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Abstract

We build a class of stochastic gradient integrators with second order accuracy via noise correction.
The integrators multiply the injected Gaussian noise of the stochastic gradient Leimkuhler–Matthews
integrator by a noise factor, obtained by applying a scalar function, the noise corrector, to the eigenvalues
of an estimate of the covariance of the batch gradient from the same batch. For nonconvex potentials
that are strongly convex outside a ball, every noise corrector satisfying a polynomial bound and every
batch size, we prove that the numerical bias is of second order in the step size h and that the mean square
error of the time average of N samples is bounded by a constant times (Nh)−1 + h4. Under Gaussian
gradient noise and an additional polynomial bound on the square of the noise corrector, we separate the
coefficient of h2 in the numerical bias into explicit terms from discretization and noise correction.

1 Introduction

Sampling from a target distribution π(x) ∝ e−U(x) on Rd is a basic task in Bayesian inference and statistical
physics. When U is a sum over a large data set, only a stochastic gradient g(x; ξ) is affordable, an unbiased
estimator of ∇U(x) computed from a random sample ξ such as a mini-batch. The most popular sampler
of this kind is stochastic gradient Langevin dynamics (SGLD) [28], the Euler–Maruyama discretization of
the overdamped Langevin dynamics with g in place of ∇U . With a step size h, the numerical invariant
distribution of SGLD has a bias of first order in h [27] with two sources [30, Corollary 3]: the stochastic
gradient error, caused by the gradient noise g(x; ξ)−∇U(x), and the discretization error of Euler–Maruyama,
which is of first order even with the full gradient [26].

Several approaches reduce one of these two errors. Variance reduction [1, 2, 9] reduces the stochastic
gradient error. A noise correction compensates for the gradient noise by reducing the injected Gaussian
noise, with the covariance of the gradient noise in the modified SGLD [27] or with an estimate of it from
an independent batch in the covariance-corrected SGLD (CC-SGLD) [8]. These variants of SGLD keep
the Euler–Maruyama step and its discretization error of first order. In contrast, the stochastic gradient
Leimkuhler–Matthews (SGLM) integrator of our earlier work [30] keeps the second order discretization error
of the Leimkuhler–Matthews (LM) integrator [16], and its bias of first order comes from the gradient noise
alone. For the underdamped Langevin dynamics, stochastic gradient Hamiltonian Monte Carlo (SGHMC)
[5] corrects the injected noise in a scheme of Euler type, and the stochastic gradient UBU (SGUBU), built
on the UBU integrator [24], has a bias of first order caused by the gradient noise [19, 21]. A bias of second
order with stochastic gradients has been obtained only in very special settings. For finite-sum potentials
under global convexity, SGUBU attains it with a forward and a backward sweep over a partition of the
summands into mini-batches [22], and variance-reduced variants of SGUBU attain it with control variates
built from the full gradient or from a table of all component gradients, at step sizes below a threshold inversely
proportional to the number of summands [19]. Adaptive Langevin dynamics attains a bias of second order
when the covariance of the gradient noise is constant, with a constant in the bias that grows with the number
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of summands [25]. These constructions rely on the finite-sum structure of U or on a constant covariance,
and do not apply to a general stochastic gradient g(x; ξ).

Apart from these settings, all the stochastic gradient integrators studied earlier have a bias of first order,
which comes from the stochastic gradient error, the discretization error, or both. Is it possible to design a
stochastic gradient integrator with second order accuracy under mild conditions?

The answer is positive: we present a general noise correction approach for SGLM, which achieves a bias of
second order in h. At each step, the covariance of the batch gradient is estimated from the same batch of P
stochastic gradients, and the injected Gaussian noise is multiplied by a noise factor, obtained by applying a
scalar function, the noise corrector, to the eigenvalues of this estimate. The resulting noise-corrected SGLM
(NC-SGLM) integrators use twice as many stochastic gradients per step as SGLD with the same batch size.
The error analysis requires the noise corrector to satisfy only two explicit bounds, which together form the
polynomial bound, and no global bound on the covariance of the gradient noise is needed. To the best of our
knowledge, NC-SGLM is the first class of stochastic gradient integrators that achieves second order accuracy
for nonconvex potentials with a general stochastic gradient.

Our proof is built upon the modified discrete Poisson equation developed in [30]. The proof requires
the potential U to be strongly convex only outside a ball and the moments of the stochastic gradient to
grow at most linearly in |x|, together with regularity conditions. Under these conditions, for every noise
corrector satisfying polynomial bounds, the bias of NC-SGLM is O(h2), and the mean square error (MSE)
of the time average of N samples is bounded by a constant times (Nh)−1 + h4 at every batch size P ⩾ 2,
with constants that do not depend on the noise corrector. An MSE of ε2 is then reached with N of order
ε−5/2, against ε−3 for SGLD [27, Theorem 9], which makes NC-SGLM advantageous when a high accuracy is
desired. The noise corrector of CC-SGLD does not satisfy the polynomial bound, and the same results hold
for the corresponding NC-SGLM integrator when the moments of the gradient noise are bounded uniformly
in x. The second order accuracy at every batch size P ⩾ 2 is a limit behavior as h→ 0; at a finite step size,
the accuracy of NC-SGLM is formally related to the probability of capping.

A parallel line of work bounds the number of queries to a stochastic or noisy oracle needed to reach a
prescribed accuracy [3, 4, 6, 7, 10, 14, 23]. In these works, the step size, the batch size and the number of
iterations are set from the target accuracy and from the constants of the problem, such as the smoothness
constant of U , its convexity or logarithmic Sobolev constant, the dimension and the variance of the gradient
noise. Several guarantees also depend on the distance from the initial value to a minimizer of U , or assume
a warm start. Some of these samplers are built from implicit steps: an inner sampler run to a prescribed
accuracy at each step [14], or rejection sampling around the output of an approximate proximal oracle
[4]. Implementing these samplers as analyzed therefore requires the constants of the problem, and in the
numerical experiments of [14], the parameters are tuned by a grid search instead. In contrast, NC-SGLM is
an explicit update whose definition involves no constant of U or of the gradient noise, and the user chooses
only the step size, the batch size and the noise corrector.

Section 2 introduces NC-SGLM and the noise correctors, analyzes the bias formally, and describes the
computation of the noise factor. Section 3 states the main theorems and compares NC-SGLM with SGLM.
Section 4 presents the numerical experiments, and Section 5 concludes. Appendices A–E contain the proofs.

2 Noise correction in the SGLM integrator

This section introduces the noise correction of SGLM with a general noise corrector, together with four
choices of the noise corrector. The stochastic gradient g(x; ξ) satisfies the unbiasedness condition Eξ[g(x; ξ)] =
∇U(x), where ξ is the random variable that carries the randomness of the stochastic gradient, and Eξ is the
expectation over ξ at fixed x.

2.1 SGLD and SGLM for the overdamped Langevin dynamics

The overdamped Langevin dynamics

dXt = −∇U(Xt) dt+
√

2 dBt, (2.1)
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with (Bt)t⩾0 a standard Brownian motion in Rd, has the invariant distribution π. For a batch size P ⩾ 2,
we draw a batch ξ :=

(
ξ(1), . . . , ξ(P )

)
of P independent copies of ξ, and form the batch gradient,

ĝP (x; ξ) :=
1

P

P∑
p=1

g(x; ξ(p)) ∈ Rd, (2.2)

where the hat and the subscript P distinguish it from a single stochastic gradient g(x; ξ).
Let h > 0 be the step size, and let (ξk)k⩾0 be batches and (χk)k⩾0 be vectors drawn from N (0, Id) with

Id the d×d identity matrix, all mutually independent. SGLD is the Euler–Maruyama discretization of (2.1)
with the batch gradient in place of ∇U ,

Zk+1 = Zk − h ĝP (Zk; ξk) +
√

2hχk. (SGLD)

SGLM is the stochastic gradient version of the LM integrator [16], and is studied as a variant of SGLD
in [30]. SGLM is the Markov chain (Yk)k⩾0 in Rd with the update

Zk = Yk +

√
h

2
χk, Yk+1 = Yk − h ĝP (Zk; ξk) +

√
2hχk. (SGLM)

Although (Yk)k⩾0 is the Markov chain, the samples that approximate the target distribution are (Zk)k⩾0.
With the full gradient ∇U in place of ĝP , (SGLM) is the Markovian form of LM, and the samples have a
discretization error of order h2.

2.2 A general noise correction approach

With v⊗2 := vv⊤ for v ∈ Rd, the covariance matrix of g(x; ξ) is

C(x) := Eξ
[(
g(x; ξ) −∇U(x)

)⊗2
]
∈ Rd×d. (2.3)

With Eξ the expectation over the batch at fixed x, the covariance of ĝP (x; ξ) in (2.2) is

Eξ

[(
ĝP (x; ξ) −∇U(x)

)⊗2
]

=
1

P 2

P∑
p=1

Eξ

[(
g(x; ξ(p)) −∇U(x)

)⊗2
]

=
1

P
C(x), (2.4)

where the cross terms vanish since ξ(1), . . . , ξ(P ) are independent and each g(x; ξ(p))−∇U(x) has mean 0 by
the unbiasedness condition. The batch approximation of C(x)/P is

ĈP (x; ξ) :=
1

P (P − 1)

P∑
p=1

(
g(x; ξ(p)) − ĝP (x; ξ)

)⊗2 ∈ Rd×d, Eξ

[
ĈP (x; ξ)

]
=

1

P
C(x), (2.5)

where the identity for the mean follows again from the independence of ξ(1), . . . , ξ(P ).
Noise correction multiplies the Gaussian noise injected in each step by a matrix formed from ĈP through

a noise corrector, a measurable function Sh : [0,∞) → R. The error analysis requires the noise corrector to
satisfy the following polynomial bound.

For every h > 0 and λ ⩾ 0, the noise corrector Sh satisfies

∣∣Sh(λ) − 1
∣∣ ⩽ min

{
1,
hλ

2

}
,

∣∣∣Sh(λ) − 1 +
hλ

4

∣∣∣ ⩽ (hλ)2

8
. (2.6)

The noise corrector Sh acts on the symmetric positive semidefinite matrix ĈP (x; ξ) through its eigenvalues:
the noise factor Sh

(
ĈP (x; ξ)

)
∈ Rd×d has the eigenvectors of ĈP (x; ξ), and each eigenvalue λ of ĈP (x; ξ) is

replaced by Sh(λ). The NC-SGLM integrator multiplies the injected noise
√

2hχk of (SGLM) by the noise
factor at Yk, and is the Markov chain (Yk)k⩾0 in Rd with the update

Zk = Yk +

√
h

2
χk, Yk+1 = Yk − h ĝP (Zk; ξk) +

√
2hSh

(
ĈP (Yk; ξk)

)
χk, (NC-SGLM)
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whose samples are (Zk)k⩾0. NC-SGLM is thus a class of integrators, one for each noise corrector Sh. For a
test function f and π(f) :=

∫
Rd f dπ, the MSE of the time average of N samples is

MSE(N,h) := E

[∣∣∣∣ 1

N

N−1∑
k=0

f(Zk) − π(f)

∣∣∣∣2
]
, (2.7)

where the expectation is over the batches and the Gaussian vectors, from a given initial value Y0 ∈ Rd.
The covariance correction (CC) of CC-SGLD [8] is the noise corrector

SCC
h (λ) = 1 − hλ

4
, (2.8)

with the linear noise factor Id − h
4 ĈP (x; ξ). The corresponding integrator (NC-SGLM) is called CC-SGLM.

CC does not satisfy the polynomial bound (2.6) for hλ > 4 and amplifies the injected noise for hλ > 8. With
unbounded variance of the gradient noise, the eigenvalues of ĈP (Yk; ξk) can exceed 4/h for large |Yk|, which
could lead to the instability of CC. CC-SGLD sets the covariance estimate to 0 at large |x| as a safeguard.
We do not employ this safeguard because it introduces a discontinuous correction. CC without safeguard
also enables a clearer comparison with other noise correctors.

We further consider three noise correctors, the root correction (RC), the stable correction (SC) and the
inverse correction (IC),

SRC
h (λ) =

(
1 − hλ

2

) 1
2

+
, SSC

h (λ) =
(

1 − hλ

4

)
+
, SIC

h (λ) =
(

1 +
hλ

4

)−1

, (2.9)

where t+ := max{t, 0} for t ∈ R. Each of the three noise correctors satisfies the polynomial bound (2.6) and
takes values in [0, 1], so that its noise factor never amplifies the injected noise. The corresponding integrators
(NC-SGLM) are called RC-SGLM, SC-SGLM and IC-SGLM, respectively.

RC is the default choice: when hλ ⩽ 2 for every eigenvalue λ of ĈP (Yk; ξk), the identity

2hSRC
h

(
ĈP (Yk; ξk)

)2
= 2hId − h2 ĈP (Yk; ξk) (2.10)

holds exactly. For an eigenvalue λ > 2/h, the positive part sets the corresponding eigenvalue of SRC
h

(
ĈP (Yk; ξk)

)
to 0, and we say that SRC

h

(
ĈP (Yk; ξk)

)
is capped. SC is CC with the positive part, SSC

h (λ) = SCC
h (λ)+, so

that SSC
h

(
ĈP

)
= SCC

h

(
ĈP

)
when hλ ⩽ 4 for every eigenvalue λ of ĈP . IC needs no positive part, and its noise

factor is SIC
h

(
ĈP (x; ξ)

)
=

(
Id + h

4 ĈP (x; ξ)
)−1

.

2.3 Formal analysis of the second order bias

The numerical biases of SGLD and SGLM are of first order in h, and their coefficients of h separate the
discretization error from the gradient noise. Let L := ∆−∇U · ∇ be the generator of (2.1), and let ϕ0 solve
the Poisson equation

−Lϕ0(x) = f(x) − π(f), x ∈ Rd. (2.11)

The Poisson equation is widely used in the analysis of integrators for stochastic differential equations [20, 29].
Our earlier work [30] proves the existence of the numerical invariant distributions πSGLD

h and πSGLM
h of SGLD

and SGLM, and derives the explicit coefficients of h in their numerical biases. With the batch gradient ĝP ,
whose covariance is C/P by (2.4), the coefficients are

lim
h→0

πSGLD
h (f) − π(f)

h
=

1

2
π
(
∇2ϕ0 : ∇2U

)
+

1

2P
π
(
∇2ϕ0 : C

)
, (2.12)

lim
h→0

πSGLM
h (f) − π(f)

h
=

1

2P
π
(
∇2ϕ0 : C

)
, (2.13)

where : denotes the full contraction of matrices. In (2.12), the term with ∇2U comes from the error of the
Euler–Maruyama discretization and remains with the full gradient, and the term with C comes from the
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gradient noise. SGLM removes the term with ∇2U , since LM has a discretization error of second order, and
the coefficient (2.13) of SGLM comes from the gradient noise alone.

The term with C in (2.13) reflects a broken fluctuation–dissipation relation [15]: the overdamped Langevin
dynamics keeps π invariant by the balance between the drift −∇U · ∇ and the diffusion ∆ in L. In a
step of SGLM from Yk, the batch noise ĝP (Zk; ξk) − ∇U(Zk) has mean 0 given Yk and χk, and the term
−h (ĝP (Zk; ξk)−∇U(Zk)) that it contributes to the step Yk+1 − Yk has, by (2.4) at x = Zk, the covariance

h2 Eξk

[(
ĝP (Zk; ξk) −∇U(Zk)

)⊗2
]

=
h2

P
C(Zk), (2.14)

which is h2 C(Yk)/P up to higher order terms. This covariance adds the diffusion h
2P C : ∇2 to L without a

matching drift, and the linear response to this extra diffusion gives the coefficient (2.13).
Noise correction restores the fluctuation–dissipation relation by reducing the injected noise. Given Yk

and ξk, the injected noise
√

2hSh
(
ĈP (Yk; ξk)

)
χk of NC-SGLM has the covariance 2hSh

(
ĈP (Yk; ξk)

)2
. By

the polynomial bound (2.6) and the mean in (2.5),

Eξk

[
2hSh

(
ĈP (Yk; ξk)

)2]
= 2hId −

h2

P
C(Yk) + O(h3). (2.15)

Up to higher order terms, the reduction h2 C(Yk)/P in (2.15) cancels the covariance (2.14). The other terms
of the step leave this cancellation intact: the noise correction

√
2h

(
Sh(ĈP (Yk; ξk)) − Id

)
χk is of order h by

the bound on |Sh(λ) − 1| in the polynomial bound (2.6), with a coefficient independent of χk given Yk, and
the batch noise has mean 0 given Yk and χk, so that their products with the other terms of the step have
expectations of higher order. The extra diffusion of SGLM is thus removed, the coefficient (2.13) vanishes
for NC-SGLM, and the bias of NC-SGLM is formally of second order, the order of the discretization error
of LM. RC exactly restores the fluctuation–dissipation relation: when SRC

h

(
ĈP (Yk; ξk)

)
, with SRC

h in (2.9),
is not capped for almost every batch ξk, (2.10) gives (2.15) without the term O(h3).

In (NC-SGLM), the batch gradient is evaluated at Zk and the noise factor at Yk, so the stochastic
gradients of each batch ξk are evaluated at both points, and NC-SGLM uses twice as many stochastic
gradients as (SGLM) with the same batch size. Evaluating the noise factor at Yk keeps the mean of the step:
since Yk and ξk are independent of χk, the noise correction has mean 0 given Yk, and the step of NC-SGLM
has the mean of the step of (SGLM). Evaluated at Zk, the noise factor would depend on χk, and the noise
correction would in general shift the mean of the step and leave a bias of first order.

2.4 Computation of the noise corrector

Each step of (NC-SGLM) uses the noise factor only through the vector Sh
(
ĈP (x; ξ)

)
χ ∈ Rd. Since Sh acts

on the eigenvalues of ĈP (x; ξ), a matrix of rank at most min{d, P − 1}, this product requires in general
the eigendecomposition of ĈP (x; ξ), which is expensive when min{d, P − 1} is large. The costs below count
arithmetic operations and exclude the 2P evaluations of the stochastic gradient in each step.

The exact computation forms the d× d matrix ĈP (x; ξ) at a cost of order d2P , diagonalizes it at a cost
of order d3, and applies Sh to its eigenvalues, at a total cost of order d2P + d3. When P < d, the nonzero
eigenvalues of ĈP (x; ξ) and their eigenvectors follow from the eigendecomposition of the P × P matrix with
the entries

(
g(x; ξ(p)) − ĝP (x; ξ)

)
·
(
g(x; ξ(q)) − ĝP (x; ξ)

)
, p, q = 1, . . . , P , at a total cost of order dP 2 + P 3.

The grouping trick reduces the cost for a large batch. Let P0 ⩾ 2 divide P , and split the batch into P0

groups of P/P0 elements,

ξ =
(
ξ[1], . . . , ξ[P0]

)
, ξ[j] :=

(
ξ((j−1)P/P0+1), . . . , ξ(jP/P0)

)
.

The group means ĝP/P0
(x; ξ[j]), j = 1, . . . , P0, given by (2.2) with ξ[j] in place of ξ and P/P0 in place of P ,

are independent, each with the mean ∇U(x) and, by (2.4) with P/P0 in place of P , the covariance P0

P C(x),
and their average is ĝP (x; ξ). The grouped approximation of C(x)/P is

ĈP,P0
(x; ξ) :=

1

P0(P0 − 1)

P0∑
j=1

(
ĝP/P0

(x; ξ[j]) − ĝP (x; ξ)
)⊗2

, Eξ

[
ĈP,P0

(x; ξ)
]

=
1

P
C(x), (2.16)
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of rank at most P0 − 1. With ĈP,P0 in place of ĈP in (NC-SGLM), forming the group means costs order dP ,
and the eigendecomposition of the P0 × P0 matrix formed in the same way from the P0 group means costs
order dP 2

0 + P 3
0 , so that the total cost is of order dP + dP 2

0 + P 3
0 , linear in d and in P for a fixed P0, such

as P0 = 16. Since (2.2) and (2.5), applied to the P0 group means, give ĝP (x; ξ) and ĈP,P0
(x; ξ), NC-SGLM

with the grouped approximation is NC-SGLM at the batch size P0 for the stochastic gradient ĝP/P0
, and

the formal analysis of Section 2.3 applies to it.
Only special forms of Sh avoid the eigendecomposition and allow a direct computation of Sh

(
ĈP (x; ξ)

)
χ.

One such form is SCC
h in (2.8), whose linear noise factor acts on χ through the inner products of χ with

the P vectors g(x; ξ(p)) − ĝP (x; ξ), at a cost of order dP . Hence CC is the most affordable choice in high
dimensions, despite its possible instability.

3 Error analysis results

This section states the bound on the MSE of NC-SGLM in Theorem 1, the uniform-in-time weak error in
Theorem 2 and the expansion of the numerical bias in Theorem 3. It then compares these results with those
of SGLM and bounds the probability of capping in Theorem 4. Finally, it gives the explicit coefficient of h2

under Gaussian noise in Theorem 5. The proofs are given in the appendix.

3.1 Notations and assumptions

The Euclidean norm on Rd is | · |, and ∥·∥ is the operator norm of matrices and tensors, such as the derivative
∇iU(x) of order i. We write ∥∇iφ∥∞ := supx∈Rd∥∇iφ(x)∥ for a function φ. For tensors T and T ′ of the
same order, T : T ′ is their full contraction, as for matrices in (2.13). For v ∈ Rd and an integer j ⩾ 1, the
tensor power v⊗j is the tensor of order j with entries vi1 · · · vij , which extends v⊗2 = vv⊤. For symmetric
matrices A and B, A ⪰ B means that A−B is positive semidefinite. When the chain (Yk)k⩾0 of (NC-SGLM)
has a unique invariant distribution µh, the distribution of Zk when Yk is distributed as µh is

πh := µh ∗ N
(

0,
h

2
Id

)
. (3.1)

Although (Zk)k⩾0 does not form a Markov chain, we refer to πh as the numerical invariant distribution of
NC-SGLM, as the MSE in (2.7) is computed with respect to (Zk)k⩾0.

The analysis uses the following assumptions on the potential, the test function and the stochastic gradient.

Assumption 1 U ∈ C8(Rd) satisfies

|∇U(0)| ⩽M, max
2⩽i⩽8

∥∇iU(x)∥ ⩽M, ∀x ∈ Rd, (3.2)

and there are constants m > 0 and R ⩾ 0 such that ∇2U(x) ⪰ mId for |x| ⩾ R.

Assumption 2 f ∈ C4(Rd) satisfies

max
1⩽j⩽4

∥∇jf(x)∥ ⩽ L, ∀x ∈ Rd. (3.3)

Assumption 3 For every ξ, g(·; ξ) ∈ C2(Rd), with (x, ξ) 7→ ∇g(x; ξ) measurable, and for every x ∈ Rd,(
Eξ

[
|g(x; ξ)|24

]) 1
24

⩽M(1 + |x|), Eξ
[

sup
|x′−x|⩽1

∥∇g(x′; ξ)∥2
]
⩽M2. (3.4)

The Laplacian ∆C of the covariance in (2.3), with entries (∆C)ij =
∑d
k=1 ∂

2
kCij, satisfies, for every x ∈ Rd,

∥∆C(x)∥ ⩽M(1 + |x|)2. (3.5)
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Assumption 1 is [30, Assumption 1] with the bound on ∇8U added, and Assumption 2 is [30, Assump-
tion 2]. Compared with [30, Assumption 3], Assumption 3 requires the moment of order 24 instead of 12 and
the bound (3.5), and drops the bound on the variance of the gradient noise uniform in x: the gradient noise
may grow linearly in |x| and its covariance quadratically. In particular, Assumption 3 covers the stochastic
gradient g(x; ξ) = (1 + ξ)∇U(x) of the random potential (1 + ξ)U(x) with Eξ = 0 and E|ξ|24 <∞, with M
replaced by a constant depending only on M and E|ξ|24.

