E.28)

Vr@) = [ dla+VT) (2m) 5 e

Then ||y — ¢]leo < (7d)Y? || VY|, and j — 1 integrations by parts in z in (E.28) give ||[VI9, |00 <
Cr=U=1D/2||Vi||o for j = 1,...,4. Hence Assumption 2 holds with 1, in place of f and C7~3/2 || VY|
in place of L, and Theorem 3, the bound on V3¢ in (C.115) and ||V3U| < M give |m(v,) — 7(1,)] <
Ch*r73/2 | V4)||o. By (3.1) and (E.28), m1(¥5/2) = pn(en). Hence the bounds on 1, — 1 with 7 = h and
7 ="h/2, and on 7, (¢,) — 7(¢,) with 7 = h/2, give

() — ()] < 19 = Ynlloo + 17 (Wns2) — T(Wns2)] + [¥ns2 — Ylloo < ChZ [V,
which is (E.27). 0

Proof of Theorem 5. Let h € (0, ho] and P > 2. By Appendix E.1, Theorem 3 and its proof apply with 7,
in place of 7™M as in Appendix C, and give the solutions ®% of (C.112) and @ of (C.119). By (3.1) and

(A14), m(f) = Tn(f) = pn(fa) = T, (fa). We show

_ ~ B2

pn(fn) = A (Fn) = 5 K| < CL =, (E.29)

| T
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which, with (C.108) and (3.17), gives (3.22) and hence (3.24). 3 )
To prove (E.29), we first check the hypothesis of Lemma 11 with K = CL for the solution ¢, — ®} of
(C.114). By (C.114),

bn — = Pron — Pr®; + h(frn — 1, (fn))- (E.30)
By (3.2), the state y + Dy after the LM step from the initial state Yy = y satisfies ||V (y + Do)|| < C for
j=1,...,4. Then (A.22), (3.3) and the chain rule under the expectations in (C.2) and (A.14) give

IV (Pronlloe S CL, [V falloo <L, =234 (E.31)
By (C.112), Lemmas 6 and 10 with F' = ®} give
IV Pudi)(y)|| < CLR* 3(1+|y))°,  j=2.3,4, yeR™L (E-32)
Hence (E.30), (E.31) and (E.32) give ¢, — @} € C*(R?) and
V9 (o — 85 (w)|| SCLL+1y))®, j=2,3,4, yeR™ (E.33)
Integrating (C.114) against the invariant distribution uj, of NC-SGLM gives
B (Fu) = (7)) = i (Pa (& — ®5) = Pa(dn — 87)),
and Lemma 11 with G = ¢;, — ®; and K = CL of (E.33), together with p(|y|'?) < C of Lemma 1, gives

7

~ ~ 3 ~ ~ 2
W (un () — () — 5 s (A — 3)| < L (B.34)
By (E.34), (E.29) follows from
lan (A(n — 87)) = K5 ()| < CLR}. (E.35)

To prove (E.35), we first replace uy, by 7. By (E.30), A(éy — ®F) = A(Prén) — A(PrL®%) + h Afy, and
(E.8), (E.32) and (E.31) give

(AGn = 83)) () — (APudn) ()| < CLREA+ 1), y e R (E30)

By (E.7), (E.31), (E.5) and (3.3),~||VA(th3h)Hoo < CL. Hence (E.36), integrated against u;, and against
m, and Lemma 12 with ¢ = A(Pr¢n) give

[an (A1 — &3)) = 7(A(n — B3)| < CLAY. (E37)
It remains to compare 7(A(¢, — 7)) with KSG(f). By (C.120),
A(dn — ) = Ao + A(®}, — 7). (E.38)

Since 7w (z) < Ce—ml=I/8 [30, Lemma 17], integrating by parts gives 7(VC : V3¢g) = 7(V2¢q : (VU - V)C —
AC)). Hence (E.7) and (3.23) give

m(Ago) = é w(v%o  (4(VU-V)C —3AC+2C V2U)> = K5G(f). (E.39)

By (C.120), (C.115) and (E.33), ®% — & is in C*(R?) with derivatives of polynomial growth. Integrating
by parts gives 7T(A(®; — %)) = [zu(P) — ®}) A*7 dz, where A* is the adjoint operator in L?(R?), and

d d d
. 1 Z 1 1
.A ™ = g = 328] ((AC)” 7T') — 5 i jgkzl 8¢6j3k (6kCij 7T) + Z i ]221 84’9] ((C VZU)ij 7r). (E40)

Since Vr = —n VU, (E.40), (E.5) and (3.2) give |(A*7)(z)] < C(1 + |z|)® n(x). Hence (E.38), (E.39) and
the bounds on @} in (C.119) and on @} in (C.112) give

(A — 83) — KSC(h)| = |m(A@; - ¥7)| < CLn,
which, with (E.37), gives (E.35). O
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