Throughout, C denotes a positive constant depending only on m, M , R and d, which changes from line
to line, and h0 ∈ (0, 1] an upper bound on h with the same dependence. Since the polynomial bound (2.6)
involves no parameters other than h and λ, C and h0 do not depend on the noise corrector. The notation
O(·) denotes a term bounded by C times its argument. Throughout this section, Sh is a noise corrector
satisfying the polynomial bound (2.6).

3.2 Main theorems

Theorem 1 bounds the MSE (2.7) of NC-SGLM from a given initial value Y0.

Theorem 1 Let Assumptions 1, 2 and 3 hold. There are h0 ∈ (0, 1] and C, depending only on m, M , R
and d, such that for every h ∈ (0, h0], every batch size P ⩾ 2, every N ⩾ 1 and every Y0 ∈ Rd,

MSE(N,h) ⩽ CL2

[(
1 + |Y0|

)2 1

Nh
+

(
1 + |Y0|

)12
h4

]
. (3.6)

The bound (3.6) is the MSE bound of LM with the full gradient [30, Theorem 2], with Y0 in place of Z0,
and it holds at every batch size P ⩾ 2. Theorem 1 shows that NC-SGLM has second order accuracy in the
MSE. With h of order ε1/2 and N of order ε−5/2, the MSE is O(ε2) as ε → 0 already with P = 2, at the
cost of N steps with 2P stochastic gradients each, that is, O(ε−5/2) stochastic gradients.

For Y0 ∈ Rd, let (Y0(t))t⩾0 be the solution of the overdamped Langevin dynamics (2.1) with the initial
value Y0(0) = Y0. Theorem 2 compares the law of Zn with the law of Y0(nh), uniformly in n.

Theorem 2 Let Assumptions 1, 2 and 3 hold. There are h0 ∈ (0, 1], C and λ > 0, depending only on m,
M , R and d, such that for every h ∈ (0, h0], every batch size P ⩾ 2, every n ⩾ 0 and every Y0 ∈ Rd,∣∣E[f(Zn)] − E[f(Y0(nh))]

∣∣ ⩽ CL
[(

1 + |Y0|
)6
e−λnh h+ h2

]
. (3.7)

The term of first order in (3.7) decays exponentially in the time nh, and it is at most h2 once nh ⩾
λ−1 log((1 + |Y0|)6/h). For LM with the full gradient, the weak error has an expansion of the same form, in
which the coefficient of h decays exponentially in time [17, Theorems 3.1 and 3.2].

Theorem 3 identifies the leading term of the numerical bias πh(f) − π(f).

Theorem 3 Let Assumptions 1, 2 and 3 hold. There are h0 ∈ (0, 1] and C, depending only on m, M , R
and d, such that for every h ∈ (0, h0] and every batch size P ⩾ 2, the chain (Yk)k⩾0 of (NC-SGLM) has a
unique invariant distribution µh, and πh in (3.1) satisfies∣∣∣∣πh(f) − π(f) − h2

24
π
(
∇3ϕ0 : ∇3U

)∣∣∣∣ ⩽ CL
(h2
P

+ h3
)
, (3.8)

where ϕ0 solves the Poisson equation (2.11).

The bound (3.8) also implies

lim
h→0

∣∣∣∣πh(f) − π(f)

h2
− 1

24
π
(
∇3ϕ0 : ∇3U

)∣∣∣∣ ⩽ CL

P
. (3.9)

The full gradient g = ∇U satisfies Assumption 3, and with it ĈP = 0 and Sh(0) = 1 by the polynomial
bound (2.6), so that NC-SGLM is LM for every batch size P ⩾ 2. Letting P → ∞ in (3.9) gives, for the
numerical invariant distribution πLM

h of LM,

lim
h→0

πLM
h (f) − π(f)

h2
=

1

24
π
(
∇3ϕ0 : ∇3U

)
. (3.10)
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Hence, the leading term h2

24 π(∇3ϕ0 : ∇3U) in (3.8) comes exactly from the discretization of LM, while the
remaining term of order h2 is bounded with the coefficient CL/P .

Theorems 1, 2 and 3 do not cover CC-SGLM, since SCC
h in (2.8) does not satisfy the polynomial bound

(2.6). Under Assumption 3, the covariance C(x) can grow quadratically in |x|, and so can the noise correction
−
√

2h h
4 ĈP (Yk; ξk)χk of CC-SGLM in |Yk|. The proofs of the three theorems extend to CC-SGLM under a

stronger assumption on the stochastic gradient, the uniform bound Eξ
[
|g(x; ξ) − ∇U(x)|24

]
⩽ M24 on the

gradient noise for every x ∈ Rd, in addition to Assumption 3; we omit the proof.
Applying the noise correction to SGLD gives the noise-corrected SGLD (NC-SGLD) integrator

Zk+1 = Zk − h ĝP (Zk; ξk) +
√

2hSh
(
ĈP (Zk; ξk)

)
χk, (NC-SGLD)

in which the noise factor and the batch gradient are evaluated at the same point Zk. Under Assumptions 1,
2 and 3, we can also prove that the numerical invariant distribution πNC-SGLD

h of (NC-SGLD) satisfies

lim
h→0

πNC-SGLD
h (f) − π(f)

h
=

1

2
π
(
∇2ϕ0 : ∇2U

)
. (3.11)

The right side is the term of the Euler–Maruyama discretization in (2.12): the noise correction removes the
term of the gradient noise, and NC-SGLD remains of first order. We omit the proof, which is similar to
those for NC-SGLM, due to the page limit.

3.3 Comparison to the results of SGLM and capping probability

The numerical bias of NC-SGLM has an error structure different from that of SGLM, which leads to a
different choice of the step size h and the batch size P . When the covariance of the gradient noise is bounded
uniformly in x, [30, Theorem 4] applied to the batch gradient ĝP in (2.2) gives

∣∣πSGLM
h (f) − π(f)

∣∣ ⩽ CL
( h
P

+ h2
)
, (3.12)

where the dominant term h/P comes from the variance of the stochastic gradient. In comparison, πSGLD
h

satisfies [30, Theorem 5] ∣∣πSGLD
h (f) − π(f)

∣∣ ⩽ CLh, (3.13)

where the term with ∇2U in (2.12) remains at every batch size. Hence the advantage of SGLM over SGLD
lies mainly at large batch sizes. Moreover, each unit of time costs P/h evaluations of the stochastic gradient
in SGLM, so halving h and doubling P have the same cost and both halve the term h/P in (3.12): SGLM
has no preference between a smaller step size and a larger batch size.

For NC-SGLM, each unit of time costs 2P/h evaluations of the stochastic gradient. Halving h divides
the leading term and the bound in (3.8) by at least 4, while doubling P only halves the term CLh2/P of
the bound and leaves the leading term unchanged. Hence, to achieve a sufficiently high accuracy, NC-SGLM
favors a small step size h rather than a large batch size P . Like the second order accuracy at every batch
size P ⩾ 2 in Theorems 1 and 3, this comparison describes a limit behavior as h→ 0.

At a finite step size, NC-SGLM is not always more accurate than SGLM. When h is moderately large,
the remainder in (3.8) can be non-negligible. NC-SGLM may also have a larger numerical bias than SGLM
at the same cost.

Intuitively, NC-SGLM is more accurate than SGLM at a given step size when its noise correction restores
the fluctuation–dissipation relation. For RC, (2.10) holds in the step k exactly when SRC

h

(
ĈP (Yk; ξk)

)
is not

capped. With λmax the largest eigenvalue of a symmetric matrix, SRC
h

(
ĈP (Yk; ξk)

)
is capped exactly when

λmax

(
ĈP (Yk; ξk)

)
>

2

h
, (3.14)

and the estimate h2 ĈP (Yk; ξk) of the covariance of the batch noise then exceeds the covariance 2hId of the
injected noise along the eigenvectors of ĈP (Yk; ξk) with eigenvalues above 2/h. The condition (3.14) applies
to every noise corrector satisfying the polynomial bound, through the remainder in (2.6): Sh(λ) − 1 differs
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from its first order term −hλ
4 by at most (hλ)2

8 , which is smaller than hλ
4 exactly when hλ < 2. Under

(3.14), this bound no longer separates the first order term from the remainder along the eigenvectors with
eigenvalues above 2/h, and the cancellation described after (2.15) can fail. With the grouping trick, ĈP in
(3.14) is replaced by ĈP,P0

in (2.16).
To predict whether NC-SGLM is more accurate than SGLM at a given step size, one can therefore estimate

the probability of (3.14): the smaller this probability, the more often the fluctuation–dissipation relation
holds. Theorem 4 bounds this probability with Yk replaced by a sample of π, for the batch approximation
ĈP and for the grouped approximation ĈP,P0 .

Theorem 4 Let Assumptions 1 and 3 hold, and let Pξ be the probability over the batch ξ at fixed x. There
is C, depending only on m, M , R and d, such that for every h ∈ (0, 1] and every batch size P ⩾ 2,∫

Rd

Pξ

(
λmax

(
ĈP (x; ξ)

)
>

2

h

)
π(x) dx ⩽ C

(
h√

P (P − 1)

)12

, (3.15)

and, for every P0 ⩾ 2 dividing P ,∫
Rd

Pξ

(
λmax

(
ĈP,P0

(x; ξ)
)
>

2

h

)
π(x) dx ⩽ C

(
h
√
P0

P (P0 − 1)

)12

. (3.16)

The bound (3.15) decreases as h12 in h, but as P−18 in P . At a fixed cost of 2P/h evaluations of the
stochastic gradient per unit of time, h/(

√
P (P−1)) is proportional to

√
P/(P−1), so the bound decreases as

P increases. Hence, at a finite step size, h is not the only parameter to reduce: the batch size P also needs to
be large enough for (3.14) to be rare. With the grouping trick, the bound (3.16) still decreases as P increases
at fixed h and P0, and it exceeds (3.15) by a factor of order (P/P0)6, the price of the cheaper computation
with the grouped approximation. The relation between the probability of (3.14) and the accuracy of NC-
SGLM is only formal, and a rigorous comparison between NC-SGLM and SGLM at a finite step size is
beyond the scope of this paper.

3.4 Explicit coefficients under Gaussian noise

The bound (3.9) determines the coefficient of h2 in the numerical bias of NC-SGLM only up to a term
bounded by CL/P . When the gradient noise is Gaussian, this coefficient can be computed explicitly. Define
the LM coefficient, the limit in (3.10), by

KLM(f) :=
1

24
π
(
∇3ϕ0 : ∇3U

)
, (3.17)

where ϕ0 depends on f through the Poisson equation (2.11). When U is a quadratic potential, the coefficient
is immediately 0. In terms of ∇2ϕ0, the coefficient can be equivalently expressed as

KLM(f) =
1

24
π
(
∇2ϕ0 :

(
(∇U · ∇)∇2U −∇2∆U

))
, (3.18)

where ((∇U · ∇)∇2U)ij = ∇U · ∇∂i∂jU and (∇2∆U)ij = ∂i∂j∆U .
The explicit coefficient requires the square of the noise corrector to match the reduction of the injected

covariance up to terms of order (hλ)3. In this subsection, we also require the noise corrector to satisfy the
following additional polynomial bound.

For every h > 0 and λ ⩾ 0, the noise corrector Sh additionally satisfies∣∣∣Sh(λ)2 − 1 +
hλ

2

∣∣∣ ⩽ (hλ)3

8
. (3.19)

Among the noise correctors introduced in (2.9), the additional polynomial bound (3.19) applies only to
RC. Furthermore, we assume the stochastic gradient g(x; ξ) has the Gaussian form in Assumption 4.
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Assumption 4 The stochastic gradient is

g(x; ξ) = ∇U(x) + η(x) ξ, (3.20)

with ξ ∼ N (0, Id) and η ∈ C4(Rd;Rd×d) satisfying

max
0⩽i⩽4

∥∇iη(x)∥ ⩽M, ∀x ∈ Rd. (3.21)

Under Assumption 4, the covariance (2.3) is C(x) = η(x) η(x)⊤, and Assumption 3 holds with M replaced
by a constant depending only on M and d, so that Theorem 3 applies.

Theorem 5 Let Assumptions 1, 2 and 4 hold. There are h0 ∈ (0, 1] and C, depending only on m, M , R
and d, such that for every h ∈ (0, h0] and every batch size P ⩾ 2, the distribution πh in (3.1) satisfies∣∣∣∣πh(f) − π(f) − h2

(
KLM(f) +

1

P
KSG(f)

)∣∣∣∣ ⩽ CLh
5
2 , (3.22)

where KLM(f) is the LM coefficient (3.17), and the additional coefficient from noise correction is

KSG(f) :=
1

8
π
(
∇2ϕ0 :

(
4 (∇U · ∇)C − 3 ∆C + 2 C ∇2U

))
, (3.23)

with ((∇U · ∇)C)ij = ∇U · ∇Cij. As a consequence,

lim
h→0

πh(f) − π(f)

h2
= KLM(f) +

1

P
KSG(f). (3.24)

In particular, when the covariance matrix is C(x) = σ2Id with a constant σ > 0 (uniform Gaussian noise),

(3.23) gives KSG(f) = σ2

4 π(∇2ϕ0 : ∇2U), and the coefficient of h2 in the numerical bias of NC-SGLM has
the explicit expression

lim
h→0

πh(f) − π(f)

h2
=

1

24
π
(
∇3ϕ0 : ∇3U

)
+
σ2

4P
π
(
∇2ϕ0 : ∇2U

)
, (3.25)

compared to (2.13) and (2.12). In all these cases, ∇2ϕ0 is the essential structure for characterizing the
numerical bias: with (3.18) for the LM coefficient in (3.25), every coefficient in (3.25), and in (2.13) and
(2.12) with C = σ2Id, pairs ∇2ϕ0 with a matrix that depends only on U , σ2 and P . By the smoothing estimate
of the semigroup of the overdamped Langevin dynamics (2.1) [29, Lemma 10], ∥∇2ϕ0∥∞ ⩽ C∥∇f∥∞. Under
Assumption 4, the expressions (3.18) and (3.23) then give |KLM(f)| + |KSG(f)| ⩽ C∥∇f∥∞, although the
definition (3.17) involves the third order derivative of ϕ0.

4 Numerical experiments

We test the noise correction in both SGLM and SGLD, and name each NC-SGLD integrator by its noise
corrector, as for NC-SGLM. Section 4.1 verifies the explicit coefficient of Theorem 5 in one dimension,
Section 4.2 compares the numerical biases in four dimensions, and Section 4.3 compares the four noise
correctors in a Bayesian logistic regression.

4.1 Verifying the coefficients in a 1D double-well distribution

We verify the coefficient of h2 in Theorem 5 with d = 1, the double-well potential and the test function

U(x) =
x2

2
+ 3e−

x2

2 , f(x) = cos(2x).

For the gradient noise in (3.20), we take the uniform Gaussian noise with η(x) = 1 and the nonuniform
Gaussian noise with η(x) = 1 + 1

2 cos(2x). Since d = 1, the value π(f) and the exact coefficients KLM(f) in
(3.17) and KSG(f) in (3.23) are computed by numerical quadrature.
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We run RC-SGLM with the batch sizes P = 4, 8, 16 and the full gradient LM, each on 32 chains over
the time duration Nh = 2 × 108, at the step sizes h = 2−1, 2−

3
2 , . . . , 2−4. The values πh(f) of RC-SGLM

and πLM
h (f) of LM are estimated by the mean over the chains of the time averages of f(Zk). Figure 1 shows

the evaluated coefficients (πh(f) − π(f))/h2 and (πLM
h (f) − π(f))/h2, together with the exact coefficients

KLM(f) + KSG(f)/P of RC-SGLM in (3.24), and KLM(f) of the full gradient LM.
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Figure 1: The evaluated coefficients (πh(f)−π(f))/h2 of RC-SGLM with P = 4, 8, 16 and (πLM
h (f)−π(f))/h2

of LM against the step size h, with error bars and shaded bands of 2 standard errors, under the uniform
Gaussian noise with η(x) = 1 (left) and the nonuniform Gaussian noise with η(x) = 1 + 1

2 cos(2x) (right).
The curve of LM is the same in both panels. The dashed lines are the exact coefficients KLM(f) +KSG(f)/P
of RC-SGLM and KLM(f) of LM, in the colors of the corresponding curves.

The evaluated coefficient differs from the exact coefficient by the remainder of (3.22) divided by h2, and
in Figure 1 this difference tends to 0 roughly linearly in h, with a visible curvature at the large step sizes.
We therefore fit a polynomial of degree 2 in h to the evaluated coefficients of each curve by least squares,
weighted by the inverse squared standard errors, and take its value at h = 0 as the fitted coefficient. In
Table 1, the fitted coefficients are close to the exact coefficients. Their 2 standard errors account for the
fluctuation of the time averages but not for the error of the polynomial fit, and the largest difference occurs
for RC-SGLM at P = 4 under the nonuniform noise, the curve that depends most strongly on h.

P = 4 P = 8 P = 16 LM

uniform
fitted 0.1532± 0.0010 0.1230± 0.0009 0.1070± 0.0009 0.0917± 0.0008
exact 0.1539 0.1232 0.1079 0.0926

nonuniform
fitted 0.0223± 0.0009 0.0569± 0.0009 0.0742± 0.0009 0.0917± 0.0008
exact 0.0200 0.0563 0.0745 0.0926

Table 1: The fitted coefficients, with 2 standard errors, and the exact coefficients KLM(f) + KSG(f)/P of
RC-SGLM and KLM(f) of LM, under the uniform and the nonuniform Gaussian noise. The fitted coefficient
is the value at h = 0 of the polynomial of degree 2 in h fitted by weighted least squares to the evaluated
coefficients in Figure 1.

Under the uniform noise, KSG(f) > 0, and the evaluated coefficients of RC-SGLM lie above the evaluated
coefficient of LM and approach it as P increases, as the term KSG(f)/P in (3.24) indicates.

Under the nonuniform noise, the terms 4 (∇U · ∇)C − 3 ∆C in (3.23), which involve the derivatives of
C = η2, give a negative part of KSG(f), larger in absolute value than the positive part from the term 2 C ∇2U ,
so KSG(f) < 0. At h = 2−1, where the remainder of (3.22) is still large, the evaluated coefficients of RC-
SGLM lie above the evaluated coefficient of LM and decrease as P increases. For h ⩽ 2−2, they lie below the
evaluated coefficient of LM, the smallest at P = 4: RC-SGLM with batches of 4 stochastic gradients has a
smaller numerical bias than LM with the full gradient. The analysis of Section 3.4 is essential to understand
this observation, since it separates the error: the coefficient of h2 in (3.24) is the sum of KLM(f) from the
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discretization of LM and KSG(f)/P from the noise correction, and the sign of KSG(f) depends on C through
(3.23). The upper bound (3.9) controls KSG(f)/P only in size, and with such upper bounds alone, it is
difficult to explain why RC-SGLM with P = 4 has an even smaller error than LM with the full gradient.

4.2 Comparing the bias in a 4D Gaussian mixture distribution

The target π is a mixture of the Gaussian distributions N (ϑj ,Σj) on R4, j = 1, . . . , 10, with weights
proportional to (3/4)j−1, means ϑj drawn at random in the ball of radius 4.5 centered at the origin, and
covariance matrices Σj drawn at random. With the coordinates x1, . . . , x4 of x, the stochastic gradient is

g(x; ξ) = ∇U(x) + ξ
(
x1 sinx1, . . . , x4 sinx4

)
, ξ ∼ N (0, 1),

and the test function is
f(x) = e−

1
2 |x−

1
2 (ϑ1+ϑ5)|2 .

The integrators are compared at 4, 8 and 16 evaluations of the stochastic gradient per step, with
P = 4, 8, 16 for SGLD, RC-SGLD and SGLM and P = 2, 4, 8 for RC-SGLM. At each step size h =
2−1, 2−

3
2 , . . . , 2−4, every integrator runs 32 chains over the time duration Nh = 4 × 108, and its numer-

ical bias for f is estimated using the mean over the chains of the time averages of f(Zk).
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Figure 2: The absolute value of the numerical bias for f of SGLD, RC-SGLD, SGLM and RC-SGLM against
the step size h, with error bars and shaded bands of 2 standard errors, at 4 (left), 8 (middle) and 16 (right)
evaluations of the stochastic gradient per step.

RC-SGLM SGLM RC-SGLD SGLD

4 evals 2.11 1.23 1.22 1.14
8 evals 3.05 1.25 1.14 1.14
16 evals 2.54 1.26 1.13 1.14

Table 2: The fitted orders of the numerical bias of RC-SGLM, SGLM, RC-SGLD and SGLD at 4, 8 and 16
evaluations of the stochastic gradient per step. The fitted orders above 2 are in bold.

In every panel of Figure 2, the numerical bias of SGLM is below those of SGLD and RC-SGLD and
decreases at about first order, as (2.13) suggests, while SGLD and RC-SGLD keep the discretization error
of first order of the Euler–Maruyama step. The numerical bias of RC-SGLM is the smallest at the small
step sizes in every panel. Table 2 lists the fitted order of each curve, the slope of the least squares line of
the logarithm of the absolute value of the numerical bias against the logarithm of h over all step sizes: the
fitted order is above 2 for RC-SGLM in every row, and between 1 and 1.3 for the other integrators.
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Table 3 relates the smaller bias of RC-SGLM to the capping condition (3.14). The table lists the capping
probability, the probability of (3.14) with Yk replaced by an exact sample of π, and the bias ratio, the
numerical bias of SGLM divided by that of RC-SGLM at the same number of evaluations per step. Given
Yk = y, the probability of (3.14) is explicit for this stochastic gradient, and the capping probability is its
mean over 108 samples y of π. The 2 standard errors of the bias ratio are below 10% of its value, except
at h = 2−4 with 8 evaluations per step and at h ⩽ 2−

7
2 with 16 evaluations per step, where they are at

most 27%. The capping probability decreases as h decreases, and at each step size it is smaller at a larger
batch size, by orders of magnitude at the small step sizes, in line with the bound (3.15). Doubling P and
halving h both double the cost per unit of time, and wherever both are possible in the table, doubling P
reduces the capping probability at least as much as halving h, and much more at the small step sizes, for
example by a factor of about 3 × 103 against 37 at h = 2−3 with 8 evaluations per step. In every row, the
bias ratio exceeds 1 from some step size on and keeps increasing as h decreases, and this step size is larger
where the capping probability is smaller. At h ⩽ 2−

7
2 with 8 and 16 evaluations per step, the numerical

bias of RC-SGLM is more than an order of magnitude smaller than that of SGLM. At h = 2−1, where the
remainder in (3.8) is non-negligible, the bias ratio is below 1 in every row, even at 16 evaluations per step,
where the capping probability is a few percent.

h = 2−1 h = 2−
3
2 h = 2−2 h = 2−

5
2 h = 2−3 h = 2−

7
2 h = 2−4

4 evals
capping 3.0 × 10−1 2.3 × 10−1 1.6 × 10−1 1.1 × 10−1 6.7 × 10−2 3.8 × 10−2 1.9 × 10−2

ratio 0.675 0.635 0.773 1.06 1.51 2.32 3.97

8 evals
capping 1.6 × 10−1 9.2 × 10−2 4.7 × 10−2 2.0 × 10−2 6.7 × 10−3 1.5 × 10−3 1.8 × 10−4

ratio 0.670 0.932 1.77 3.58 7.57 14.5 21.9

16 evals
capping 3.4 × 10−2 9.6 × 10−3 1.4 × 10−3 9.0 × 10−5 2.1 × 10−6 3.2 × 10−8 5.1 × 10−10

ratio 0.948 2.37 5.27 8.41 10.8 12.2 15.5

Table 3: The capping probability of RC-SGLM with P = 2, 4, 8, the probability of (3.14) with Yk replaced by
an exact sample of π, and the bias ratio of SGLM to RC-SGLM at 4, 8 and 16 evaluations of the stochastic
gradient per step. The ratios greater than 1 are in bold.

4.3 Comparing the noise correctors in a 5D Bayesian logistic regression

The banknote authentication data set [18] contains n = 1372 genuine and forged banknotes, each with a label
yi ∈ {0, 1} and 4 features extracted from its image. The target π is the posterior of the Bayesian logistic
regression with the prior N (0, I5) and the inputs ai ∈ R5, formed by the features, centered and scaled to
unit variance, and a constant 1. Its potential is

U(x) =
|x|2

2
+

n∑
i=1

ℓi(x), ℓi(x) = log
(
1 + eai·x

)
− yi ai · x,

and the stochastic gradient is g(x; ξ) = x+ n∇ℓξ(x) with ξ uniform on {1, . . . , n}.
All integrators use the step size h = 2−9 and 384 evaluations of the stochastic gradient per step: P = 192

for RC-SGLM, SC-SGLM, IC-SGLM and CC-SGLM, and P = 384 for SGLM, SGLD, RC-SGLD, SC-SGLD,
IC-SGLD and CC-SGLD. Every integrator runs 32 chains over the time duration Nh = 105. The posterior
means and variances of the 5 coordinates of x are estimated from the time averages of Zk and of the squares
of its coordinates over all chains, and compared with the means and variances of 6.4 × 107 draws of the
No-U-Turn sampler (NUTS) [13]. The maximal bias is the largest absolute error of the posterior means, and
the variance error is the largest absolute relative error of the posterior variances.

In the right panel of Figure 3 and in Table 4, RC-SGLD, SC-SGLD, IC-SGLD and CC-SGLD reach
a common plateau, at about half the maximal bias and variance error of SGLD. As (3.11) predicts, the
noise correction leaves the term of the Euler–Maruyama discretization, which depends neither on the noise
corrector nor on the batch size. This term is about as large as the term with C in (2.12): the maximal bias
of SGLD is about the sum of those of SGLM and of the NC-SGLD integrators.
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Figure 3: The maximal bias of RC-SGLM, SC-SGLM, IC-SGLM and CC-SGLM with P = 192 and SGLM
with P = 384 (left), and of RC-SGLD, SC-SGLD, IC-SGLD, CC-SGLD and SGLD with P = 384 (right),
against the time duration Nh, at h = 2−9 with 384 evaluations of the stochastic gradient per step. The
colors indicate the noise correctors, and the dashed lines are SGLM (left) and SGLD (right).

P = 192 (SGLM: P = 384) RC-SGLM SC-SGLM IC-SGLM CC-SGLM SGLM

maximal bias (×10−3) 0.39± 0.32 1.11± 0.30 1.38± 0.26 0.72± 0.29 3.01± 0.25
variance error (×10−2) 0.27± 0.06 0.57± 0.06 0.91± 0.04 0.53± 0.05 3.12± 0.06
running time (min) 11.1 11.4 11.2 8.0 6.8

P = 384 RC-SGLD SC-SGLD IC-SGLD CC-SGLD SGLD

maximal bias (×10−3) 3.09± 0.32 3.18± 0.26 3.04± 0.34 2.91± 0.29 5.90± 0.25
variance error (×10−2) 2.49± 0.05 2.49± 0.04 2.54± 0.03 2.51± 0.04 5.27± 0.05
running time (min) 14.8 14.8 14.7 9.6 6.8

Table 4: The maximal bias and the variance error at Nh = 105, with 2 standard errors over the 32 chains,
and the running time of the integrators of Figure 3, NC-SGLM and SGLM (top) and NC-SGLD and SGLD
(bottom). The running time is measured on an AMD Ryzen 9 9950X3D with the 32 chains run in parallel
on 32 threads. The smallest maximal bias and variance error are in bold.

In the left panel and in Table 4, every NC-SGLM integrator has a smaller maximal bias and variance
error than SGLM and than every NC-SGLD integrator, and RC-SGLM has the smallest, by a clear margin
in the variance error. The capping probability of RC-SGLM, estimated from 105 draws of NUTS, is about
10−3, so (2.10) fails only in a fraction of about 10−3 of the steps, while CC, SC and IC, which do not satisfy

(3.19), leave a term of order h3 in 2hSh
(
ĈP

)2
in every step.

In Table 4, every noise-corrected integrator runs slower than SGLM and SGLD at the same number of
evaluations of the stochastic gradient per step, even with d = 5, since it also computes the noise factor. By
Section 2.4, the linear noise factor of CC costs order dP and adds the least time, and the noise factors of
RC, SC and IC, computed by the eigendecomposition of ĈP , cost order d2P + d3 and add the most.

5 Conclusion

To the best of our knowledge, NC-SGLM is the first class of stochastic gradient integrators with second
order accuracy for nonconvex potentials and a general stochastic gradient. Its construction is explicit: each
step multiplies the injected noise of SGLM by the noise factor, which applies a noise corrector satisfying
the polynomial bound (2.6) to the batch approximation (2.5). For every such noise corrector and every
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batch size P ⩾ 2, Theorems 1, 2 and 3 bound the MSE by a constant times (Nh)−1 + h4, the weak error
uniformly in time, and the numerical bias by a constant times h2. Under Gaussian gradient noise and the
additional polynomial bound (3.19), Theorem 5 separates the coefficient of h2 in the numerical bias into the
LM coefficient KLM(f) of the discretization and the coefficient KSG(f)/P of the noise correction.

NC-SGLM evaluates each batch at both Yk and Zk, and thus uses twice as many stochastic gradients per
step as SGLM with the same batch size. In high dimensions, both the cost and the accuracy of NC-SGLM
depend on the noise factor: its exact computation costs order d2P + d3 per step, or dP 2 + P 3 when P < d,
the grouped approximation raises the bound (3.16) on the capping probability, and CC does not satisfy the
polynomial bound. At a finite step size, NC-SGLM can be less accurate than SGLM, and its comparison
with SGLM rests on the capping probability, whose relation to the accuracy is only formal.

Future work includes the noise correction of stochastic gradient integrators for the underdamped Langevin
dynamics, more efficient implementations of the noise factor, the combination with variance reduction ap-
proaches, and realistic applications in high-dimensional Bayesian inference.
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A Proof of Theorem 1: MSE estimate

The proof of Theorem 1 follows the proof of the MSE bound of LM in [30, Theorem 2]. Appendix A.1 sets
up the probability space, the splitting of a step of NC-SGLM and the bounds on the stochastic gradient
and the noise factor used below. Appendix A.2 recalls the modified class of [30, Section 4], with which the
MSE is bounded by the mean square of a time average error along the chain (Yk)k⩾0 and a term of order
1
Nh + h4. Lemma 1 in Appendix A.3 bounds the moments of the chain and gives its invariant distribution
µh, Lemma 2 in Appendix A.4 shows that the local weak error of NC-SGLM against the modified dynamics
is of order h3, and Appendix A.5 combines them into Theorem 1. Throughout this appendix, the noise
corrector Sh satisfies the polynomial bound (2.6), and it enters the proofs only through the bounds (A.10)
on the noise factor. The thresholds on the step size in the results of [30] used below are included in h0.

A.1 Setting

The proofs of Lemmas 1 and 2 control one step of NC-SGLM through moment bounds on the batch gradient,
the batch approximation ĈP and the noise correction, uniform in the batch size P .

The Gaussian vectors are the increments χk = h−1/2(B(k+1)h − Bkh) of the Brownian motion (Bt)t⩾0,
independent of the batches (ξk)k⩾0, and the initial value Y0 is independent of both. With the filtration

Fk := σ
(
Y0, Bs, ξj : 0 ⩽ s ⩽ kh, 0 ⩽ j ⩽ k − 1

)
, Ek[ · ] := E

[
·
∣∣Fk], (A.1)

the state Yk is Fk-measurable, and Fk, (Bkh+s −Bkh)s⩾0 and ξk are independent.
The moment bound in (3.4), Jensen’s inequality over the batch and |∇U(x)| ⩽M(1 + |x|) by (3.2) give,

for x ∈ Rd and 1 ⩽ q ⩽ 24,

Eξ

[
|ĝP (x; ξ)|q

]
⩽Mq(1 + |x|)q, Eξ

[
|ĝP (x; ξ) −∇U(x)|q

]
⩽ C(1 + |x|)q. (A.2)

Since the variance of g(x; ξ) is at most its moment of order 2, (3.4) bounds the trace of the covariance matrix,

Tr
[
C(x)

]
= Eξ

[
|g(x; ξ) −∇U(x)|2

]
⩽M2(1 + |x|)2, x ∈ Rd, (A.3)

and the trace of (2.4) gives, for x ∈ Rd,

Eξ

[
|ĝP (x; ξ) −∇U(x)|2

]
⩽
M2(1 + |x|)2

P
. (A.4)

The supremum of the Jacobian of the batch gradient over the unit ball around x,

Λ̄(x; ξ) := sup
|x′−x|⩽1

∥∇ĝP (x′; ξ)∥, (A.5)

satisfies, by Minkowski’s inequality over the batch and (3.4),

Eξ

[
Λ̄(x; ξ)2

]
⩽M2, (A.6)

and, by the definition of Λ̄ for |x− x′| ⩽ 1 and by |∇U(x) −∇U(x′)| ⩽M |x− x′| for |x− x′| > 1,

|ĝP (x; ξ)−ĝP (x′; ξ)| ⩽
(

Λ̄(x′; ξ)+M+|ĝP (x; ξ)−∇U(x)|+|ĝP (x′; ξ)−∇U(x′)|
)
|x−x′|, x, x′ ∈ Rd. (A.7)
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For |x− x′| ⩽ 1, the bound on ∇g in (3.4) and ∥∇2U∥ ⩽M give

Eξ
[
|g(x; ξ) −∇U(x) − g(x′; ξ) + ∇U(x′)|2

]
⩽ 4M2|x− x′|2.

Since C(x) is positive semidefinite, (A.3), this bound and the Cauchy–Schwarz inequality give, for A ∈ Rd×d

|A : C(x)| ⩽M2(1 + |x|)2 ∥A∥, ∥C(x) − C(x′)∥ ⩽ 4M2(1 + |x| + |x′|)2 |x− x′|, x, x′ ∈ Rd. (A.8)

For a batch size P ⩾ 2, the batch approximation ĈP (x; ξ) in (2.5) is positive semidefinite, so that
∥ĈP (x; ξ)∥ ⩽ Tr

[
ĈP (x; ξ)

]
, and replacing ĝP (x; ξ) by 0 does not decrease Tr

[
ĈP (x; ξ)

]
. Hence

∥ĈP (x; ξ)∥ ⩽
1

P (P − 1)

P∑
p=1

|g(x; ξ(p))|2,

and Jensen’s inequality with the moment bound in (3.4) gives

Eξ

[
∥ĈP (x; ξ)∥r

]
⩽
M2r(1 + |x|)2r

(P − 1)r
,

1

2
⩽ r ⩽ 12, x ∈ Rd. (A.9)

Since the noise factor has the eigenvectors of ĈP (x; ξ), whose eigenvalues lie in [0, ∥ĈP (x; ξ)∥], the polynomial
bound (2.6) gives the bounds on the noise factor∥∥∥Sh(ĈP (x; ξ)

)
− Id

∥∥∥ ⩽ min
{

1,
h

2
∥ĈP (x; ξ)∥

}
,∥∥∥Sh(ĈP (x; ξ)

)
− Id +

h

4
ĈP (x; ξ)

∥∥∥ ⩽
h2

8
∥ĈP (x; ξ)∥2.

(A.10)

Since Sh is measurable, the noise factor Sh
(
ĈP (x; ξ)

)
is a measurable function of (x, ξ).

The step of (NC-SGLM) from Yk to Yk+1 splits as

Yk+1 = Yk +Dk + ζk, Dk :=
√

2hχk − h ĝP (Zk; ξk), ζk :=
√

2h
(
Sh

(
ĈP (Yk; ξk)

)
− Id

)
χk, (A.11)

where Dk is the SGLM displacement, the displacement of one step of (SGLM) from Yk, and ζk is the noise
correction. By (A.10), the noise correction is bounded by

|ζk| ⩽
√

2h |χk|min
{

1,
h

2
∥ĈP (Yk; ξk)∥

}
⩽ min

{
h ∥ĈP (Yk; ξk)∥ 1

2 ,
h

2

√
2h ∥ĈP (Yk; ξk)∥

}
|χk|. (A.12)

Since ĈP (Yk; ξk) is independent of χk given Fk, (A.12) and (A.9) bound the moments of ζk. Given Fk and
χk, (A.2) at Zk = Yk +

√
h/2χk bounds the moments of ĝP (Zk; ξk) and of Dk. Therefore, for 1 ⩽ q ⩽ 12,

Ek|Dk|q ⩽ Ch
q
2 + Chq

(
1 + |Yk|

)q
,

Ek|ζk|q ⩽ C min
{
hq

(
1 + |Yk|

)q
, h

3q
2

(
1 + |Yk|

)2q}
.

(A.13)

A.2 Modified discrete Poisson equation

The analysis runs on the chain (Yk)k⩾0, and the modified class absorbs the Gaussian shift Zk−Yk =
√
h/2χk

of (NC-SGLM) through a modified test function, potential, generator and discrete Poisson solution. The
modified test function is the heat flow of f ,

f̃h(y) := E
[
f
(
y +

√
h

2
χ
)]
, χ ∼ N (0, Id), (A.14)

so that, since χk is independent of Fk,

Ek
[
f(Zk)

]
= f̃h(Yk). (A.15)
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The modified potential of [30, Section 4.2] is

Ũh(x) := U(x) +
h

4

(
|∇U(x)|2 − ∆U(x)

)
θ
(hx
δ

)
, x ∈ Rd, (A.16)

with a smooth cutoff θ, 0 ⩽ θ ⩽ 1, equal to 1 on {|x| ⩽ 1} and to 0 on {|x| ⩾ 2}, and the constant δ ∈ (0, 1]
of [30, Lemma 1], chosen in its proof sufficiently small, independent of h, such that

max
1⩽i⩽5

∥∇iŨh(x) −∇iU(x)∥ ⩽ min
{m

2
, M

}
, ∀x ∈ Rd, h ∈ (0, δ]. (A.17)

The modified target and the generator of the modified dynamics, the overdamped Langevin dynamics (2.1)
with the potential Ũh, are

π̃h(x) ∝ e−Ũh(x), L̃h := ∆ −∇Ũh · ∇. (A.18)

For each k, the solution (Ỹk(s))s⩾0 of the modified dynamics from Yk, driven by (Bkh+s−Bkh)s⩾0, satisfies

dỸk(s) = −∇Ũh
(
Ỹk(s)

)
ds+

√
2 dBkh+s, Ỹk(0) = Yk, (A.19)

so that, with etL̃hψ(y) the mean of ψ at the time t ⩾ 0 of the modified dynamics from y, for every measurable
ψ of polynomial growth,

Ek
[
ψ(Ỹk(h))

]
=

(
ehL̃hψ

)
(Yk). (A.20)

The modified discrete Poisson solution ϕ̃h and the modified discrete Poisson equation it solves are

ϕ̃h := h

∞∑
j=0

ejhL̃h
(
f̃h − π̃h(f̃h)

)
, ϕ̃h − ehL̃h ϕ̃h = h

(
f̃h − π̃h(f̃h)

)
. (A.21)

The modified class involves U and f only, not the stochastic gradient. Under Assumptions 1 and 2 and
(A.17), [30, Lemma 2 and Corollary 1] give the convergence of the series in (A.21), and the bounds on the
modified bias π̃h(f̃h) − π(f) and on the derivatives of ϕ̃h∣∣π̃h(f̃h) − π(f)

∣∣ ⩽ CLh2, max
1⩽j⩽4

∥∇j ϕ̃h(x)∥ ⩽ CL, ∀x ∈ Rd. (A.22)

By (A.15), the differences f(Zk) − f̃h(Yk) are martingale differences, and, since f is L-Lipschitz,

Ek
[(
f(Zk) − f̃h(Yk)

)2]
⩽ Ek

[(
f(Zk) − f(Yk)

)2]
⩽ L2 Ek|Zk − Yk|2 =

dh

2
L2.

With f(Zk) = f̃h(Yk) + (f(Zk)− f̃h(Yk)) in (2.7), the Cauchy–Schwarz inequality, the orthogonality of these
martingale differences and the bound on the modified bias in (A.22) bound the MSE by the mean square of

the time average error 1
N

∑N−1
k=0 (f̃h(Yk) − π̃h(f̃h)) and a term of order 1

Nh + h4:

MSE(N,h) ⩽ 3E

[∣∣∣∣ 1

N

N−1∑
k=0

(
f̃h(Yk) − π̃h(f̃h)

)∣∣∣∣2
]

+ CL2
( 1

Nh
+ h4

)
. (A.23)

Telescoping ϕ̃h(Yk+1) − ϕ̃h(Yk) along the chain gives the time-averaged error formula

1

N

N−1∑
k=0

(
f̃h(Yk) − π̃h(f̃h)

)
=
ϕ̃h(Y0) − ϕ̃h(YN )

Nh
+

1

N

N−1∑
k=0

Υk +
1

N

N−1∑
k=0

Ψk, (A.24)

with the discretization term and the martingale difference

Υk :=
ϕ̃h(Yk+1) − ϕ̃h(Ỹk(h))

h
, Ψk :=

ϕ̃h(Ỹk(h)) − ϕ̃h(Yk)

h
+ f̃h(Yk) − π̃h(f̃h), (A.25)

where Υk and Ψk are Fk+1-measurable and EkΨk = 0 by (A.20) and (A.21). The conditional mean EkΥk is
the local weak error of one step of NC-SGLM against the modified dynamics (A.19), divided by h.
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A.3 Moments and invariant distribution

The terms of (A.24) are bounded through moments of the chain that are uniform in time. Lemma 1 bounds
these moments by a Lyapunov estimate on the step Yk+1−Yk = Dk+ζk, and gives the invariant distribution
µh in Theorem 3 by Harris’s ergodic theorem [12, Theorem 1.2], whose minorization is checked on the map
(A.27).

Lemma 1 Let Assumptions 1 and 3 hold, h ∈ (0, h0] and P ⩾ 2. Then the chain (Yk)k⩾0 of (NC-SGLM)
satisfies, with Ek of (A.1), for n = 1, . . . , 6 and every k ⩾ 0,

Ek|Yk+1|2n ⩽
(

1 − nm

16
h
)
|Yk|2n + Ch, (A.26)

and has a unique invariant distribution µh, with µh(|y|12) ⩽ C.

Proof of Lemma 1. First, we verify the Lyapunov estimate (A.26). The proof of [30, Lemma 3] for SGLM
uses only the conditional mean and the conditional moments of the step, here Yk+1−Yk = Dk+ζk by (A.11).
Since the noise factor Sh

(
ĈP (Yk; ξk)

)
is independent of χk given Fk, Ek[ζk] = 0. Hence

Ek[Yk+1 − Yk] = Ek[Dk] = −hEk[∇U(Zk)].

The bound x · ∇U(x) ⩾ m
4 |x|

2 − C of [30, Lemma 17] at x = Zk, the bound |∇U(Zk)| ⩽ M(1 + |Zk|),
Ek|Zk|2 = |Yk|2 + dh

2 and Young’s inequality give

Yk · Ek[∇U(Zk)] ⩾
m

8
|Yk|2 − C.

By (A.13), the conditional moments of the step satisfy

Ek|Yk+1 − Yk|q ⩽ Ch
q
2 + Chq

(
1 + |Yk|

)q
, 1 ⩽ q ⩽ 12.

With these bounds, the proof of [30, Lemma 3] gives (A.26).
Next, we verify the minorization required by Harris’s ergodic theorem. The minorization bounds the

transition kernel from every point of a level set {|y|2 ⩽ RW } from below by a constant times a fixed
probability measure, where RW := 64C/m > 2Ch/(m16h), with the constant C of (A.26) for n = 1, depends

only on m, M , R and d. Fix y with |y|2 ⩽ RW . From Y0 = y, since
√

2hχ0 = 2v − y at v = y
2 +

√
h/2χ0,

the step (NC-SGLM) reads

Y1 = Tξ0

(y
2

+

√
h

2
χ0

)
, Tξ(v) := 2v +

(
Sh

(
ĈP (y; ξ)

)
− Id

)
(2v − y) − h ĝP

(y
2

+ v; ξ
)
, v ∈ Rd, (A.27)

where Sh
(
ĈP (y; ξ)

)
does not depend on v. The minorization follows from the properties of Tξ0

, required for
ξ0 in an event of probability at least 1

2 , that Tξ0
is Lipschitz with constant 3 on the closed unit ball B and

that Tξ0(B) contains B. Let h0 also satisfy

72Mh0
(
1 +R

1
2

W

)
⩽ 1, 16h0M

2
(
1 +R

1
2

W

)2(
2 +R

1
2

W

)
⩽ 1. (A.28)

With Λ̄ of (A.5), we define the event

Ω0 :=

{
Λ̄
(y

2
; ξ0

)
⩽ 4M,

∣∣∣ĝP(y
2

; ξ0

)
−∇U

(y
2

)∣∣∣ ⩽ 4M
(
1 +R

1
2

W

)
, ∥ĈP (y; ξ0)∥ ⩽

4M2(1 +R
1
2

W )2

P − 1

}
.

Since |y| ⩽ R
1/2
W , the bounds (A.6), (A.4) at x = y

2 and (A.9) with r = 1 give

P(Ωc0) ⩽
Eξ0

[
Λ̄(y2 ; ξ0)2

]
16M2

+
Eξ0

[
|ĝP (y2 ; ξ0) −∇U(y2 )|2

]
16M2(1 +R

1
2

W )2
+

(P − 1)Eξ0

[
∥ĈP (y; ξ0)∥

]
4M2(1 +R

1
2

W )2

⩽
1

16
+

1

16P
+

1

4
<

1

2
.
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On Ω0, for v, v′ ∈ B, the definition of Λ̄, |∇U(y2 )| ⩽M(1 +R
1/2
W ), (A.10) and (A.28) give

h
∣∣∣ĝP(y

2
+ v; ξ0

)
− ĝP

(y
2

+ v′; ξ0

)∣∣∣ ⩽ 4Mh |v − v′| ⩽ 1

8
|v − v′|,

h
∣∣∣ĝP(y

2
+ v; ξ0

)∣∣∣ ⩽ 9Mh
(
1 +R

1
2

W

)
⩽

1

8
,∥∥∥Sh(ĈP (y; ξ0)

)
− Id

∥∥∥ |2v − y| ⩽ 2hM2
(
1 +R

1
2

W

)2(
2 +R

1
2

W

)
⩽

1

8
,∥∥∥Sh(ĈP (y; ξ0)

)
− Id

∥∥∥ ⩽ 2hM2
(
1 +R

1
2

W

)2
⩽

1

16
.

Hence Tξ0
is Lipschitz with constant 2 + 1

8 + 1
8 ⩽ 3 on B, and for w ∈ B the map

v 7→ 1

2

(
w −

(
Sh

(
ĈP (y; ξ0)

)
− Id

)
(2v − y) + h ĝP

(y
2

+ v; ξ0

))
sends B into the ball of radius 1

2 (1 + 1
8 + 1

8 ) = 5
8 and is Lipschitz with constant 1

2 ( 1
8 + 1

8 ) = 1
8 on B; its fixed

point v ∈ B solves Tξ0
(v) = w, so B ⊂ Tξ0

(B). For a Borel set Γ ⊂ Rd, the inclusion Γ∩B ⊂ Tξ0
(T −1

ξ0
(Γ)∩B)

and the Lipschitz bound give, on Ω0, with Leb the Lebesgue measure,

Leb(Γ ∩ B) ⩽ 3d Leb
(
T −1
ξ0

(Γ) ∩ B
)
.

Since y
2 +

√
h/2χ0 ∼ N (y2 ,

h
2 Id) is independent of ξ0 and its density on B is at least a constant βh > 0

depending only on h, d and RW , (A.27) gives, for Y0 = y,

P
(
Y1 ∈ Γ

)
⩾ P(Ω0)

βh
3d

Leb(Γ ∩ B) ⩾
βh

2 · 3d
Leb(Γ ∩ B),

the minorization with the uniform distribution on B.
Finally, Harris’s ergodic theorem gives the unique invariant distribution µh, and the law of Yk from

Y0 = 0 converges to µh in total variation. Since E|Yk|12 ⩽ C by (A.26) for n = 6, Fatou’s lemma gives
µh(|y|12) ⩽ lim infk→∞ E|Yk|12 ⩽ C. □

A.4 Local weak error

The batch noise ĝP (Zk; ξk)−∇U(Zk) in Dk of (A.11) contributes to the local weak error a term of order h2

linear in C/P , the noise correction cancels this term, and Lemma 2 bounds the remaining local weak error
by Ch3. For a tensor T of order j and vectors v1, . . . , vi with i ⩽ j, T [v1, . . . , vi] is the tensor of order j − i
obtained by contracting T with v1, . . . , vi.

Lemma 2 Let Assumptions 1 and 3 hold, h ∈ (0, h0] and P ⩾ 2, and let G ∈ C4(Rd) have bounded
derivatives of orders 1 to 4. Then the chain (Yk)k⩾0 of (NC-SGLM) and Ỹk of (A.19) satisfy, with Ek of
(A.1), for every k ⩾ 0,

∣∣∣Ek[G(Yk+1) −G(Ỹk(h))
]∣∣∣ ⩽ Ch3

4∑
j=1

∥∇jG∥∞
(
1 + |Yk|

)6
. (A.29)

Proof of Lemma 2. By (A.11), the step reads Yk+1 = Yk +Dk + ζk, so that

Ek
[
G(Yk+1) −G(Ỹk(h))

]
= Ek

[
G(Yk +Dk) −G(Ỹk(h))

]
+ Ek

[
G(Yk +Dk + ζk) −G(Yk +Dk)

]
, (A.30)

where the two terms are the effects of the SGLM displacement Dk and of the noise correction ζk, respectively.
We show that the step of (SGLM) satisfies

∣∣∣Ek[G(Yk +Dk) −G(Ỹk(h))
]
− h2

2P
∇2G(Yk) : Ek

[
C(Zk)

]∣∣∣ ⩽ Ch3
4∑
j=1

∥∇jG∥∞
(
1 + |Yk|

)6
, (A.31)
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that the contribution of the noise correction satisfies∣∣∣Ek[G(Yk +Dk + ζk) −G(Yk +Dk)
]

+
h2

2P
∇2G(Yk) : C(Yk)

∣∣∣ ⩽ Ch3
4∑
j=2

∥∇jG∥∞
(
1 + |Yk|

)5
, (A.32)

and that the sum of the terms of order h2 in (A.31) and (A.32) satisfies

h2

2P

∣∣∣∇2G(Yk) :
(
Ek[C(Zk)] − C(Yk)

)∣∣∣ ⩽ Ch3∥∇2G∥∞
(
1 + |Yk|

)2
. (A.33)

Inserting (A.31)–(A.33) into (A.30) gives (A.29).
For (A.31), the state Yk+Dk differs from the state Yk+

√
2hχk−h∇U(Zk) after a step of LM from Yk by

−h times the batch noise ĝP (Zk; ξk)−∇U(Zk). Given Fk and (Bkh+s −Bkh)0⩽s⩽h, which determine Ỹk(h)
and the state after the step of LM and are independent of ξk, the batch noise has mean 0 and covariance
C(Zk)/P by (2.4), and its moment of order 3 is at most C(1 + |Zk|)3 by (A.2). With these properties of
the batch noise, the proof of [30, Lemma 7] gives (A.31), with (A.8) in place of the bound on the covariance
uniform in x assumed there.

For (A.32), Taylor’s formula for G about Yk +Dk and for ∇G about Yk gives

G(Yk +Dk + ζk) −G(Yk +Dk) = ∇G(Yk +Dk) · ζk + ϱζk2 ,

∇G(Yk +Dk) = ∇G(Yk) + ∇2G(Yk)[Dk] +
1

2
∇3G(Yk)[Dk, Dk] + ϱDk

3 ,
(A.34)

with |ϱζk2 | ⩽ 1
2∥∇

2G∥∞|ζk|2 and |ϱDk
3 | ⩽ 1

6∥∇
4G∥∞|Dk|3. Inserting ∇G(Yk + Dk) in (A.34) into ∇G(Yk +

Dk) · ζk gives the high-order expansion

G(Yk+Dk+ζk)−G(Yk+Dk) = ∇G(Yk)·ζk+∇2G(Yk)[Dk, ζk]+
1

2
∇3G(Yk)[Dk, Dk, ζk]+ϱDk

3 ·ζk+ϱζk2 . (A.35)

The moments (A.13) of ζk, with the bound Ch3(1 + |Yk|)4 for q = 2, and of Dk, with q = 6, and the
Cauchy–Schwarz inequality give

Ek|ϱζk2 | + Ek
∣∣ϱDk

3 · ζk
∣∣ ⩽ Ch3

(
∥∇2G∥∞ + ∥∇4G∥∞

)(
1 + |Yk|

)5
. (A.36)

The noise correction ζk is linear in χk, and its coefficient
√

2h
(
Sh(ĈP (Yk; ξk)) − Id

)
and ĝP (Yk; ξk) are

independent of χk given Fk. Hence

Ek
[
∇G(Yk) · ζk

]
= 0, Ek

[
∇2G(Yk)[ĝP (Yk; ξk), ζk]

]
= 0. (A.37)

In the term ∇2G(Yk)[Dk, ζk] of (A.35), (A.11) gives

Dk =
√

2hχk − h ĝP (Yk; ξk) − h
(
ĝP (Zk; ξk) − ĝP (Yk; ξk)

)
. (A.38)

The part
√

2hχk of (A.38) gives, by E[χ⊗2
k ] = Id,

√
2hEk

[
∇2G(Yk)[χk, ζk]

]
= 2h∇2G(Yk) : Ek

[
Sh

(
ĈP (Yk; ξk)

)
− Id

]
, (A.39)

and (A.10), the mean in (2.5) and (A.9) with r = 2 give∣∣∣∣2h∇2G(Yk) : Ek
[
Sh

(
ĈP (Yk; ξk)

)
− Id

]
+
h2

2P
∇2G(Yk) : C(Yk)

∣∣∣∣ ⩽ Ch3∥∇2G∥∞
(
1 + |Yk|

)4
, (A.40)

which gives the term of order h2 in (A.32). The part −h ĝP (Yk; ξk) gives a term of mean 0 by (A.37). For
the part −h (ĝP (Zk; ξk) − ĝP (Yk; ξk)), (A.7) with Zk − Yk =

√
h/2χk, (A.12) and Hölder’s inequality with

(A.6), (A.2) and (A.9) give

h
∣∣∣Ek[∇2G(Yk)

[
ĝP (Zk; ξk) − ĝP (Yk; ξk), ζk

]]∣∣∣
⩽
h3

2
∥∇2G∥∞ Ek

[(
Λ̄(Yk; ξk) +M + |ĝP (Zk; ξk) −∇U(Zk)| + |ĝP (Yk; ξk) −∇U(Yk)|

)
× ∥ĈP (Yk; ξk)∥ |χk|2

]
⩽ Ch3∥∇2G∥∞

(
1 + |Yk|

)3
.

(A.41)
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In the term 1
2∇

3G(Yk)[Dk, Dk, ζk] of (A.35), the part with
√

2hχk in both factors Dk is a cubic form in
χk with coefficients independent of χk given Fk, whose conditional expectation vanishes. The other parts
contain the factor h ĝP (Zk; ξk), whose moments given χk are bounded by (A.2) at x = Zk, and Hölder’s
inequality with (A.13) gives

1

2

∣∣∣Ek[∇3G(Yk)[Dk, Dk, ζk]
]∣∣∣ ⩽ Ch3∥∇3G∥∞

(
1 + |Yk|

)4
. (A.42)

Inserting (A.36)–(A.42) into (A.35) gives (A.32).

For (A.33), Zk − Yk =
√
h/2χk with χk independent of Fk, so Ek[C(Zk)] = (e

h
4 ∆C)(Yk), with the heat

semigroup et∆ acting entrywise. By (A.8), et∆C → C as t → 0, and by (3.5), ∂t e
t∆C = et∆∆C for t > 0, so

that, with χ ∼ N (0, Id) and h ⩽ 1,

∥∥Ek[C(Zk)]−C(Yk)
∥∥ ⩽

∫ h/4

0

∥∥(et∆∆C)(Yk)
∥∥dt ⩽M

∫ h/4

0

E
(
1+ |Yk|+

√
2t |χ|

)2
dt ⩽ Ch

(
1+ |Yk|

)2
, (A.43)

which gives (A.33). □

A.5 Proof of Theorem 1

Proof of Theorem 1. Let h ∈ (0, h0], P ⩾ 2 and N ⩾ 1. Taking expectations in (A.26) with n = 6 and
iterating over k gives

E|Yk|12 ⩽ C
(
1 + |Y0|

)12
, k ⩾ 0, (A.44)

and (A.13) and the bound Ek|Ỹk(h) − Yk|2 ⩽ Ch(1 + |Yk|)2 in [30, Lemma 18] give

E|Yk+1 − Yk|2 + E|Ỹk(h) − Yk|2 ⩽ Ch
(
1 + |Y0|

)2
. (A.45)

Let first Nh ⩾ 1. By (A.24) and the Cauchy–Schwarz inequality, the mean square of the time average
error is at most

3

N2h2
E
∣∣ϕ̃h(Y0) − ϕ̃h(YN )

∣∣2 +
3

N2
E
∣∣∣∣N−1∑
k=0

Υk

∣∣∣∣2 +
3

N2
E
∣∣∣∣N−1∑
k=0

Ψk

∣∣∣∣2, (A.46)

the sum of the boundary term, the discretization term and the martingale term. By the Lipschitz bound on
ϕ̃h in (A.22) and (A.44), the boundary term satisfies

3

N2h2
E
∣∣ϕ̃h(Y0) − ϕ̃h(YN )

∣∣2 ⩽
CL2

(Nh)2
(
1 + |Y0|

)2
⩽
CL2

Nh

(
1 + |Y0|

)2
.

In the discretization term, Υk is split into its conditional mean EkΥk and the fluctuation Υk − EkΥk. By
(A.25), Lemma 2 with G = ϕ̃h and (A.22) give

|EkΥk| ⩽ CLh2
(
1 + |Yk|

)6
,

and Jensen’s inequality and (A.44) give

1

N2
E
∣∣∣∣N−1∑
k=0

EkΥk

∣∣∣∣2 ⩽ CL2
(
1 + |Y0|

)12
h4.

Since EkΨk = 0 and Ψk−h−1
(
ϕ̃h(Ỹk(h))− ϕ̃h(Yk)

)
is Fk-measurable, the Lipschitz bound on ϕ̃h and (A.45)

give, for the martingale differences Ψk and Υk − EkΥk,

E|Ψk|2 + E
∣∣Υk − EkΥk

∣∣2 ⩽
1

h2
E
∣∣ϕ̃h(Ỹk(h)) − ϕ̃h(Yk)

∣∣2 + E|Υk|2 ⩽
CL2

h

(
1 + |Y0|

)2
,
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and their orthogonality bounds the martingale term and the fluctuation by

3

N2
E
∣∣∣∣N−1∑
k=0

Ψk

∣∣∣∣2 +
1

N2
E
∣∣∣∣N−1∑
k=0

(
Υk − EkΥk

)∣∣∣∣2 ⩽
CL2

Nh

(
1 + |Y0|

)2
.

Adding these bounds proves (3.6) for Nh ⩾ 1. For Nh < 1, |f(x) − π(f)| ⩽ CL(1 + |x|) by Assumption 2
and the moments of π [30, Lemma 17], and E|Zk|2 ⩽ C(1 + |Y0|)2, so that

MSE(N,h) ⩽ CL2
(
1 + |Y0|

)2
⩽
CL2

Nh

(
1 + |Y0|

)2
.

□

B Proof of Theorem 2: uniform-in-time weak error

Recall that (Y0(t))t⩾0 is the solution of the overdamped Langevin dynamics (2.1) with Y0(0) = Y0. For t ⩾ 0
and a measurable function F of polynomial growth, the semigroup etL satisfies

(etLF )(y) = E
[
F (Y0(t))

]
, Y0 = y. (B.1)

The proof of Theorem 2 splits the weak error E[f(Zn)] − E[f(Y0(nh))] into two differences.

• The first difference is E[f̃h(Yn)]−(enhL̃h f̃h)(Y0) between NC-SGLM and the modified dynamics (A.19).
It sums the local weak errors of Lemma 2 and is of order h2 uniformly in time.

• The second difference is (enhL̃h f̃h)(Y0) − (enhLf)(Y0) between the modified dynamics and the over-
damped Langevin dynamics. By Lemma 3, it is the modified bias of order h2 plus a term of order h
that decays exponentially in nh.

Appendix B.1 proves the ergodicity estimate of Lemma 3, Appendix B.2 proves Theorem 2, and Appendix B.3
shows by an example that the term of first order in (3.7) cannot be removed.

B.1 Ergodicity estimate for functions of quadratic growth

For a function F of quadratic growth, Lemma 3 bounds (etLF )(y) − π(F ) that decays exponentially in t.
Appendix B.2 applies the lemma to f̃h− f and to Fs of (B.21), whose quadratic growth carries the factor h.

Lemma 3 Let Assumption 1 hold. There are C and λ1 > 0, depending only on m, M , R and d, such that
for every K ⩾ 0 and every measurable F with |F (x)| ⩽ K(1 + |x|2) for x ∈ Rd,∣∣(etLF )(y) − π(F )

∣∣ ⩽ CKe−λ1t
(
1 + |y|2

)
, t ⩾ 0, y ∈ Rd. (B.2)

Proof of Lemma 3. Let (Y0(t))t⩾0 be the solution of the overdamped Langevin dynamics (2.1) with Y0(0) = y.
Itô’s formula gives the drift condition [12, Assumption 1], E|Y0(t)|2 ⩽ e−

m
2 t |y|2 +C0 for t ⩾ 0, with C0 > 0

depending only on m, M , R and d.
We verify the minorization [12, Assumption 2] on the level set {|y| ⩽ R0}, where R0 is defined by

R2
0 :=

4C0

1 − e−m/2
. (B.3)

With the Brownian motion (Bt)t⩾0 of (2.1), fix R1 > 0, depending only on d, such that

P
(

2
√

2 sup
0⩽t⩽1

|Bt| ⩾ R1

)
⩽

1

2
. (B.4)

We define the events Ω and, for a Borel set Γ ⊂ Rd, ΩΓ ⊂ Ω by

Ω :=
{

sup
0⩽s⩽1

|y +
√

2Bs| ⩽ R0 +R1

}
, ΩΓ :=

{
y +

√
2B1 ∈ Γ

}
∩ Ω.
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Since ∇U is bounded on the ball {|x| ⩽ R0 +R1}, Girsanov’s theorem up to the exit time from this ball and
Itô’s formula for U(y +

√
2Bs) give

P
(
Y0(1) ∈ Γ

)
⩾ P

(
Y0(1) ∈ Γ, sup

0⩽s⩽1
|Y0(s)| ⩽ R0 +R1

)
= E

[
1ΩΓ

exp

(
U(y) − U(y +

√
2B1)

2
−

∫ 1

0

(1

4

∣∣∇U(y +
√

2Bs)
∣∣2 − 1

2
∆U(y +

√
2Bs)

)
ds

)]
.

(B.5)

Since y +
√

2B1 has the law N (y, 2Id), the lower bound (B.5) gives

P
(
Y0(1) ∈ Γ

)
⩾ (4π)−

d
2

∫
Γ

exp

(
U(y) − U(z)

2
− |z − y|2

4

)
× E

[
1Ω exp

(
−
∫ 1

0

(1

4

∣∣∇U(y +
√

2Bs)
∣∣2 − 1

2
∆U(y +

√
2Bs)

)
ds

) ∣∣∣∣ y +
√

2B1 = z

]
dz.

(B.6)

Since the integrand in (B.6) is nonnegative, we restrict the integral to z ∈ Γ with |z| ⩽ R0, the radius of the
level set. For y in the level set and such z, given y +

√
2B1 = z,

sup
0⩽s⩽1

∣∣y +
√

2Bs
∣∣ = sup

0⩽s⩽1

∣∣y + s(z − y) +
√

2 (Bs − sB1)
∣∣ ⩽ R0 +

√
2 sup
0⩽s⩽1

|Bs − sB1|,

where (Bs− sB1)0⩽s⩽1 is independent of B1 and
√

2 sup0⩽s⩽1 |Bs− sB1| ⩽ 2
√

2 sup0⩽t⩽1 |Bt|. Hence (B.4),
(3.2) and |z − y| ⩽ 2R0 give

P
(
Ω
∣∣ y +

√
2B1 = z

)
⩾

1

2
,

U(y) − U(z)

2
− |z − y|2

4
⩾ −C(1 +R0)2,

1

4
|∇U(x)|2 − 1

2
∆U(x) ⩽ C(1 +R0 +R1)2, |x| ⩽ R0 +R1.

(B.7)

Inserting (B.7) into (B.6) gives a constant α1 > 0, depending only on m, M , R and d, such that for |y| ⩽ R0

and every Borel set Γ ⊂ Rd,
P
(
Y0(1) ∈ Γ

)
⩾ α1 Leb

(
Γ ∩ {|z| ⩽ R0}

)
. (B.8)

Hence, for |y| ⩽ R0, the law of Y0(1) is at least α times the uniform distribution on {|z| ⩽ R0}, with

α := min
{1

2
, α1 Leb

(
{|z| ⩽ R0}

)}
. (B.9)

Finally, Harris’s ergodic theorem in the form of [12, Theorem 1.3] applies to the Markov chain (Y0(n))n⩾0

with the Lyapunov function |x|2, the drift condition at t = 1 and the minorization (B.8) with α of (B.9),
since R2

0 > 2C0/(1 − e−m/2) by (B.3). The theorem gives β̄ > 0 and ᾱ ∈ (0, 1), depending only on m, M , R
and d through e−m/2, C0, R0 and α, such that each step of this chain contracts the total variation distance
weighted by 1 + β̄|x|2 by the factor ᾱ. Since π is invariant under (2.1), the contraction, applied n times to
the point mass at y and to π, gives, for every measurable ψ with |ψ(x)| ⩽ 1 + β̄|x|2 for x ∈ Rd,∣∣(enLψ)(y) − π(ψ)

∣∣ ⩽ ᾱn
(
2 + β̄|y|2 + β̄ π(|x|2)

)
, n ⩾ 0. (B.10)

By [30, Lemma 17],
π(|x|2) ⩽ C. (B.11)

Since |F (x)| ⩽ K max{1, β̄−1}(1 + β̄|x|2) for x ∈ Rd, (B.10) gives∣∣(enLF )(y) − π(F )
∣∣ ⩽ CKᾱn

(
1 + |y|2

)
, n ⩾ 0. (B.12)

For t ⩾ 0, the drift condition gives∣∣(e(t−⌊t⌋)LF )(x)
∣∣ ⩽ (1 + C0)K

(
1 + |x|2

)
, x ∈ Rd,

and the invariance of π gives π(e(t−⌊t⌋)LF ) = π(F ). Hence (B.12) with n = ⌊t⌋, applied with e(t−⌊t⌋)LF and
(1 + C0)K in place of F and K, gives (B.2) with λ1 = | log ᾱ|. □
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B.2 Proof of Theorem 2

Proof of Theorem 2. Let h ∈ (0, h0], P ⩾ 2, n ⩾ 0 and Y0 ∈ Rd. The modified test function f̃h of
(A.14) satisfies Assumption 2 with the same L, and, by (A.17), the modified potential Ũh of (A.16) satisfies
Assumption 1 up to the order 5 with 2M and m

2 in place of M and m. Since the proof of [30, Theorem 1]
uses Assumption 1 up to the order 5 only [30, Section 4.2], that theorem applies to U and f and, with
constants independent of h, to Ũh and f̃h. With L̃h and π̃h of (A.18), the theorem gives λ0 > 0, depending
only on m, M , R and d, such that for s ⩾ 0 and x ∈ Rd,

max
1⩽j⩽4

∥∥∇j(esL̃h f̃h)(x)
∥∥ ⩽ CLe−λ0s. (B.13)

The bound (B.13) with j = 1 and the moment bounds of π̃h and π in [30, Lemma 17] give∣∣(esL̃h f̃h)(x) − π̃h(f̃h)
∣∣ +

∣∣(esLf)(x) − π(f)
∣∣ ⩽ CL(1 + |x|) e−λ0s. (B.14)

By (A.15) and (B.1), the weak error splits as

E[f(Zn)] − E[f(Y0(nh))] = E[f̃h(Yn)] − (enhL̃h f̃h)(Y0)︸ ︷︷ ︸
D(1)

n,h

+ (enhL̃h f̃h)(Y0) − (enhLf)(Y0)︸ ︷︷ ︸
D(2)

n,h

. (B.15)

For D(1)
n,h, telescoping over the steps and (A.20) give, with Ek of (A.1) and Ỹk of (A.19),

D(1)
n,h =

n−1∑
k=0

E
[
(e(n−k−1)hL̃h f̃h)(Yk+1) − (e(n−k)hL̃h f̃h)(Yk)

]
=

n−1∑
k=0

E
[
Ek

[
(e(n−k−1)hL̃h f̃h)(Yk+1) − (e(n−k−1)hL̃h f̃h)(Ỹk(h))

]]
.

(B.16)

Taking expectations in (A.26) for the moment of order 6 and iterating over k gives

E
(
1 + |Yk|

)6
⩽ C

(
1 + e−

3m
16 kh|Y0|6

)
, k ⩾ 0. (B.17)

With λ1 of Lemma 3, we take in (3.7)

λ =
1

2
min

{
λ0, λ1,

3m

16

}
. (B.18)

Let h0 also satisfy λ0h0 ⩽ 1, so that

n−1∑
k=0

e−λ0(n−k−1)h ⩽
2

λ0h
,

n−1∑
k=0

e−λ0(n−k−1)h− 3m
16 kh ⩽ n e−2λ(n−1)h ⩽ Cne−2λnh. (B.19)

By (B.13), (B.17), (B.19) and Lemma 2 with G = e(n−k−1)hL̃h f̃h in (B.16), D(1)
n,h satisfies

∣∣D(1)
n,h

∣∣ ⩽ CLh3
n−1∑
k=0

e−λ0(n−k−1)h
(

1 + e−
3m
16 kh|Y0|6

)
⩽ CLh2 + CLh2 nh e−2λnh |Y0|6. (B.20)

For D(2)
n,h, let Fs be the difference of the generators L̃h and L applied to esL̃h f̃h,

Fs :=
(
∇U −∇Ũh

)
· ∇esL̃h f̃h =

(
L̃h − L

)
esL̃h f̃h, s ⩾ 0. (B.21)

The bound |∇Ũh(x) −∇U(x)| ⩽ Ch(1 + |x|) of [30, Lemma 1], (B.13) and (B.11) give

|Fs(x)| ⩽ CLh e−λ0s(1 + |x|), |π(Fs)| ⩽ CLh e−λ0s, s ⩾ 0, x ∈ Rd. (B.22)
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For t ⩾ 0 and s ∈ [0, t], the semigroup of the modified dynamics satisfies

∂se
(t−s)L̃h f̃h = −L̃he(t−s)L̃h f̃h,

so that Itô’s formula and (B.21) give

d
(
e(t−s)L̃h f̃h

)(
Y0(s)

)
= −Ft−s

(
Y0(s)

)
ds+

√
2∇

(
e(t−s)L̃h f̃h

)(
Y0(s)

)
· dBs.

The stochastic integral has mean 0, since ∇e(t−s)L̃h f̃h is bounded by (B.13). We integrate over s ∈ [0, t],
take expectations with (B.1), substitute s 7→ t− s and add

(
etL(f̃h − f)

)
(Y0) to both sides:

(etL̃h f̃h)(Y0) − (etLf)(Y0) =
(
etL(f̃h − f)

)
(Y0) +

∫ t

0

(e(t−s)LFs)(Y0) ds. (B.23)

Taylor’s formula for f to the order 1 in (A.14) and Eχ = 0 give |f̃h(x) − f(x)| ⩽ dLh
4 for x ∈ Rd. Lemma 3,

applied in (B.23) to f̃h− f with K = dLh
4 and to Fs with K = CLh e−λ0s by (B.22), gives, with λ of (B.18),∣∣∣∣(etL̃h f̃h)(Y0) − (etLf)(Y0) − π
(
f̃h − f

)
−

∫ t

0

π(Fs) ds

∣∣∣∣ ⩽ CLh (1 + t) e−2λt
(
1 + |Y0|2

)
. (B.24)

As t→ ∞, (B.14) turns (B.24) into

π
(
f̃h − f

)
+

∫ ∞

0

π(Fs) ds = π̃h(f̃h) − π(f). (B.25)

At t = nh, (B.25) turns (B.24) into∣∣∣∣D(2)
n,h −

(
π̃h(f̃h) − π(f)

)
+

∫ ∞

nh

π(Fs) ds

∣∣∣∣ ⩽ CLh (1 + nh) e−2λnh
(
1 + |Y0|2

)
.

The bound on the modified bias in (A.22) and the bound on π(Fs) in (B.22) then give∣∣D(2)
n,h

∣∣ ⩽ CLh2 + CLh (1 + nh) e−2λnh
(
1 + |Y0|2

)
. (B.26)

Inserting (B.20) and (B.26) into (B.15) gives (3.7). □

B.3 Necessity of the term of first order

The following example shows that the term of first order in h in (3.7) is necessary. Let d = 1, U(x) = x2/2,
g = ∇U and f(x) = x, which satisfy the assumptions of Theorem 2 with m = M = L = 1 and R = 0. Then
(NC-SGLM) is (LM) for every noise corrector satisfying the polynomial bound, as noted after (3.9). Hence
LM gives E[Zn] = (1 − h)nY0, while E[Y0(nh)] = e−nhY0. Since, uniformly in n,

(1 − h)n − e−nh = −h
2
nh e−nh + O(h2),

the weak error at the time nh = 1, that is, for h = 1/n, is

E[Zn] − E[Y0(nh)] = − h

2e
Y0 + O

(
h2|Y0|

)
.

Hence, for Y0 ̸= 0, the weak error at the time nh = 1 is of first order in h. Since (B.20) bounds |D(1)
n,h| by

Ch2(1 + |Y0|)6 at nh = 1, this term of first order comes from D(2)
n,h.
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C Proof of Theorem 3: numerical bias estimate

The proof of Theorem 3 compares NC-SGLM with the full gradient LM,

Zk = Yk +

√
h

2
χk, Yk+1 = Yk − h∇U(Zk) +

√
2hχk. (LM)

Since the full gradient satisfies Assumption 3 and NC-SGLM with g = ∇U is (LM), Lemmas 1 and 2
apply to (LM). The bias of NC-SGLM splits into the bias πLM

h (f) − π(f) from LM and the difference
πh(f)−πLM

h (f) from stochastic gradients. Appendices C.1 and C.2 give the transition density, the exponential
ergodicity and the semigroup estimates of LM, Appendix C.3 compares a step of NC-SGLM with a step of
LM, Appendix C.4 constructs the midpoint distribution νh, and Appendix C.5 combines these results into
Theorem 3. Throughout this appendix, the noise corrector Sh satisfies the polynomial bound (2.6), and h0
also satisfies h0M ⩽ 1

4 , h0M
2 ⩽ m

8 and the conditions stated in the proofs below.
The midpoint distribution νh plays the role of the modified target π̃h in [30, Section 4.2], but it is built on

the midpoint potential Vh of (C.6) rather than on the modified potential, and it must meet two requirements.
First, νh must satisfy

νh(f̃h) − π(f) = O(Lh3)

for the modified test function f̃h = e
h
4 ∆f of (A.14). Then, for the invariant distribution µh of the chain

(Yk)k⩾0 of (LM), (3.1) and this requirement give the bias of LM:

πLM
h (f) − π(f) = µh(f̃h) − π(f) = µh(f̃h) − νh(f̃h) + O(Lh3).

Formally, this requirement amounts to the expansion

νh = π − h

4
∆π +

h2

32
∆2π + O(h3). (C.1)

Second, the change of νh under one step of LM must have an explicit term of order h3, which, divided by the
step size h, gives the coefficient 1

24 π(∇3ϕ0 : ∇3U) of h2 in (3.8). The construction of νh in Appendix C.4 is
therefore the core of the proof.

C.1 Markov transition density of LM

This subsection defines the one-step operators of NC-SGLM and LM, derives the transition density of LM
by a change of variables in the Gaussian vector of one step, and bounds the midpoint potential that appears
in this density.

With the full gradient in place of the batch gradient, the SGLM displacement D0 of (A.11) becomes the
LM step D0. For an initial state Y0 independent of χ0 and ξ0, with Z0 = Y0 +

√
h/2χ0 of (LM), and a

measurable function G on Rd of polynomial growth, the LM step and the one-step operators are

D0 :=
√

2hχ0 − h∇U(Z0), (PhG)(y) := E
[
G(Y1)

]
, (PhG)(y) := E

[
G(Y0 +D0)

]
, Y0 = y, (C.2)

where Y1 is the state after one step of (NC-SGLM) from Y0. For a probability measure µ on Rd, P∗
hµ and

P∗
hµ denote the laws of Y1 and of Y0 + D0 for Y0 ∼ µ. For n ⩾ 0, P∗

nh denotes the transition of LM on

probability measures over the time nh: P∗
nhµ is the law after n steps of LM from Y0 ∼ µ. The transition

density P∗
h(y, ·) of LM is the law of the state y + D0 after the LM step from the initial state Y0 = y, and,

for a probability density ν on Rd,

(P∗
hν)(x) =

∫
Rd

ν(y)P∗
h(y, x) dy, x ∈ Rd. (C.3)

By Lemma 1 with g = ∇U , µh is the unique invariant distribution of P∗
h and satisfies µh(|y|12) ⩽ C. By

(3.1), the numerical invariant distribution πh := πLM
h of LM in (3.10) is πh = µh ∗ N (0, h2 Id).
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In this appendix, D0, µh, πh and Ph without a bar are defined for (NC-SGLM), and D0, µh, πh and Ph
with a bar are defined for (LM). In particular, we use πh instead of πLM

h in the proofs for consistency of
notation. Since |∇U(Z0)| ⩽M(1 + |Y0| + |χ0|) for h ⩽ 1, the LM step satisfies

|D0| ⩽
√

2h |χ0| + hM
(
1 + |Y0| + |χ0|

)
. (C.4)

In terms of Z0, the state after the LM step is

Y0 +D0 = 2
(
Z0 −

h

2
∇U(Z0)

)
− Y0. (C.5)

Since h
2M ⩽ 1

8 , the map w 7→ x + h
2 ∇U(w) is a contraction of Rd for every x ∈ Rd, with a unique fixed

point. Next we formally define the midpoint map and the midpoint potential.

The midpoint map wh and the midpoint potential Vh are

wh(x) − h

2
∇U

(
wh(x)

)
= x, Vh(x) := U

(
wh(x)

)
− h

4

∣∣∇U(
wh(x)

)∣∣2, x ∈ Rd. (C.6)

Hence wh is the inverse of the map w 7→ w− h
2 ∇U(w), a diffeomorphism of Rd whose Jacobian satisfies

9

8
Id ⪰ Id −

h

2
∇2U(w) ⪰ 7

8
Id, w ∈ Rd. (C.7)

Differentiating (C.6) gives

∇wh(x) =
(
Id −

h

2
∇2U

(
wh(x)

))−1

, ∇Vh(x) = ∇U
(
wh(x)

)
,

∇2Vh(x) = ∇2U
(
wh(x)

)(
Id −

h

2
∇2U

(
wh(x)

))−1

, Id +
h

2
∇2Vh(x) =

(
Id −

h

2
∇2U

(
wh(x)

))−1

.

(C.8)

By (C.8) and (C.7) at w = wh(x),

8

7
Id ⪰ ∇wh(x) = Id +

h

2
∇2Vh(x) ⪰ 8

9
Id, x ∈ Rd. (C.9)

The midpoint map wh and the midpoint potential Vh allow an explicit expression for the transition
density P∗

h(y, y′) of LM. By (C.6), the map w 7→ 2(w − h
2 ∇U(w)) − y in (C.5) with the initial state Y0 = y

sends w to y′ if and only if w = wh(y+y
′

2 ), and its Jacobian determinant is 2d det(Id− h
2 ∇2U(w)). By (C.8),

wh

(y + y′

2

)
− y =

1

2
(y′ − y) +

h

2
∇Vh

(y + y′

2

)
, y, y′ ∈ Rd. (C.10)

For the initial state Y0 = y and the state y′ = y + D0 after the LM step, the map in (C.5) sends Z0 =

y +
√
h/2χ0 to y′, so that wh(y+y

′

2 ) = Z0 and (C.10) gives

y′ = y − h∇Vh
(y + y′

2

)
+

√
2hχ0, (C.11)

that is, the LM step is a midpoint step with the midpoint potential Vh. The change of variables from w to
y′ in the law N (y, h2 Id) of Z0, together with (C.8) and (C.10), gives the transition density of LM:

P∗
h(y, y′) = Λh

(y + y′

2

)
(4πh)−

d
2 exp

(
−|y′ − y|2

4h
− 1

2
(y′ − y) · ∇Vh

(y + y′

2

))
, y, y′ ∈ Rd, (C.12)

where Λh(x) is defined as

Λh(x) := det
(
Id +

h

2
∇2Vh(x)

)
exp

(
−h

4
|∇Vh(x)|2

)
, x ∈ Rd. (C.13)

Lemma 4 below gives the estimates of Vh used to bound the transition density (C.12).
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Lemma 4 Let Assumption 1 hold and h ∈ (0, h0]. The midpoint potential Vh of (C.6) satisfies, for x ∈ Rd,

max
2⩽i⩽8

∥∇iVh(x)∥ ⩽ C, |∇Vh(x)| ⩽ C(1 + |x|), Vh(x) − U(0) ⩾
m

64
|x|2 − C,

max
1⩽i⩽7

∥∇iVh(x) −∇iU(x)∥ ⩽ Ch(1 + |x|),
(C.14)

the error of the midpoint rule for the line integral Vh(y′) − Vh(y) of ∇Vh satisfies, for y, y′ ∈ Rd,∣∣∣Vh(y′) − Vh(y) − (y′ − y) · ∇Vh
(y + y′

2

)∣∣∣ ⩽ C|y′ − y|3, (C.15)

and Vh satisfies, with all functions evaluated at x ∈ Rd,∣∣∣Vh − U − h

4
|∇U |2 − h2

8
∇2U [∇U,∇U ]

∣∣∣ + h
∣∣∣∆Vh − ∆U − h

4
∆|∇U |2

∣∣∣
+ h2

∣∣∣∇2Vh : ∇2Vh +
1

2
∆2Vh −∇2U : ∇2U − 1

2
∆2U

∣∣∣ ⩽ Ch3(1 + |x|)4.
(C.16)

Proof of Lemma 4. To prove (C.14), we use ∇Vh = ∇U ◦wh, ∥∇wh(x)∥ ⩽ 8
7 and ∥∇wh(x)−Id∥ ⩽ Ch, from

(C.8) and (C.9). The formula for ∇wh, differentiated up to the order 6 with the derivatives of U of orders 3
to 8, bounds ∇iwh for 2 ⩽ i ⩽ 7, and (C.6) with |∇U(w)| ⩽ M(1 + |w|) and hM ⩽ 1

4 bounds |wh(x)| and
|wh(x) − x| in terms of |x|, and |x| in terms of |wh(x)|:

max
2⩽i⩽7

∥∇iwh(x)∥ ⩽ Ch, |wh(x)| ⩽ 2|x| + 1,

|wh(x) − x| ⩽ Ch(1 + |x|), |x| ⩽ 9

8
|wh(x)| +

1

8
.

(C.17)

Hence ∥∇iVh(x)∥ ⩽ C for 2 ⩽ i ⩽ 8. By (C.17), |∇Vh(x)| ⩽ C(1 + |x|) and

∥∇iU(wh(x)) −∇iU(x)∥ ⩽ Ch(1 + |x|), 1 ⩽ i ⩽ 7, x ∈ Rd, (C.18)

which, with ∥∇wh(x) − Id∥ ⩽ Ch and the bound on ∇iwh, give the bound on ∇iVh − ∇iU in (C.14). By
[30, Lemma 17] and hM2 ⩽ m

8 ,

U(w) − U(0) ⩾
m

8
|w|2 − C,

h

4
|∇U(w)|2 ⩽

h

2
M2(1 + |w|2) ⩽

m

16
|w|2 + C, w ∈ Rd,

which, at w = wh(x) and with the bound on |x|, give the lower bound on Vh in (C.14).

To prove (C.15), we apply Taylor’s formula for Vh about y+y′

2 to the order 2 at the points y+y′

2 ± 1
2 (y′−y),

which gives (C.15) with the constant 1
24 supx∈Rd∥∇3Vh(x)∥.

To prove (C.16), we apply Taylor’s formula for U about wh(x) to the order 2 at x = wh(x) − h
2 ∇Vh(x),

with |∇Vh(x)| ⩽ C(1 + |x|) by (C.14), and insert the result into (C.6):

U(x) = U
(
wh(x)

)
− h

2
|∇Vh(x)|2 +

h2

8
∇2U

(
wh(x)

)[
∇Vh(x),∇Vh(x)

]
+ O

(
h3(1 + |x|)3

)
,

Vh(x) = U(x) +
h

4
|∇Vh(x)|2 − h2

8
∇2U

(
wh(x)

)[
∇Vh(x),∇Vh(x)

]
+ O

(
h3(1 + |x|)3

)
.

(C.19)

Taylor’s formula for ∇U about x to the order 1 at wh(x) = x + h
2 ∇Vh(x), with (C.8) and the bound on

∇Vh −∇U in (C.14), gives

∇Vh(x) = ∇U(x) +
h

2
∇2U(x)∇U(x) + O

(
h2(1 + |x|)2

)
,

and inserting this expansion and (C.18) with i = 2 into the expansion of Vh(x) in (C.19) gives

Vh(x) = U(x) +
h

4
|∇U(x)|2 +

h2

8
∇2U(x)

[
∇U(x),∇U(x)

]
+ O

(
h3(1 + |x|)4

)
. (C.20)
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By (C.8) and Taylor’s formula for ∆U about x to the order 1 at wh(x) = x+ h
2 ∇Vh(x), with the bound on

∇Vh −∇U ,

∆Vh(x) = ∆U
(
wh(x)

)
+
h

2
∇2U

(
wh(x)

)
: ∇2U

(
wh(x)

)
+ O(h2),

∆U
(
wh(x)

)
= ∆U(x) +

h

2
∇∆U(x) · ∇U(x) + O

(
h2(1 + |x|)2

)
,

and, by (C.18) with i = 2 and since ∆|∇U |2 = 2∇2U : ∇2U + 2∇U · ∇∆U ,

∆Vh(x) = ∆U(x) +
h

4
∆|∇U |2(x) + O

(
h2(1 + |x|)2

)
. (C.21)

Finally, the bound on ∇2Vh and the bound on ∇iVh − ∇iU for i = 2 and i = 4 in (C.14) give |∇2Vh :
∇2Vh + 1

2 ∆2Vh −∇2U : ∇2U − 1
2 ∆2U | ⩽ Ch(1 + |x|), which, with (C.20) and (C.21), gives (C.16). □

C.2 Ergodicity and semigroup estimates of LM

Lemma 5 gives the exponential ergodicity of Ph at a rate per unit time independent of h and, as a conse-
quence, a solution Φh of the discrete Poisson equation

Φh − PhΦh = F − µh(F ) (C.22)

with a bound of order h−1. The equation (C.22) differs from the discrete Poisson equations of [30, Sections 3.3
and 4.4] in its semigroup: it uses Ph of the discrete Markov chain in (LM). We write F and Φh, with capital
letters, for the right side and the solution of (C.22), to distinguish them from the test function f and the
solutions ϕ0 of (2.11) and ϕ̃h of (A.21). For a measurable function F on Rd, let

∥F∥w := sup
y∈Rd

|F (y)|
1 + |y|6

. (C.23)

Lemma 5 Let Assumption 1 hold. There is γ > 0, depending only on m, M , R and d, such that for every
h ∈ (0, h0], every measurable F with ∥F∥w <∞, every n ⩾ 0 and every y ∈ Rd,∣∣(PnhF )(y) − µh(F )

∣∣ ⩽ Ce−γnh ∥F∥w
(
1 + |y|6

)
. (C.24)

Consequently, Φh :=
∑
n⩾0(PnhF − µh(F )) solves (C.22) and satisfies

|Φh(y)| ⩽ C

h
∥F∥w

(
1 + |y|6

)
, y ∈ Rd. (C.25)

Proof of Lemma 5. The proof applies Harris’s ergodic theorem to the transition P∗
Jh with J := ⌈1/h⌉, so

that 1 ⩽ Jh ⩽ 2, and sums the resulting bound (C.24) over n for (C.25). By (A.26) for the moment of order
6, with g = ∇U , and 1 ⩽ Jh ⩽ 2, iterating J steps gives the drift condition [12, Assumption 1]

Ph|y|6 ⩽
(

1 − 3m

16
h
)
|y|6 + Ch =⇒ PJh |y|6 ⩽ e−

3m
16 |y|6 + C0, (C.26)

with C0 > 0 depending only on m, M , R and d, not on h, and thus the bound

Pih
(
1 + |y|6

)
⩽ (1 + C0)

(
1 + |y|6

)
, 0 ⩽ i ⩽ J. (C.27)

We verify the minorization [12, Assumption 2] for P∗
Jh on the level set {|y| ⩽ R0}, where R0 > 0 is

defined by

R6
0 :=

4C0

1 − e−3m/16
. (C.28)

The minorization requires a lower bound on the transition density P∗
Jh(y0, yJ) of J steps of LM, the density

at yJ of the law after J steps from the initial state Y0 = y0, uniformly for |y0|, |yJ | ⩽ R0. By the Markov
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property, this transition density is the integral of the product of the transition densities (C.12) of the J steps
over the states y1, . . . , yJ−1:

P∗
Jh(y0, yJ) =

∫
(Rd)J−1

J−1∏
k=0

P∗
h(yk, yk+1) dy1 · · · dyJ−1. (C.29)

Note that Id + h
2 ∇2Vh(x) ⪰ (1 + h

2M)−1Id ⪰ e−hM/2 Id by (C.8). Then (C.13)–(C.15) give

Λh(x) ⩾ e−Ch(1+|x|2),

∣∣∣∣J−1∑
k=0

(yk+1 − yk) · ∇Vh
(yk + yk+1

2

)
− Vh(yJ) + Vh(y0)

∣∣∣∣ ⩽ C

J−1∑
k=0

|yk+1 − yk|3. (C.30)

With the Brownian motion (Bt)t⩾0 of (2.1), fix R1 > 0, depending only on d, such that

P
(

2
√

2 sup
0⩽t⩽2

|Bt| ⩾ R1

)
⩽

1

4
, (C.31)

and define

Ω1 :=

{
(y1, . . . , yJ−1) ∈ (Rd)J−1 : max

1⩽k⩽J−1
|yk| ⩽ R0 +R1,

J−1∑
k=0

|yk+1 − yk|3 ⩽ 1

}
.

The set Ω1 is the regular domain of the intermediate states (y1, . . . , yJ−1), on which the product of the

transition densities P∗
h(yk, yk+1) in (C.29) is bounded below by a product of Gaussian densities.

On Ω1, (C.12), (C.30), |Vh(yJ) − Vh(y0)| ⩽ C(1 +R2
0) by the bound on ∇Vh in (C.14), and Jh ⩽ 2 give

J−1∏
k=0

P∗
h(yk, yk+1) ⩾ α1

J−1∏
k=0

(4πh)−
d
2 e−

|yk+1−yk|2

4h , (C.32)

with α1 > 0 depending only on m, M , R and d. As a function of (y1, . . . , yJ−1), the product of Gaussian
densities on the right side of (C.32) is proportional to the joint density of the values

y0 +
k

J
(yJ − y0) +

√
2
(
Bkh −

k

J
BJh

)
, 1 ⩽ k ⩽ J − 1,

at the times kh of the Brownian motion y0 +
√

2Bt, 0 ⩽ t ⩽ Jh, conditioned on y0 +
√

2BJh = yJ ,
since (Bt − t

Jh BJh)0⩽t⩽Jh is independent of BJh. We write Py0,yJ and Ey0,yJ for the probability and the
expectation under this joint density of (y1, . . . , yJ−1). Since |y0|, |yJ | ⩽ R0 and supt⩽Jh |Bt − t

JhBJh| ⩽
2 supt⩽2 |Bt|, (C.31) gives

Py0,yJ
(

max
1⩽k⩽J−1

|yk| > R0 +R1

)
⩽

1

4
. (C.33)

Under Py0,yJ , the increment yk+1−yk, 0 ⩽ k ⩽ J−1, has the law of 1
J (yJ−y0)+

√
2 (B(k+1)h−Bkh− 1

J BJh),

and E[(B(k+1)h −Bkh − 1
J BJh)⊗2] = (1 − 1

J )hId. Markov’s inequality and this identity give

Py0,yJ
(J−1∑
k=0

|yk+1 − yk|3 > 1

)
⩽ Ey0,yJ

J−1∑
k=0

|yk+1 − yk|3

⩽ 4

J−1∑
k=0

(
|yJ − y0|3

J3
+ 2

3
2 E

∣∣∣B(k+1)h −Bkh −
1

J
BJh

∣∣∣3) ⩽ C
(
R3

0h
2 + h

1
2

)
⩽

1

4

(C.34)

by choosing h small enough. By (C.33) and (C.34), Py0,yJ (Ω1) ⩾ 1
2 . The product of Gaussian densities in

(C.32) integrates over Ω1 to (4πJh)−
d
2 e−|yJ−y0|2/(4Jh) Py0,yJ (Ω1), so that (C.29) with the integral restricted

to Ω1, Py0,yJ (Ω1) ⩾ 1
2 , 1 ⩽ Jh ⩽ 2 and |yJ − y0| ⩽ 2R0 give

P∗
Jh(y0, yJ) ⩾

α1

2
(4πJh)−

d
2 e−

|yJ−y0|2
4Jh ⩾ α2, (C.35)
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where α2 is defined as

α2 :=
α1

2
(8π)−

d
2 e−R

2
0 > 0.

By (C.35), the minorization [12, Assumption 2] holds with the uniform distribution on {|y| ⩽ R0}: for
|y0| ⩽ R0 and yJ ∈ Rd,

P∗
Jh(y0, yJ) ⩾

α1{|yJ |⩽R0}

Leb({|y| ⩽ R0})
, (C.36)

where α is defined as

α := min
{1

2
, α2 Leb

(
{|y| ⩽ R0}

)}
. (C.37)

Harris’s ergodic theorem in the form of [12, Theorem 1.3] applies to the transition P∗
Jh with the Lyapunov

function |x|6, the drift condition (C.26) and the minorization (C.36) on the level set {|y| ⩽ R0}, with α of
(C.37), since R6

0 > 2C0/(1 − e−3m/16) by (C.28). The theorem gives β̄ > 0 and ᾱ ∈ (0, 1), depending only
on m, M , R and d through e−3m/16, C0, R0 and α, such that∫

Rd

(
1 + β̄|x|6

) ∣∣P∗
Jhµ1 − P∗

Jhµ2

∣∣(dx) ⩽ ᾱ

∫
Rd

(
1 + β̄|x|6

)
|µ1 − µ2|(dx) (C.38)

for distributions µ1 and µ2 on Rd. As in the proof of Lemma 3, (C.38) applied n times to the point mass at
y and to the invariant distribution µh, with µh(|x|6) ⩽ C, gives∣∣(PnJh F )(y) − µh(F )

∣∣ ⩽ Cᾱn ∥F∥w
(
1 + |y|6

)
, n ⩾ 0. (C.39)

Every integer n ⩾ 0 can be written as n = qJ + k with q ⩾ 0 and 0 ⩽ k < J , and then q ⩾ nh
2 − 1 since

Jh ⩽ 2. By (C.27), ∥PkhF∥w ⩽ (1 +C0)∥F∥w, and µh(PkhF ) = µh(F ) by the invariance of µh. Hence (C.39)

with q in place of n and PkhF in place of F gives (C.24) with γ := 1
2 | log ᾱ|.

To prove (C.25) and that Φh solves (C.22), let h0 also satisfy γh0 ⩽ 1, so that
∑
n⩾0 e

−γnh ⩽ 2
γh . By

(C.24), the series defining Φh converges absolutely and satisfies (C.25), and dominated convergence with
(C.27) for i = 1 gives (C.22):

PhΦh =
∑
n⩾1

(
PnhF − µh(F )

)
= Φh −

(
F − µh(F )

)
.

□

Lemma 6 below derives the semigroup estimates of Ph on functions F with ∥F∥w <∞.

Lemma 6 Let Assumption 1 hold, h ∈ (0, h0], and let F be measurable with ∥F∥w <∞. Then∥∥∇j(PhF )(y)
∥∥ ⩽ Ch−

j
2 ∥F∥w(1 + |y|)6, j = 1, 2, 3, y ∈ Rd. (C.40)

Proof of Lemma 6. To prove (C.40), we bound the derivatives in y of the transition density P∗
h(y, y′) and

differentiate

(PhF )(y) =

∫
Rd

F (y′)P∗
h(y, y′) dy′ (C.41)

under the integral. Fix y′ ∈ Rd. By (C.12), (C.13) and (C.10),

P∗
h(y, y′) = (4πh)−

d
2 det

(
Id +

h

2
∇2Vh

(y + y′

2

))
exp

(
− 1

h

∣∣∣wh(y + y′

2

)
− y

∣∣∣2). (C.42)

For the initial state Y0 = y and the state y′ = y+D0 after the LM step, distributed as P∗
h(y, ·), the midpoint

is y+y′

2 = Z0 − h
2 ∇U(Z0) by (C.5), and (C.6) gives

Qh(y) := wh

(y + y′

2

)
− y = Z0 − y =

√
h

2
χ0, h−

1
2 |Qh(y)| =

|χ0|√
2
. (C.43)
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Here Qh(y) depends only on y for fixed y′, and the other equalities hold at y′ = y + D0. Hence, under

P∗
h(y, ·), the law of h−1/2 |Qh(y)| does not depend on h.

By (C.9) and (C.17), the derivatives of Qh(y) with respect to y satisfy∥∥∇Qh(y)
∥∥ ⩽ 2,

∥∥∇iQh(y)
∥∥ ⩽ Ch, i = 2, 3, 4. (C.44)

Since (∇wh)(y+y
′

2 ) = 2(Id + ∇Qh(y)), (C.9) gives

det
(
Id +

h

2
∇2Vh

(y + y′

2

))
= 2d det

(
Id + ∇Qh(y)

)
⩾

(8

9

)d
,∥∥∇j det

(
Id + ∇Qh(y)

)∥∥ ⩽ C det
(
Id + ∇Qh(y)

)
, j = 1, 2, 3.

(C.45)

The Leibniz rule for the product (C.42), with (C.45) for its determinant and the chain rule for exp(− 1
h |Qh(y)|2),

gives, for j = 1, 2, 3,

∥∥∇jP∗
h(y, y′)

∥∥ ⩽ C P∗
h(y, y′)

j∑
ℓ=0

∑
i1+···+iq=ℓ

q∏
k=1

1

h

∥∥∇ik |Qh(y)|2
∥∥, (C.46)

where the inner sum runs over the partitions of the ℓ directions of differentiation into blocks of sizes i1, . . . , iq,
and the empty product for ℓ = 0 is 1. By the Leibniz rule and (C.44),

1

h

∥∥∇|Qh(y)|2
∥∥ ⩽

4

h
|Qh(y)|, 1

h

∥∥∇2|Qh(y)|2
∥∥ ⩽

8

h
+ C |Qh(y)|, 1

h

∥∥∇3|Qh(y)|2
∥∥ ⩽ C + C |Qh(y)|,

so that, for h ⩽ 1 and i = 1, 2, 3,

1

h

∥∥∇i|Qh(y)|2
∥∥ ⩽ Ch−

i
2

(
1 + h−

1
2 |Qh(y)|

)i
. (C.47)

In each product of (C.46), the sizes ik add up to ℓ ⩽ j, so that (C.47) and h ⩽ 1 give, for j = 1, 2, 3,∥∥∇jP∗
h(y, y′)

∥∥ ⩽ Ch−
j
2

(
1 + h−

1
2 |Qh(y)|

)j P∗
h(y, y′). (C.48)

Since (C.10), (C.8), (C.17) and hM ⩽ 1
4 give |Qh(y)| ⩾ 3

8 |y
′ − y| − 1

4 (1 + |y|), the right side of (C.48) is
bounded by a Gaussian function of y′ uniformly for y in bounded sets, so that dominated convergence allows
differentiating (C.41) under the integral. Since P∗

h(y, ·) is the law of the state y + D0 after the LM step,
(C.48), (C.43) and (C.4) give, for j = 1, 2, 3,∫

Rd

|F (y′)|
∥∥∇jP∗

h(y, y′)
∥∥dy′ ⩽ Ch−

j
2 ∥F∥w E

[
(1 + |χ0|)3

(
1 + |y +D0|6

)]
⩽ Ch−

j
2 ∥F∥w(1 + |y|)6,

which gives (C.40). □

C.3 One step of NC-SGLM against one step of LM

We compare NC-SGLM with LM through the one-step operators Ph and Ph of (C.2), on test functions
whose derivatives of orders 2 and 3 grow at most polynomially.

Lemma 7 Let Assumptions 1 and 3 hold, h ∈ (0, h0] and P ⩾ 2, and let K ⩾ 0 and G ∈ C3(Rd) satisfy
∥∇2G(x)∥ + ∥∇3G(x)∥ ⩽ K(1 + |x|)6 for x ∈ Rd. Then the one-step operators Ph and Ph of (C.2) satisfy

∣∣(PhG)(y) − (PhG)(y)
∣∣ ⩽ CK

h3

P
(1 + |y|)10, y ∈ Rd. (C.49)

Proof of Lemma 7. Fix the initial state Y0 = y. With the SGLM displacement D0 and the noise correction
ζ0 of (A.11) and the LM step D0 of (C.2), the state Y1 after one step of NC-SGLM reads

Y1 = Y0 +D0 + ζ0 = Y0 +D0 + ζ̂0, ζ̂0 = −h
(
ĝP (Z0; ξ0) −∇U(Z0)

)
+ ζ0, (C.50)
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where ζ̂0 follows from D0 − D0 = −h
(
ĝP (Z0; ξ0) − ∇U(Z0)

)
. The terms of order h2/P from ζ0 and from

the batch noise at Z0 cancel up to C(Z0) − C(Y0), and two bounds on the batch noise control the remaining
terms of Taylor’s formula for G about Y0 +D0.

To prove (C.51), let x ∈ Rd. The batch noise ĝP (x; ξ)−∇U(x) is the mean of the P independent vectors
g(x; ξ(p)) −∇U(x), which have mean 0 and satisfy Eξ|g(x; ξ) −∇U(x)|q ⩽ C(1 + |x|)q for q = 2, 4 by (3.4)

and |∇U(x)| ⩽M(1 + |x|). In the expansion of |
∑P
p=1(g(x; ξ(p))−∇U(x))|4, the terms in which some index

p occurs in only 1 of the 4 factors have mean 0, and the other terms, at most 3P 2 in number, give

Eξ

[
|ĝP (x; ξ) −∇U(x)|4

]
⩽

C

P 2
(1 + |x|)4. (C.51)

To prove (C.52), let z, v ∈ Rd. By (3.4) and dominated convergence, Eξ[∇g(z; ξ)] = ∇2U(z), so that
(∇ĝP (z; ξ) −∇2U(z)) v is the mean of P independent vectors of mean 0 with Eξ|(∇g(z; ξ) −∇2U(z)) v|2 ⩽
Eξ|∇g(z; ξ) v|2 ⩽M2|v|2. For x, x′ ∈ Rd, the difference of the batch noise at x′ and at x is

(
ĝP (x′; ξ)−∇U(x′)

)
−
(
ĝP (x; ξ)−∇U(x)

)
=

∫ 1

0

(
∇ĝP

(
x+ s(x′−x); ξ

)
−∇2U

(
x+ s(x′−x)

))
(x′−x) ds.

Jensen’s inequality over s, with Eξ|(∇ĝP (z; ξ) −∇2U(z)) v|2 ⩽ M2

P |v|2, gives

Eξ

[∣∣(ĝP (x′; ξ) −∇U(x′)
)
−
(
ĝP (x; ξ) −∇U(x)

)∣∣2] ⩽
M2

P
|x′ − x|2, x, x′ ∈ Rd. (C.52)

Since ξ0 is independent of χ0, (C.51) with x = Z0 holds given χ0. Hölder’s inequality between the
moments of orders 4 and 14 of the batch noise, with the moment of order 14 bounded by (A.2), and the
bound |ζ0| ⩽ h ∥ĈP (Y0; ξ0)∥1/2|χ0| of (A.12) with (A.9) give

E|ζ̂0|4 ⩽
Ch4

P 2
(1 + |Y0|)4, E|ζ̂0|9 ⩽

Ch9

P
(1 + |Y0|)9. (C.53)

Taylor’s formula for G about Y0 +D0 to the order 2 gives

E
[
G(Y1) −G(Y0 +D0)

]
= E

[
∇G(Y0 +D0) · ζ̂0

]
+

1

2
E
[
∇2G(Y0 +D0) : ζ̂⊗2

0

]
+ E

[
ϱY1
3

]
, (C.54)

where the remainder ϱY1
3 satisfies, by ∥∇3G(x)∥ ⩽ K(1 + |x|)6, Hölder’s inequality, (C.53) and (C.4),

|ϱY1
3 | ⩽ CK

((
1 + |Y0 +D0|

)6|ζ̂0|3 + |ζ̂0|9
)
, E|ϱY1

3 | ⩽ CK
h3

P
(1 + |Y0|)9. (C.55)

Since D0 is a function of χ0 and the batch noise has mean 0 given χ0, (C.50) reduces the term of (C.54)

linear in ζ̂0 to
E
[
∇G(Y0 +D0) · ζ̂0

]
= E

[
∇G(Y0 +D0) · ζ0

]
. (C.56)

For ψ ∈ C1(Rd) such that ψ and ∇ψ grow at most polynomially, Gaussian integration by parts in χ0 and
the Jacobian of D0 in χ0 read

E
[
χ0 ψ(χ0)

]
= E

[
∇ψ(χ0)

]
, ∇χ0

D0 =
√

2h Id − h

√
h

2
∇2U(Z0). (C.57)

Since Sh
(
ĈP (Y0; ξ0)

)
is independent of χ0, (C.57) gives

E
[
∇G(Y0 +D0) · ζ0

]
=

√
2hE

[
∇G(Y0 +D0) ·

(
E
[
Sh

(
ĈP (Y0; ξ0)

)]
− Id

)
χ0

]
= 2hE

[
∇2G(Y0 +D0)

]
:
(
E
[
Sh

(
ĈP (Y0; ξ0)

)]
− Id

)
− h2 E

[
Tr

[(
E
[
Sh

(
ĈP (Y0; ξ0)

)]
− Id

)
∇2G(Y0 +D0)∇2U(Z0)

]]
.

(C.58)
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By (A.10), the mean in (2.5) and (A.9),∥∥∥E[Sh(ĈP (Y0; ξ0)
)]

− Id +
h

4P
C(Y0)

∥∥∥ ⩽
Ch2

P 2
(1 + |Y0|)4,

∥∥∥E[Sh(ĈP (Y0; ξ0)
)]

− Id

∥∥∥ ⩽
Ch

P
(1 + |Y0|)2,

so that (C.58), the bound on ∇2G and (C.4) give∣∣∣E[∇G(Y0 +D0) · ζ0
]

+
h2

2P
E
[
∇2G(Y0 +D0)

]
: C(Y0)

∣∣∣ ⩽ CK
h3

P
(1 + |Y0|)10. (C.59)

By (C.50), the term of (C.54) quadratic in ζ̂0 is the expectation of

1

2
∇2G(Y0 +D0) : ζ̂⊗2

0 = T1 + T2 + T3, (C.60)

where the three terms are defined as

T1 :=
h2

2
∇2G(Y0 +D0) :

(
ĝP (Z0; ξ0) −∇U(Z0)

)⊗2
, T2 :=

1

2
∇2G(Y0 +D0) : ζ⊗2

0 ,

T3 := −h∇2G(Y0 +D0)
[
ĝP (Z0; ξ0) −∇U(Z0), ζ0

]
.

(C.61)

Since the batch noise has the covariance C(Z0)/P given χ0 by (2.4) at x = Z0, (C.61) gives

E[T1] =
h2

2P
E
[
∇2G(Y0 +D0) : C(Z0)

]
. (C.62)

The bound |ζ0| ⩽ h
2

√
2h ∥ĈP (Y0; ξ0)∥ |χ0| of (A.12) and (A.9) give

∣∣E[T2]
∣∣ ⩽ CK

h3

P 2
(1 + |Y0|)10. (C.63)

In T3, we split the batch noise at Z0 into the batch noise at Y0, which is independent of χ0, and the
difference of the batch noise at Z0 and at Y0, bounded in (C.52):

T3 = T3,a + T3,b, (C.64)

where T3,a and T3,b are defined as

T3,a := −h∇2G(Y0 +D0)
[
ĝP (Y0; ξ0) −∇U(Y0), ζ0

]
,

T3,b := −h∇2G(Y0 +D0)
[
ĝP (Z0; ξ0) −∇U(Z0) − ĝP (Y0; ξ0) + ∇U(Y0), ζ0

]
.

(C.65)

For T3,a of (C.65), (C.57) given ξ0 replaces the factor χ0 of ζ0 by the derivative of ∇2G(Y0 +D0) in χ0, and
the bound on ∇3G, the Jacobian, (A.10), (A.4), (A.9) with r = 2 and (C.4) give∣∣E[T3,a]

∣∣ ⩽ CKh3(1 + |Y0|)6 E
[
|ĝP (Y0; ξ0) −∇U(Y0)| ∥ĈP (Y0; ξ0)∥

]
⩽ CK

h3

P
3
2

(1 + |Y0|)9. (C.66)

For T3,b, the bound on ∇2G, (C.52) with x = Y0 and x′ = Z0, which holds given χ0, the identity |Z0 −Y0| =√
h/2 |χ0| and the bound |ζ0| ⩽ h

2

√
2h ∥ĈP (Y0; ξ0)∥ |χ0| of (A.12) give

∣∣E[T3,b]
∣∣ ⩽ CK

h3

P
3
2

(1 + |Y0|)9. (C.67)

By (C.64), (C.66) and (C.67), ∣∣E[T3]
∣∣ ⩽ CK

h3

P
3
2

(1 + |Y0|)9. (C.68)

By (C.60), (C.62), (C.63) and (C.68),∣∣∣1
2
E
[
∇2G(Y0 +D0) : ζ̂⊗2

0

]
− h2

2P
E
[
∇2G(Y0 +D0) : C(Z0)

]∣∣∣ ⩽ CK
h3

P
3
2

(1 + |Y0|)10. (C.69)
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Inserting (C.56), (C.59), (C.69) and (C.55) into (C.54) gives∣∣∣E[G(Y1) −G(Y0 +D0)
]
− h2

2P
E
[
∇2G(Y0 +D0) :

(
C(Z0) − C(Y0)

)]∣∣∣ ⩽ CK
h3

P
(1 + |Y0|)10. (C.70)

It remains to bound the term with C(Z0) − C(Y0) in (C.70). The bound (A.43) at k = 0 and (A.8) give∥∥E[C(Z0)] − C(Y0)
∥∥ ⩽ Ch(1 + |Y0|)2,

∥∥C(Z0) − C(Y0)
∥∥ ⩽ 4M2(1 + |Y0| + |Z0|)2 |Z0 − Y0|.

The bound on ∇3G gives∥∥∇2G(Y0 +D0) −∇2G(Y0)
∥∥ ⩽ K

(
1 + |Y0| + |D0|

)6 |D0|.

With ∇2G(Y0 +D0) split into ∇2G(Y0) and ∇2G(Y0 +D0) −∇2G(Y0), the bound in (C.4) gives∣∣∣E[∇2G(Y0 +D0) :
(
C(Z0) − C(Y0)

)]∣∣∣ ⩽ CKh (1 + |Y0|)9,

and with (C.70) we prove (C.49). □

C.4 The midpoint distribution and its change under LM

This subsection constructs the density νh that meets the two requirements stated in the opening of Ap-
pendix C. This subsection does not involve stochastic gradients, so the only randomness comes from the
Gaussian noise in one step of LM. By (C.12), the product e−Vh(y) P∗

h(y, y′) is symmetric in (y, y′) up to
a factor whose exponent is half the error of the midpoint rule bounded in (C.15). Hence one step of LM
changes e−Vh only through this error, which gives a term of order h2 and terms of order h3. We seek
νh ∝ exp(−Vh + Θh) with a correction Θh of order h. To match the expansion (C.1), (C.16) formally gives

Θh −
h

4
∆Vh = −h

2

16

(
∇2U : ∇2U +

1

2
∆2U

)
.

By (C.16), ∇2Vh : ∇2Vh + 1
2 ∆2Vh = ∇2U : ∇2U + 1

2 ∆2U + O(h). Hence, formally,

Θh =
h

4
∆Vh −

h2

16

(
∇2Vh : ∇2Vh +

1

2
∆2Vh

)
+ O(h3).

In the change of e−Vh under one step of LM, the term h
4 ∆Vh of Θh also cancels the term of order h2, and

Θh cancels the terms of order h3 other than the explicit term. Next we drop O(h3) and define the midpoint
correction potential and the midpoint distribution.

The midpoint correction potential Θh and the midpoint distribution νh are

Θh(x) :=
h

4
∆Vh(x) − h2

16

(
∇2Vh(x) : ∇2Vh(x) +

1

2
∆2Vh(x)

)
, x ∈ Rd, (C.71)

νh(x) :=
1

Zh
exp

(
−Vh(x) + Θh(x)

)
, x ∈ Rd, (C.72)

where Zh is the normalizing constant.

First, we show that the convolution of νh with N (0, h2 Id) differs from π by O(h3).

Lemma 8 Let Assumption 1 hold. For every h ∈ (0, h0], the midpoint distribution νh satisfies∫
Rd

(1 + |x|)
∣∣∣(νh ∗ N(

0,
h

2
Id

))
(x) − π(x)

∣∣∣dx ⩽ Ch3. (C.73)
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Proof of Lemma 8. By (3.2) and (C.16), Vh(x)−U(0) ⩽ C for |x| ⩽ 1. This bound, (C.71) and (C.14) give
Zh ⩾ e−U(0)/C and

max
0⩽i⩽4

∥∇iΘh(x)∥ ⩽ Ch, νh(x) ⩽ Ce−
m
64 |x|

2

, x ∈ Rd, (C.74)

so that νh(|x|p) ⩽ C for every p ⩾ 1, with C depending also on p.
We next expand νh about π. The identities ∆e−U = (|∇U |2 − ∆U) e−U and

∆2e−U =
((

|∇U |2 − ∆U
)2

+ 2∇2U : ∇2U + 4∇U · ∇∆U − ∆2U − 4∇2U [∇U,∇U ]
)
e−U , (C.75)

together with (C.71) and (C.16), give

−Vh(x) + Θh(x) = −U(x) + ah(x) + ϱVh
3 (x), |ϱVh

3 (x)| ⩽ Ch3(1 + |x|)4, (C.76)

where ah(x), which contains the terms of first and second order in h of the expansion, is defined as

ah(x) := −h
4
eU∆e−U +

h2

32

(
eU∆2e−U −

(
eU∆e−U

)2)
. (C.77)

By (C.75), the term (|∇U |2−∆U)2 of eU∆2e−U cancels (eU∆e−U )2, so that (3.2) gives |ah| ⩽ Ch(1 + |x|)2.
We apply Taylor’s formula for the exponential function about 0 to the order 2 at ah + ϱVh

3 of (C.76), and
bound the factor max{e−U , e−Vh+Θh} in its remainder by the lower bounds on U of [30, Lemma 17] and on
Vh in (C.14), with (C.74):∣∣∣e−Vh+Θh − e−U

(
1 + ah +

1

2
a2h

)∣∣∣ ⩽ Ch3(1 + |x|)12e−U(0)− m
64 |x|

2

,

and, with (C.77) and 1
2 a

2
h = h2

32 (eU∆e−U )2 + O(h3(1 + |x|)4), this bound gives∣∣∣e−Vh+Θh − e−U +
h

4
∆e−U − h2

32
∆2e−U

∣∣∣ ⩽ Ch3(1 + |x|)12e−U(0)− m
64 |x|

2

. (C.78)

Integrating (C.78) over Rd, since ∆e−U and ∆2e−U integrate to 0, gives Zh = (1 + O(h3))
∫
Rd e

−Udx and

νh = π − h

4
∆π +

h2

32
∆2π + ϱνh3 ,

∫
Rd

(1 + |x|) |ϱνh3 (x)| dx ⩽ Ch3. (C.79)

Finally, we convolve (C.79) with N (0, h2 Id). For a function ω integrable against 1+|x|, the heat semigroup

satisfies ω ∗ N (0, h2 Id) = e
h
4 ∆ω and∫

Rd

(1 + |x|)
∣∣et∆ω∣∣ dx ⩽

(
1 +

√
2td

) ∫
Rd

(1 + |x|) |ω| dx, t ⩾ 0. (C.80)

For j ∈ {0, 1, 2} and ω ∈ C2j+2(Rd) whose derivatives of orders 0 to 2j + 2 are integrable against 1 + |x|,
Taylor’s formula in time for the heat semigroup, with (C.80) for ∆j+1ω in place of ω, gives∫

Rd

(1 + |x|)
∣∣∣∣ω ∗ N

(
0,
h

2
Id

)
−

j∑
i=0

hi

4i i!
∆iω

∣∣∣∣dx ⩽ Chj+1

∫
Rd

(1 + |x|) |∆j+1ω| dx. (C.81)

The bound (C.81) applies to the terms of (C.79) with j = 2 for π, j = 1 for ∆π and j = 0 for ∆2π. In each
case ∆j+1ω = ∆3π, which involves the derivatives of U of orders up to 6. With (C.80) at t = h

4 for ω = ϱνh3 ,
the bounds (C.81) for π, ∆π and ∆2π give∫

Rd

(1 + |x|)
∣∣∣∣νh ∗ N(

0,
h

2
Id

)
− π − h

4
∆π − h2

32
∆2π +

h

4

(
∆π +

h

4
∆2π

)
− h2

32
∆2π

∣∣∣∣dx ⩽ Ch3,

in which the terms with ∆π and ∆2π cancel, so that the bound reduces to (C.73). □

Second, we show that the change of νh under one step of LM has an explicit term of order h3.
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Lemma 9 Let Assumption 1 hold. For every h ∈ (0, h0], the midpoint distribution νh satisfies∫
Rd

(1 + |x|)6
∣∣(P∗

hνh)(x) − νh(x)
∣∣dx ⩽ Ch2, (C.82)

and, for every K ⩾ 0 and every ψ ∈ C4(Rd) with max1⩽j⩽4∥∇jψ∥∞ ⩽ K,∣∣∣νh(Phψ − ψ
)
− h3

24
π
(
∇3ψ : ∇3U

)∣∣∣ ⩽ CKh4. (C.83)

Proof of Lemma 9. To prove (C.82) and (C.83), we write the LM step through its midpoint. Let the initial
state Y0 ∼ νh be independent of χ0, and let D0 be the LM step of (C.2). The step from Y0 to Y0 +D0 has

the midpoint Y0 + 1
2D0. The pair (Y0, Y0 + D0) has the density νh(y)P∗

h(y, y′) at (y, y′). By (C.12) and
(C.72), the change of variables (y, y′) = (x − η, x + η), with the Jacobian determinant 2d, shows that the
pair (Y0 + 1

2D0,
1
2D0) has the density

p(x, η) := Λh(x)
(
νh(x+ η) νh(x− η)

) 1
2 eΞh(x,η) (πh)−

d
2 e−

|η|2
h , x, η ∈ Rd, (C.84)

where (πh)−
d
2 e−|η|2/h is the density of N (0, h2 Id) at η, and the exponent Ξh is defined as

Ξh(x, η) :=
1

2

(
Vh(x+ η) − Vh(x− η)

)
− η · ∇Vh(x) − 1

2

(
Θh(x+ η) − Θh(x− η)

)
, x, η ∈ Rd. (C.85)

The pair (Y0 + 1
2D0,− 1

2D0) has the density p(x,−η) at (x, η).

We next bound the exponent Ξh and the factors Λh and (νh(x+ η) νh(x− η))1/2 of p in (C.84), and the
gradient in x of the product of these three functions,

Ph(x, η) := Λh(x)
(
νh(x+ η) νh(x− η)

) 1
2 Ξh(x, η), x, η ∈ Rd, (C.86)

which is odd in η since Ξh is. The bound (C.15) at (y, y′) = (x− η, x+ η), the odd part of Taylor’s formula
for ∇Vh about x to the order 2, (C.14) and (C.74) give

|Ξh(x, η)| +
∣∣∇xΞh(x, η)

∣∣ ⩽ C
(
|η|3 + h|η|

)
, x, η ∈ Rd. (C.87)

By (C.13), (C.9) and (C.14),

Λh(x) ⩽
(8

7

)d
, |Λh(x) − 1| + |∇ log Λh(x)| ⩽ Ch(1 + |x|)2, x ∈ Rd. (C.88)

The bound on νh in (C.74) gives(
νh(x+ η) νh(x− η)

) 1
2 ⩽ Ce−

m
64 (|x|

2+|η|2), x, η ∈ Rd. (C.89)

By (C.14) and (C.74), |∇ log νh(x)| = |∇Θh(x) −∇Vh(x)| ⩽ C(1 + |x|). Then (C.87)–(C.89) give

|∇xPh(x, η)| ⩽ C(1 + |x| + |η|)2
(
|η|3 + h|η|

)
e−

m
64 (|x|

2+|η|2), x, η ∈ Rd. (C.90)

To prove (C.82), we write the change of the density with (C.84). The densities of Y0 +D0 and of Y0 at
z ∈ Rd are the integrals over η of p(z − η, η) and of p(z − η,−η), so that

(P∗
hνh)(z) − νh(z) =

∫
Rd

(
p(z − η, η) − p(z − η,−η)

)
dη, z ∈ Rd. (C.91)

Since Ξh is odd in η and the other factors of p are even in η, (C.86) gives∣∣∣p(x, η) − p(x,−η) − 2Ph(x, η) (πh)−
d
2 e−

|η|2
h

∣∣∣ ⩽ 1

6
|Ξh(x, η)|3

(
p(x, η) + p(x,−η)

)
, x, η ∈ Rd. (C.92)
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In every expectation over η from here on in this proof, η =
√
h/2χ with χ ∼ N (0, Id), so that the expectation

is the integral against the factor (πh)−
d
2 e−|η|2/h of p, not against p(x, η). Then (C.91), (C.92) with x = z−η,

the densities p(x,±η) of the pairs (Y0 + 1
2D0,± 1

2D0), (C.87), (C.4) and the moments of νh from (C.74) give∫
Rd

(1 + |z|)6
∣∣∣(P∗

hνh)(z) − νh(z) − 2E
[
Ph(z − η, η)

]∣∣∣dz ⩽ C E
[(

1 + |Y0| + |D0|
)6(|D0|3 + h|D0|

)3]
⩽ Ch

9
2 .

(C.93)
Since Ph is odd in η, E[Ph(z, η)] = 0, so that E[Ph(z − η, η)] = E[Ph(z − η, η) − Ph(z, η)]. The identity

Ph(z − η, η) −Ph(z, η) = −
∫ 1

0
∇xPh(z − sη, η) · η ds and (C.90) give∫

Rd

(1 + |z|)6
∣∣E[Ph(z − η, η) −Ph(z, η)

]∣∣dz ⩽ C E
[
|η| (1 + |η|)8

(
|η|3 + h|η|

)]
⩽ Ch2. (C.94)

The bounds (C.94) and (C.93) give (C.82).

To prove (C.83), let ψ have bounded derivatives as in Lemma 9. Since P∗
hνh and νh are probability

densities, νh(Phψ−ψ) is the integral of ψ(z)−ψ(0) against (P∗
hνh)(z)−νh(z) in (C.91). Then |ψ(z)−ψ(0)| ⩽

K|z|, (C.93), the substitution x = z − η and the oddness of Ph in η give∣∣∣∣νh(Phψ − ψ
)
−
∫
Rd

E
[
Ph(x, η)

(
ψ(x+ η) − ψ(x− η)

)]
dx

∣∣∣∣ ⩽ CKh
9
2 . (C.95)

We next expand the integrand of (C.95) about x, which involves Ph(x, η) itself and the difference ψ(x+
η) − ψ(x − η). For the factor (νh(x + η) νh(x − η))1/2 of Ph(x, η) in (C.86), we apply Taylor’s formula
for Vh − Θh to the order 3 at x + η and x − η, with (C.14) and (C.74), and then Taylor’s formula for the
exponential function to the order 1. The remainder of Taylor’s formula for the exponential function carries
the factor max{νh(x), (νh(x+ η) νh(x− η))1/2} ⩽ Ce−

m
64 |x|

2

by (C.74) and (C.89), so that, for x, η ∈ Rd,∣∣∣(νh(x+ η) νh(x− η)
) 1

2 − νh(x)
(

1 − 1

2
∇2Vh(x) : η⊗2

)∣∣∣ ⩽ C
(
|η|4 + h|η|2

)(
1 + |η|4

)
e−

m
64 |x|

2

. (C.96)

Taylor’s formula about x for Vh to the order 6, for ∆Vh to the order 4 and for ∇2Vh : ∇2Vh + 1
2 ∆2Vh to the

order 2 at x+ η and x− η in (C.85), with (C.71), gives

Ξh(x, η) = Ξ
(3)
h (x, η) + Ξ

(5)
h (x, η) + Ξ

(7)
h (x, η), (C.97)

where, with all derivatives evaluated at x from here on in this proof, Ξ
(3)
h and Ξ

(5)
h are defined, and the

remainder Ξ
(7)
h is bounded by (C.14), as

Ξ
(3)
h (x, η) :=

1

6
∇3Vh : η⊗3 − h

4
∇∆Vh · η,

Ξ
(5)
h (x, η) :=

1

120
∇5Vh : η⊗5 − h

24
∇3∆Vh : η⊗3 +

h2

16
∇
(
∇2Vh : ∇2Vh +

1

2
∆2Vh

)
· η,

|Ξ(7)
h (x, η)| ⩽ C

(
|η|7 + h|η|5 + h2|η|3

)
.

(C.98)

Taylor’s formula for ψ about x to the order 3 gives

ψ(x+ η) − ψ(x− η) = 2∇ψ(x) · η +
1

3
∇3ψ(x) : η⊗3 + ϱψ4 (x, η), (C.99)

where, by the integral form of Taylor’s remainder and the bound on ∇4ψ, the remainder ϱψ4 satisfies

ϱψ4 (x, η) =

∫ 1

0

(1 − s)3

6

(
∇4ψ(x+ sη) −∇4ψ(x− sη)

)
: η⊗4 ds, |ϱψ4 (x, η)| ⩽ K

12
|η|4. (C.100)

We insert (C.97) and (C.99) into (C.95), and, in the term with the product of Ξ
(3)
h + Ξ

(5)
h and 2∇ψ · η+

1
3 ∇

3ψ : η⊗3, we replace (νh(x+ η) νh(x− η))1/2 by νh(x)(1− 1
2 ∇

2Vh(x) : η⊗2) from (C.96). The coefficient
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h3

24 in (C.83) comes from this product. Counting the pairings of the factors of χ gives

2E
[
Ξ
(3)
h (∇ψ · η)

]
= 0,

1

3
E
[
Ξ
(3)
h (∇3ψ : η⊗3)

]
=
h3

24
∇3ψ : ∇3Vh,

2E
[
Ξ
(5)
h (∇ψ · η)

]
=
h3

16
∇
(
∇2Vh : ∇2Vh

)
· ∇ψ = E

[
(∇2Vh : η⊗2) Ξ

(3)
h (∇ψ · η)

]
.

(C.101)

By (C.101), the terms of order h2 and h3 of the product of the Taylor approximations of Ph(x, η)/(Λh(x) νh(x))

and of ψ(x+ η) − ψ(x− η) have the total expectation h3

24 ∇3ψ : ∇3Vh. Elementary inequalities with (C.14),

the bound K on the derivatives of ψ and E|η|b ⩽ Chb/2 absorb all terms of higher order into CKh4, so that∣∣∣∣E[(1− 1

2
∇2Vh : η⊗2

)(
Ξ
(3)
h +Ξ

(5)
h

)(
2∇ψ ·η+

1

3
∇3ψ : η⊗3

)]
− h3

24
∇3ψ : ∇3Vh

∣∣∣∣ ⩽ CKh4, x ∈ Rd. (C.102)

It remains to bound the three remainders in the comparison of (C.95) with (C.102): R1 from the

approximation of (νh(x+η) νh(x−η))1/2, R2 from Ξ
(7)
h , and R3 from ϱψ4 . Inserting these three approximations

into Ph(x, η) (ψ(x+ η) − ψ(x− η)) gives

Ph(x, η)
(
ψ(x+ η) − ψ(x− η)

)
−R1(x, η) −R2(x, η) −R3(x, η)

= Λh(x) νh(x)
(

1 − 1

2
∇2Vh : η⊗2

)(
Ξ
(3)
h + Ξ

(5)
h

)(
2∇ψ · η +

1

3
∇3ψ : η⊗3

)
,

(C.103)

where the remainders are defined as

R1(x, η) := Λh(x)
((
νh(x+ η) νh(x− η)

) 1
2 − νh(x)

(
1 − 1

2
∇2Vh : η⊗2

))
×
(
Ξ
(3)
h + Ξ

(5)
h

)(
2∇ψ · η +

1

3
∇3ψ : η⊗3

)
,

R2(x, η) := Λh(x)
(
νh(x+ η) νh(x− η)

) 1
2 Ξ

(7)
h (x, η)

(
2∇ψ · η +

1

3
∇3ψ : η⊗3

)
,

R3(x, η) := Ph(x, η) ϱψ4 (x, η).

(C.104)

For R1 and R2, (C.88), (C.98) with (C.14), the bound K on the derivatives of ψ, (C.96) for R1 and
(C.89) for R2 give, for x, η ∈ Rd,

|R1(x, η)| ⩽ CK(|η|2 + h)4(1 + |η|8) e−
m
64 |x|

2

, |R2(x, η)| ⩽ CK(|η|2 + h)4(1 + |η|2) e−
m
64 |x|

2

. (C.105)

Since E[(|η|2 +h)4(1+ |η|8)] ⩽ Ch4, (C.105) gives E|R1(x, η)|+E|R2(x, η)| ⩽ CKh4e−
m
64 |x|

2

. For R3, (C.87)
and (C.100) give only |

∫
Rd E[R3(x, η)] dx| ⩽ CKh7/2. By (C.104),∫

Rd

E
[
R3(x, η)

]
dx =

∫ 1

0

(1 − s)3

6
E
[∫

Rd

Ph(x, η)
(
∇4ψ(x+ sη) −∇4ψ(x− sη)

)
: η⊗4 dx

]
ds,

and, for s ∈ [0, 1], the substitutions x = z ∓ sη move the difference of ∇4ψ to Ph. The identity Ph(z −
sη, η) −Ph(z + sη, η) = −

∫ s
−s∇xPh(z + rη, η) · η dr and (C.90) then give∣∣∣∫

Rd

Ph(x, η)
(
∇4ψ(x+ sη) −∇4ψ(x− sη)

)
: η⊗4 dx

∣∣∣ ⩽ CK|η|5(1 + |η|)2
(
|η|3 + h|η|

)
,

and E
[
|η|5(1 + |η|)2(|η|3 + h|η|)

]
⩽ Ch4. Hence∣∣∣∫

Rd

E
[
R1(x, η)

]
dx

∣∣∣ +
∣∣∣∫

Rd

E
[
R2(x, η)

]
dx

∣∣∣ +
∣∣∣∫

Rd

E
[
R3(x, η)

]
dx

∣∣∣ ⩽ CKh4. (C.106)

Combining (C.95), (C.103), (C.102) and the remainder estimates (C.106) gives∣∣∣νh(Phψ − ψ
)
− h3

24

∫
Rd

Λh(x) νh(x)∇3ψ(x) : ∇3Vh(x) dx
∣∣∣ ⩽ CKh4. (C.107)
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Finally, we pass from (C.107) to (C.83). By (C.88),
∫
Rd |νh(x) − π(x)|dx ⩽ Ch from (C.79), and

∥∇3Vh(x) −∇3U(x)∥ ⩽ Ch(1 + |x|) from (C.14),∣∣∣∫
Rd

Λh(x) νh(x)∇3ψ(x) : ∇3Vh(x) dx− π
(
∇3ψ : ∇3U

)∣∣∣ ⩽ CKh.

This bound and (C.107) give (C.83). □

C.5 Proof of Theorem 3

Proof of Theorem 3. Let h ∈ (0, h0] and P ⩾ 2. Lemma 1 gives the unique invariant distribution µh of
NC-SGLM, with µh(|y|12) ⩽ C. By (3.1) and (A.14), πh(f) = µh(f̃h) and πh(f) = µh(f̃h).

We split the bias πh(f)− π(f) into the bias πh(f)− π(f) of the LM discretization and the error πh(f)−
πh(f) of the random batch, and show∣∣∣πh(f) − π(f) − h2

24
π
(
∇3ϕ0 : ∇3U

)∣∣∣ ⩽ CLh3 (C.108)

and ∣∣πh(f) − πh(f)
∣∣ ⩽ CL

h2

P
, (C.109)

which together give (3.8). Both proofs use a solution of the discrete Poisson equation (C.22) of LM, con-
structed with Lemma 5.

We first solve the discrete Poisson equation of LM with the right side h(f̃h − µh(f̃h)), starting from the
modified discrete Poisson solution ϕ̃h of (A.21). Let

F̃ ⋆ := ϕ̃h − Phϕ̃h − h
(
f̃h − π̃h(f̃h)

)
. (C.110)

For the initial state Y0 = y, (A.21), (C.2) and (A.20) give

F̃ ⋆(y) =
(
ehL̃h ϕ̃h

)
(y) − (Phϕ̃h)(y) = E

[
ϕ̃h(Ỹ0(h)) − ϕ̃h(Y0 +D0)

]
.

Hence F̃ ⋆(y) is the local weak error of one step of LM against the modified dynamics. By (A.22), ϕ̃h satisfies
the hypothesis of Lemma 2. This lemma with g = ∇U , G = ϕ̃h and k = 0 gives, for the norm ∥·∥w of (C.23),

|F̃ ⋆(y)| ⩽ CLh3(1 + |y|)6, ∥F̃ ⋆∥w ⩽ CLh3, y ∈ Rd. (C.111)

By (C.111), Lemma 5 with F = F̃ ⋆ gives a solution Φ̃⋆h with

|Φ̃⋆h(y)| ⩽ CLh2(1 + |y|6), Φ̃⋆h − PhΦ̃⋆h = F̃ ⋆ − µh(F̃ ⋆), y ∈ Rd. (C.112)

Integrating (C.110) against the invariant distribution µh of LM gives

µh(F̃ ⋆) − h π̃h(f̃h) = −hµh(f̃h), (C.113)

so that (C.112) and (C.113) give

(ϕ̃h − Φ̃⋆h) − Ph(ϕ̃h − Φ̃⋆h) = h
(
f̃h − µh(f̃h)

)
. (C.114)

We then compare ϕ̃h with the solution ϕ0 of (2.11). By [30, Section 3.3], ϕ0 is unique up to an additive
constant among the functions with a bounded gradient and satisfies

max
1⩽j⩽4

∥∇jϕ0∥∞ ⩽ CL. (C.115)

For the initial state Y0 = y, (C.57) gives E[χ0 ∇U(Z0)⊤] =
√
h/2E[∇2U(Z0)]. This identity, the symmetry

of χ0, Taylor’s formula for ∇U about y to the order 1 and (C.4) give, for the LM step D0,∣∣E[D0] + h∇U(y)
∣∣ ⩽ Ch2,

∥∥E[(D0)⊗2
]
− 2hId

∥∥ ⩽ Ch2(1 + |y|)2,∥∥E[(D0)⊗3
]∥∥ ⩽ Ch2(1 + |y|)3, E|D0|4 ⩽ Ch2(1 + |y|)4.

(C.116)
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By (C.115) and (C.116), Taylor’s formula for ϕ0 about y to the order 3 gives∣∣(Phϕ0)(y) − ϕ0(y) − h (Lϕ0)(y)
∣∣ ⩽ CLh2(1 + |y|)4. (C.117)

By (C.110) and the Poisson equation (2.11),

(ϕ̃h − ϕ0) − Ph(ϕ̃h − ϕ0) − h
(
π(f) − π̃h(f̃h)

)
= F̃ ⋆ +

(
Phϕ0 − ϕ0 − hLϕ0

)
+ h(f̃h − f). (C.118)

By (C.111), (C.117) and (3.3), the right side F of (C.118) satisfies ∥F∥w ⩽ CLh2. Lemma 5 with this F
gives a solution Φ⋆h with

|Φ⋆h(y)| ⩽ CLh(1 + |y|6), Φ⋆h − PhΦ⋆h = F − µh(F ), y ∈ Rd. (C.119)

Integrating (C.118) against the invariant distribution µh shows that the constant h(π(f) − π̃h(f̃h)) equals
−µh(F ). Hence ϕ̃h−ϕ0 −Φ⋆h is invariant under Ph. Since ϕ̃h and ϕ0 have bounded gradients, (C.119) gives

∥ϕ̃h − ϕ0 − Φ⋆h∥w <∞, and (C.24) as n→ ∞ shows that ϕ̃h − ϕ0 − Φ⋆h is a constant ch ∈ R, that is,

ϕ̃h − ϕ0 = Φ⋆h + ch. (C.120)

The specific value of ch does not affect the derivatives despite the dependence of h.
To prove (C.108), we compare µh(f̃h) with νh(f̃h) by Lemma 9 and νh(f̃h) with π(f) by Lemma 8, and

then replace ϕ̃h by ϕ0 in the resulting coefficient of h2. Integrating (C.114) against νh gives

µh(f̃h) − νh(f̃h) =
1

h
νh

(
Phϕ̃h − ϕ̃h

)
− 1

h

∫
Rd

(
(P∗

hνh)(x) − νh(x)
)

Φ̃⋆h(x) dx. (C.121)

Since νh(f̃h) = (νh ∗ N (0, h2 Id))(f) and |f(x) − f(0)| ⩽ L|x|, Lemma 8 gives |νh(f̃h) − π(f)| ⩽ CLh3. By

(A.22), ϕ̃h satisfies the hypothesis of Lemma 9 with K = CL. The lemma with ψ = ϕ̃h, the bound on Φ̃⋆h in

(C.112) and the bound on νh(f̃h) − π(f) turn (C.121) into∣∣∣πh(f) − π(f) − h2

24
π
(
∇3ϕ̃h : ∇3U

)∣∣∣ ⩽ CLh3. (C.122)

To replace ϕ̃h by ϕ0 in the coefficient π(∇3ϕ̃h : ∇3U), we write π(∇3ψ : ∇3U) as π(W3 ψ) for ψ = ϕ̃h
and ψ = ϕ0, where W3 is defined as

W3 := −eU
d∑

i,j,k=1

∂i∂j∂k
(
e−U ∂i∂j∂kU

)
. (C.123)

Since eU∂i(e
−U · ) = ∂i − ∂iU , the function W3 in (C.123) is a polynomial of degree at most 3 in ∇U with

coefficients formed by the derivatives of U of orders 2 to 6. Hence (3.2) gives

|W3(x)| ⩽ C(1 + |x|)3, x ∈ Rd. (C.124)

Let ψ ∈ C3(Rd) have derivatives of orders 0 to 3 that grow at most polynomially. Since π(x) ⩽ Ce−m|x|2/8

[30, Lemma 17], integrating by parts 3 times in
∫
Rd ψW3 e

−U dx gives

π(W3 ψ) = π
(
∇3ψ : ∇3U

)
. (C.125)

In particular, π(W3) = 0. Then (C.120), π(W3) = 0 and (C.125) with ψ = ϕ̃h and ψ = ϕ0 give

π
(
∇3ϕ̃h : ∇3U

)
− π

(
∇3ϕ0 : ∇3U

)
= π

(
W3 (ϕ̃h − ϕ0)

)
= π

(
W3 Φ⋆h

)
. (C.126)

By (C.119) and (C.124), |π(W3 Φ⋆h)| ⩽ CLh. Hence (C.126) and (C.122) give (C.108).

To prove (C.109), we first check the hypothesis of Lemma 7 with K = CL for the solution ϕ̃h − Φ̃⋆h of
(C.114). By (3.2), the state y+D0 after the LM step from the initial state Y0 = y satisfies ∥∇j

y(y+D0)∥ ⩽ C
for j = 1, 2, 3. Then (A.22), (3.3) and the chain rule under the expectation in (C.2) give

∥∇j(Phϕ̃h)∥∞ + ∥∇jF̃ ⋆∥∞ ⩽ CL, j = 2, 3. (C.127)
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By (C.112), Φ̃⋆h = F̃ ⋆ − µh(F̃ ⋆) + PhΦ̃⋆h. Hence (C.127) and Lemma 6 with F = Φ̃⋆h give, for j = 2, 3,∥∥∇j(ϕ̃h − Φ̃⋆h)(y)
∥∥ ⩽ ∥∇j ϕ̃h∥∞ + ∥∇jF̃ ⋆∥∞ + ∥∇j(PhΦ̃⋆h)(y)∥ ⩽ CL+CLh2−

j
2 (1 + |y|)6 ⩽ CL(1 + |y|)6.

Integrating (C.114) against the invariant distribution µh of NC-SGLM and applying Lemma 7 with G =
ϕ̃h − Φ̃⋆h give

h
∣∣µh(f̃h) − µh(f̃h)

∣∣ =
∣∣∣µh(Ph(ϕ̃h − Φ̃⋆h) − Ph(ϕ̃h − Φ̃⋆h)

)∣∣∣ ⩽ CL
h3

P
µh

(
(1 + |y|)10

)
⩽ CL

h3

P
.

Dividing by h gives (C.109). □

D Proof of Theorem 4: capping probability

The proof bounds the largest eigenvalue of ĈP (x; ξ) by a sum of P independent terms, bounds the probability
of (3.14) at a fixed x through the moments of this sum, and integrates the result against π. The same
argument with the P0 group means in place of the P stochastic gradients gives (3.16).

Proof of Theorem 4. Fix x ∈ Rd. Since ĈP (x; ξ) is positive semidefinite and ĝP (x; ξ) minimizes v 7→∑P
p=1 |g(x; ξ(p)) − v|2, (2.5) gives

λmax

(
ĈP (x; ξ)

)
⩽

1

P (P − 1)

P∑
p=1

|g(x; ξ(p)) −∇U(x)|2, (D.1)

where the P stochastic gradients of the sum are independent, each with mean Tr[C(x)] ⩽M2(1 + |x|)2.
For (3.15), let first Tr[C(x)] ⩽ (P − 1)/h. Then, by (D.1), λmax(ĈP (x; ξ)) > 2

h implies

P∑
p=1

(
|g(x; ξ(p)) −∇U(x)|2 − Tr[C(x)]

)
>

2P (P − 1)

h
− P Tr[C(x)] ⩾

P (P − 1)

h
.

The P terms of this sum are independent with mean 0, and by (3.4) and (3.2) each has a moment of order
12 at most C(1 + |x|)24, so Markov’s inequality with the moment of order 12 of the sum gives

Pξ

(
λmax

(
ĈP (x; ξ)

)
>

2

h

)
⩽

( h

P (P − 1)

)12

CP 6(1 + |x|)24 = C

(
h√

P (P − 1)

)12

(1 + |x|)24.

If instead Tr[C(x)] > (P − 1)/h, then M2h(1 + |x|)2/(P − 1) > 1, so that

Pξ

(
λmax

(
ĈP (x; ξ)

)
>

2

h

)
⩽

(
M2h(1 + |x|)2

P − 1

)18

⩽ C

(
h√

P (P − 1)

)12

(1 + |x|)36.

In both cases,

Pξ

(
λmax

(
ĈP (x; ξ)

)
>

2

h

)
⩽ C

(
h√

P (P − 1)

)12

(1 + |x|)36,

and integrating against π, whose moments are bounded [30, Lemma 17], gives (3.15).
For (3.16), the P0 group means ĝP/P0

(x; ξ[j]) of (2.16) replace the P stochastic gradients. Since ĝP (x; ξ)
is the mean of the group means, the argument for (D.1) shows

λmax

(
ĈP,P0

(x; ξ)
)
⩽

1

P0(P0 − 1)

P0∑
j=1

∣∣ĝP/P0
(x; ξ[j]) −∇U(x)

∣∣2,
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where the P0 terms of the sum are independent, each with mean P0

P Tr[C(x)] by (2.4) with P/P0 in place of

P . Each ĝP/P0
(x; ξ[j])−∇U(x) is the mean of P/P0 independent vectors with mean 0 and moment of order

24 at most C(1 + |x|)24, so that

Eξ

[∣∣ĝP/P0
(x; ξ[j]) −∇U(x)

∣∣24] ⩽ C
(P0

P

)12

(1 + |x|)24.

Let first P0

P Tr[C(x)] ⩽ (P0 − 1)/h. The argument for (3.15), with this moment bound, gives

Pξ

(
λmax

(
ĈP,P0

(x; ξ)
)
>

2

h

)
⩽

( h

P0(P0 − 1)

)12

CP 6
0

(P0

P

)12

(1 + |x|)24 = C

(
h
√
P0

P (P0 − 1)

)12

(1 + |x|)24.

If instead P0

P Tr[C(x)] > (P0 − 1)/h, then 2M2h(1 + |x|)2/P > 1, so that

Pξ

(
λmax

(
ĈP,P0

(x; ξ)
)
>

2

h

)
⩽

(
2M2h(1 + |x|)2

P

)18

⩽ C

(
h
√
P0

P (P0 − 1)

)12

(1 + |x|)36.

Integrating against π, as for (3.15), gives (3.16). □

E Proof of Theorem 5: explicit coefficient under Gaussian noise

The proof of Theorem 5 refines the proof of Theorem 3 under Assumption 4. The bound (C.108) already

gives the LM coefficient KLM(f), and it remains to refine (C.109) to |πh(f) − πLM
h (f) − h2

P KSG(f)| ⩽
CLh5/2/P . Appendix E.1 checks that Theorem 3, its proof and the lemmas of Appendices A and C apply
under Assumption 4 and extends the semigroup estimates of Lemma 6 to the order 4, Appendix E.2 expands
one step of NC-SGLM against one step of LM to the order h3, and Appendix E.3 compares µh with π
and combines these results. Throughout this appendix, the noise corrector Sh also satisfies the additional
polynomial bound (3.19), and h0 satisfies the conditions of Appendix C.

E.1 Setting under Gaussian noise

This subsection writes the batch gradient and the batch approximation in terms of the mean of the batch
and a matrix independent of this mean, bounds the moments of the mean, of the batch approximation and
of the difference between the noise factor and Id, bounds the derivatives of the covariance C, checks that
Assumption 3 holds under Assumption 4, and extends the semigroup estimates of Lemma 6 to the order 4.

Under Assumption 4, the batch gradient (2.2) and the batch approximation (2.5) depend on a batch

ξ = (ξ(1), . . . , ξ(P )) of P independent vectors drawn from N (0, Id) through its mean ξ̂ and the matrix Σ̂,

ξ̂ :=
1

P

P∑
p=1

ξ(p), Σ̂ :=
1

P − 1

P∑
p=1

(
ξ(p) − ξ̂

)⊗2
, (E.1)

since (3.20) gives

ĝP (x; ξ) = ∇U(x) + η(x) ξ̂, ĈP (x; ξ) =
1

P
η(x) Σ̂ η(x)⊤, x ∈ Rd. (E.2)

The vectors ξ̂ and ξ(p) − ξ̂, p = 1, . . . , P , form a Gaussian vector, and E[ξ̂ (ξ(p) − ξ̂)⊤] = 0 for every p, so ξ̂

and Σ̂ are independent. Since ξ̂ ∼ N (0, 1
P Id),

E
[
ξ̂
]

= 0, E
[
ξ̂⊗3

]
= 0, E

[
|ξ̂|q

]
⩽

C

P
q
2

, 1 ⩽ q ⩽ 12. (E.3)

Using Σ̂ is positive semidefinite and
∑P
p=1 |ξ(p) − ξ̂|2 ⩽

∑P
p=1 |ξ(p)|2, Jensen’s inequality and P ⩽ 2(P − 1)

give E[∥Σ̂∥r] ⩽ E[Tr[Σ̂]r] ⩽ 2r E[|ξ(1)|2r] ⩽ C for 1 ⩽ r ⩽ 12. Hence (E.2), (3.21) and (A.10) give, for every
x ∈ Rd and 1 ⩽ r ⩽ 12,

E
[
∥ĈP (x; ξ)∥r

]
+ h−r E

[∥∥∥Sh(ĈP (x; ξ)
)
− Id

∥∥∥r] ⩽
C

P r
. (E.4)
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Since C = η η⊤ under Assumption 4, the Leibniz rule gives

max
0⩽i⩽4

∥∇iC(x)∥ ⩽ 16M2, x ∈ Rd. (E.5)

Assumptions 1 and 3 hold, with M replaced by a larger constant depending only on M and d: by (3.2)
and (3.21), |g(x; ξ)| ⩽ M(1 + |x|) + M |ξ| and ∥∇g(x; ξ)∥ ⩽ M + M |ξ|, the moments of |ξ| of orders up
to 24 depend only on d, and ∥∆C(x)∥ ⩽ 16dM2 by (E.5). Hence Theorem 3, its proof and the lemmas of
Appendices A and C apply under Assumptions 1, 2 and 4.

Lemma 10 extends Lemma 6 to the order 4. Appendix E.3 applies this extension with F = Φ̃⋆h to bound

the derivative of order 4 of the solution ϕ̃h − Φ̃⋆h of (C.114).

Lemma 10 Let Assumption 1 hold, h ∈ (0, h0], and let F be measurable with ∥F∥w < ∞. Then PhF ∈
C4(Rd) and ∥∥∇4(PhF )(y)

∥∥ ⩽ Ch−2 ∥F∥w(1 + |y|)6, y ∈ Rd. (E.6)

Proof of Lemma 10. To prove (E.6), we follow the proof of Lemma 6 with j = 4. By (C.17) with i = 5,
the function Qh(y) of (C.43) also satisfies ∥∇5Qh(y)∥ ⩽ Ch. Hence (C.45) holds for j = 4, and the Leibniz
rule with (C.44) gives (C.47) for i = 4. Then (C.46) and (C.48) hold for j = 4, and the rest of the proof of
Lemma 6, with the factor (1 + |χ0|)4 in place of (1 + |χ0|)3, gives PhF ∈ C4(Rd) and (E.6). □

E.2 Expansion of one step of NC-SGLM against one step of LM

Lemma 11 below identifies the term of order h3/P of the difference PhG − PhG bounded in Lemma 7 as
h3

P AG, where the operator A is defined, for G ∈ C3(Rd), as

AG :=
1

8
∆C : ∇2G+

1

2
∇C : ∇3G+

1

4
∇2G :

(
C ∇2U

)
, (E.7)

where ∇C : ∇3G =
∑d
i,j,k=1 ∂kCij ∂i∂j∂kG. By (E.5) and ∥∇2U∥ ⩽M ,

|(AG)(y)| ⩽ C
(
∥∇2G(y)∥ + ∥∇3G(y)∥

)
, y ∈ Rd. (E.8)

Lemma 11 Let Assumptions 1 and 4 hold, h ∈ (0, h0] and P ⩾ 2, and let K ⩾ 0 and G ∈ C4(Rd) satisfy
∥∇2G(x)∥ + ∥∇3G(x)∥ + ∥∇4G(x)∥ ⩽ K(1 + |x|)6 for x ∈ Rd. Then the one-step operators Ph and Ph of
(C.2) and the operator A of (E.7) satisfy∣∣∣(PhG)(y) − (PhG)(y) − h3

P
(AG)(y)

∣∣∣ ⩽ CK
h

7
2

P
(1 + |y|)8, y ∈ Rd. (E.9)

Proof of Lemma 11. Fix the initial state Y0 = y, and let ξ̂ and Σ̂ be given by (E.1), so that χ0, ξ̂ and Σ̂ are

independent. By (C.50) and (E.2), the state after one step of NC-SGLM is Y1 = Y0 +D0 + ζ̂0 with

ζ̂0 = −h η(Z0) ξ̂ + ζ0, (E.10)

where ζ0 is the noise correction of (A.11). By (3.21), (E.3) and (E.4), for 1 ⩽ q ⩽ 12,

E
[
|h η(Z0) ξ̂|q

]
⩽ C

hq

P
q
2

, E
[
|ζ0|q

]
⩽ C

h
3q
2

P q
, (E.11)

and, by (C.4),

|D0| + |Z0 − Y0| ⩽ Ch
1
2 (1 + |Y0|)(1 + |χ0|). (E.12)

Taylor’s formula for G about Y0 +D0 to the order 3 gives

G(Y1) −G(Y0 +D0) =

3∑
i=1

1

i!
∇iG(Y0 +D0) : ζ̂⊗i0 + ϱY1

4 , |ϱY1
4 | ⩽ K

24

(
1 + |Y0 +D0| + |ζ̂0|

)6 |ζ̂0|4. (E.13)
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(E.11), (E.12) and Hölder’s inequality give E|ϱY1
4 | ⩽ CKh4P−2(1 + |Y0|)6. Inserting (E.10) into the terms of

orders 1 to 3 of (E.13) gives products of degrees 0 to 3 in ξ̂, and the products of degrees 1 and 3 have mean
0 by (E.3). The product of degree 2 from the term with ∇2G is T1 of (C.61), so that (C.62) gives

1

2
E
[
∇2G(Y0 +D0) :

(
h η(Z0) ξ̂

)⊗2]
= E[T1] =

h2

2P
E
[
∇2G(Y0 +D0) : C(Z0)

]
. (E.14)

By (E.11), (E.12) and Hölder’s inequality, the products of degrees 2 and 0 from the term with ∇3G satisfy∣∣∣E[1

2
∇3G(Y0 +D0)

[
h η(Z0) ξ̂, h η(Z0) ξ̂, ζ0

]
+

1

6
∇3G(Y0 +D0) : ζ⊗3

0

]∣∣∣ ⩽ CK
h

7
2

P 2
(1 + |Y0|)6. (E.15)

Inserting the bound on E|ϱY1
4 |, (E.14) and (E.15) into (E.13) gives∣∣∣E[G(Y1) −G(Y0 +D0) −∇G(Y0 +D0) · ζ0

− 1

2
∇2G(Y0 +D0) : ζ⊗2

0 − h2

2P
∇2G(Y0 +D0) : C(Z0)

]∣∣∣ ⩽ CK
h

7
2

P 2
(1 + |Y0|)6.

(E.16)

The products in (E.16) that contain ζ0 are ∇G(Y0 +D0) · ζ0 and 1
2 ∇

2G(Y0 +D0) : ζ⊗2
0 , and we estimate

their means. For ∇G(Y0 +D0) · ζ0, (A.10), (E.4), the mean in (2.5) and (E.12) give∥∥∥E[Sh(ĈP (Y0; ξ0)
)]

− Id +
h

4P
C(Y0)

∥∥∥ ⩽ C
h2

P 2
,∥∥∥E[∇2G(Y0 +D0)∇2U(Z0)

]
−∇2G(Y0)∇2U(Y0)

∥∥∥ ⩽ CKh
1
2 (1 + |Y0|)7,

(E.17)

and inserting (E.17) into (C.58) gives∣∣∣E[∇G(Y0 +D0) · ζ0
]
− 2hE

[
∇2G(Y0 +D0)

]
:
(
E
[
Sh

(
ĈP (Y0; ξ0)

)]
− Id

)
− h3

4P
∇2G(Y0) :

(
C(Y0)∇2U(Y0)

)∣∣∣ ⩽ CK
h

7
2

P
(1 + |Y0|)7.

(E.18)

For 1
2 ∇

2G(Y0 +D0) : ζ⊗2
0 , since E[χ⊗2

0 ] = Id,

1

2
E
[
∇2G(Y0) : ζ⊗2

0

]
= h∇2G(Y0) : E

[(
Sh

(
ĈP (Y0; ξ0)

)
− Id

)2]
, (E.19)

and (E.12) and (E.4) allow replacing ∇2G(Y0) by ∇2G(Y0 + D0) on the left side and by E[∇2G(Y0 + D0)]
on the right side of (E.19):∣∣∣1

2
E
[
∇2G(Y0 +D0) : ζ⊗2

0

]
−hE

[
∇2G(Y0 +D0)

]
: E

[(
Sh

(
ĈP (Y0; ξ0)

)
− Id

)2]∣∣∣ ⩽ CK
h

7
2

P 2
(1 + |Y0|)7. (E.20)

The terms with the factor E[∇2G(Y0 +D0)] in (E.18) and (E.20) add up to

hE
[
∇2G(Y0 +D0)

]
:
(
E
[
Sh

(
ĈP (Y0; ξ0)

)2]− Id

)
. (E.21)

The additional polynomial bound (3.19) on the eigenvalues of ĈP (Y0; ξ0) gives∥∥∥Sh(ĈP (Y0; ξ0)
)2 − Id +

h

2
ĈP (Y0; ξ0)

∥∥∥ ⩽
h3

8

∥∥ĈP (Y0; ξ0)
∥∥3,

and (E.4) with r = 3 and the mean in (2.5) give∥∥∥E[Sh(ĈP (Y0; ξ0)
)2]− Id +

h

2P
C(Y0)

∥∥∥ ⩽ C
h3

P 3
. (E.22)
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Inserting (E.18)–(E.22) into (E.16) gives∣∣∣E[G(Y1) −G(Y0 +D0)
]
− h2

2P
E
[
∇2G(Y0 +D0) :

(
C(Z0) − C(Y0)

)]
− h3

4P
∇2G(Y0) :

(
C(Y0)∇2U(Y0)

)∣∣∣ ⩽ CK
h

7
2

P
(1 + |Y0|)7.

(E.23)

It remains to expand the mean with the factor C(Z0) − C(Y0) in (E.23). With Z0 − Y0 =
√
h/2χ0 and

D0 =
√

2hχ0 − h∇U(Z0) of (C.2), Taylor’s formula for C about Y0 to the order 2 and for ∇2G about Y0 to
the order 1, with (E.5), gives

C(Z0) − C(Y0) =

√
h

2
∇C(Y0)[χ0] +

h

4
∇2C(Y0)[χ0, χ0] + ϱχ0

3 , ∥ϱχ0

3 ∥ ⩽M2h
3
2 |χ0|3,

∇2G(Y0 +D0) = ∇2G(Y0) + ∇3G(Y0)[D0] + ϱχ0

2 , ∥ϱχ0

2 ∥ ⩽
K

2

(
1 + |Y0| + |D0|

)6 |D0|2.
(E.24)

In the expansion of ∇2G(Y0 +D0) : (C(Z0) − C(Y0)) by (E.24), the means of the contractions

−h∇3G(Y0)[∇U(Z0)] :
(
C(Z0) − C(Y0)

)
,

√
2h∇3G(Y0)[χ0] :

(
C(Z0) − C(Y0) −

√
h

2
∇C(Y0)[χ0]

)
(E.25)

are bounded by (E.5) and (E.12). Hence (E.24) and (E.25) give∣∣∣E[∇2G(Y0 +D0) :
(
C(Z0) − C(Y0)

)]
− h

4
∇2G(Y0) : ∆C(Y0) − h∇C(Y0) : ∇3G(Y0)

∣∣∣ ⩽ CKh
3
2 (1 + |Y0|)8.

(E.26)
By (C.2) with Y0 = y and (E.7), inserting (E.26) into (E.23) gives (E.9). □

E.3 Proof of Theorem 5

The proof of Theorem 5 replaces the mean of a function under µh by its mean under π, and Lemma 12
bounds the error of this replacement by applying Theorem 3 to the heat flow of the function.

Lemma 12 Let Assumptions 1 and 4 hold, h ∈ (0, h0] and P ⩾ 2. Then the invariant distribution µh of
NC-SGLM satisfies, for every ψ ∈ C1(Rd) with ∥∇ψ∥∞ <∞,

|µh(ψ) − π(ψ)| ⩽ Ch
1
2 ∥∇ψ∥∞. (E.27)

Proof of Lemma 12. For τ ∈ (0, 1], we define the heat flow ψτ of ψ by

ψτ (x) :=

∫
Rd

ψ(x+
√
τ z) (2π)−

d
2 e−

|z|2
2 dz, x ∈ Rd. (E.28)

Then ∥ψτ − ψ∥∞ ⩽ (τd)1/2 ∥∇ψ∥∞, and j − 1 integrations by parts in z in (E.28) give ∥∇jψτ∥∞ ⩽
Cτ−(j−1)/2 ∥∇ψ∥∞ for j = 1, . . . , 4. Hence Assumption 2 holds with ψτ in place of f and Cτ−3/2 ∥∇ψ∥∞
in place of L, and Theorem 3, the bound on ∇3ϕ0 in (C.115) and ∥∇3U∥ ⩽ M give |πh(ψτ ) − π(ψτ )| ⩽
Ch2τ−3/2 ∥∇ψ∥∞. By (3.1) and (E.28), πh(ψh/2) = µh(ψh). Hence the bounds on ψτ − ψ with τ = h and
τ = h/2, and on πh(ψτ ) − π(ψτ ) with τ = h/2, give

|µh(ψ) − π(ψ)| ⩽ ∥ψ − ψh∥∞ + |πh(ψh/2) − π(ψh/2)| + ∥ψh/2 − ψ∥∞ ⩽ Ch
1
2 ∥∇ψ∥∞,

which is (E.27). □

Proof of Theorem 5. Let h ∈ (0, h0] and P ⩾ 2. By Appendix E.1, Theorem 3 and its proof apply with πh
in place of πLM

h as in Appendix C, and give the solutions Φ̃⋆h of (C.112) and Φ⋆h of (C.119). By (3.1) and

(A.14), πh(f) − πh(f) = µh(f̃h) − µh(f̃h). We show∣∣∣µh(f̃h) − µh(f̃h) − h2

P
KSG(f)

∣∣∣ ⩽ CL
h

5
2

P
, (E.29)
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which, with (C.108) and (3.17), gives (3.22) and hence (3.24).
To prove (E.29), we first check the hypothesis of Lemma 11 with K = CL for the solution ϕ̃h − Φ̃⋆h of

(C.114). By (C.114),
ϕ̃h − Φ̃⋆h = Phϕ̃h − PhΦ̃⋆h + h

(
f̃h − µh(f̃h)

)
. (E.30)

By (3.2), the state y + D0 after the LM step from the initial state Y0 = y satisfies ∥∇j
y(y + D0)∥ ⩽ C for

j = 1, . . . , 4. Then (A.22), (3.3) and the chain rule under the expectations in (C.2) and (A.14) give

∥∇j(Phϕ̃h)∥∞ ⩽ CL, ∥∇j f̃h∥∞ ⩽ L, j = 2, 3, 4. (E.31)

By (C.112), Lemmas 6 and 10 with F = Φ̃⋆h give∥∥∇j(PhΦ̃⋆h)(y)
∥∥ ⩽ CLh2−

j
2 (1 + |y|)6, j = 2, 3, 4, y ∈ Rd. (E.32)

Hence (E.30), (E.31) and (E.32) give ϕ̃h − Φ̃⋆h ∈ C4(Rd) and∥∥∇j(ϕ̃h − Φ̃⋆h)(y)
∥∥ ⩽ CL(1 + |y|)6, j = 2, 3, 4, y ∈ Rd. (E.33)

Integrating (C.114) against the invariant distribution µh of NC-SGLM gives

h
(
µh(f̃h) − µh(f̃h)

)
= µh

(
Ph(ϕ̃h − Φ̃⋆h) − Ph(ϕ̃h − Φ̃⋆h)

)
,

and Lemma 11 with G = ϕ̃h − Φ̃⋆h and K = CL of (E.33), together with µh(|y|12) ⩽ C of Lemma 1, gives∣∣∣h(µh(f̃h) − µh(f̃h)
)
− h3

P
µh

(
A(ϕ̃h − Φ̃⋆h)

)∣∣∣ ⩽ CL
h

7
2

P
. (E.34)

By (E.34), (E.29) follows from ∣∣∣µh(A(ϕ̃h − Φ̃⋆h)
)
− KSG(f)

∣∣∣ ⩽ CLh
1
2 . (E.35)

To prove (E.35), we first replace µh by π. By (E.30), A(ϕ̃h − Φ̃⋆h) = A(Phϕ̃h) −A(PhΦ̃⋆h) + hAf̃h, and
(E.8), (E.32) and (E.31) give∣∣∣(A(ϕ̃h − Φ̃⋆h)

)
(y) −

(
A(Phϕ̃h)

)
(y)

∣∣∣ ⩽ CLh
1
2 (1 + |y|)6, y ∈ Rd. (E.36)

By (E.7), (E.31), (E.5) and (3.2), ∥∇A(Phϕ̃h)∥∞ ⩽ CL. Hence (E.36), integrated against µh and against
π, and Lemma 12 with ψ = A(Phϕ̃h) give∣∣∣µh(A(ϕ̃h − Φ̃⋆h)

)
− π

(
A(ϕ̃h − Φ̃⋆h)

)∣∣∣ ⩽ CLh
1
2 . (E.37)

It remains to compare π(A(ϕ̃h − Φ̃⋆h)) with KSG(f). By (C.120),

A(ϕ̃h − Φ̃⋆h) = Aϕ0 + A(Φ⋆h − Φ̃⋆h). (E.38)

Since π(x) ⩽ Ce−m|x|2/8 [30, Lemma 17], integrating by parts gives π(∇C : ∇3ϕ0) = π(∇2ϕ0 : ((∇U · ∇)C −
∆C)). Hence (E.7) and (3.23) give

π(Aϕ0) =
1

8
π
(
∇2ϕ0 :

(
4 (∇U · ∇)C − 3 ∆C + 2 C ∇2U

))
= KSG(f). (E.39)

By (C.120), (C.115) and (E.33), Φ⋆h − Φ̃⋆h is in C4(Rd) with derivatives of polynomial growth. Integrating

by parts gives π(A(Φ⋆h − Φ̃⋆h)) =
∫
Rd(Φ⋆h − Φ̃⋆h)A∗π dx, where A∗ is the adjoint operator in L2(Rd), and

A∗π =
1

8

d∑
i,j=1

∂i∂j
(
(∆C)ij π

)
− 1

2

d∑
i,j,k=1

∂i∂j∂k
(
∂kCij π

)
+

1

4

d∑
i,j=1

∂i∂j
(
(C ∇2U)ij π

)
. (E.40)

Since ∇π = −π∇U , (E.40), (E.5) and (3.2) give |(A∗π)(x)| ⩽ C(1 + |x|)3 π(x). Hence (E.38), (E.39) and
the bounds on Φ⋆h in (C.119) and on Φ̃⋆h in (C.112) give∣∣∣π(A(ϕ̃h − Φ̃⋆h)

)
− KSG(f)

∣∣∣ =
∣∣∣π(A(Φ⋆h − Φ̃⋆h)

)∣∣∣ ⩽ CLh,

which, with (E.37), gives (E.35). □
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