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Abstract

Stochastic gradient Langevin dynamics (SGLD) has a discretization error of first order in the step
size h, even with the full gradient. We study the stochastic gradient Leimkuhler—-Matthews (SGLM)
integrator, which has the same cost as SGLD, one stochastic gradient per step, and reuses each Gaussian
vector in consecutive steps. With the full gradient, SGLM is the Leimkuhler-Matthews (LM) integrator,
whose discretization error for the invariant distribution is of second order. For a potential strongly convex
outside a ball, we prove the bound O(+- 4+ £*h* 4+ k) on the mean square error (MSE) of time averages
of SGLM over N steps, where ¥ bounds the variance of the gradient noise. The proof uses a modified
class that absorbs the non-Markovian part of SGLM. The discretization error enters this bound as h*
and the MSE bound of SGLD as h?, while a larger batch reduces only the term X?h? in both bounds. In
Bayesian logistic regression on MNIST, SGLM has a smaller estimated MSE than SGLD. The coefficient
of h in the numerical bias of SGLM is given explicitly by the covariance of the gradient noise and the
continuous Poisson equation. The coefficient for SGLD contains in addition the Hessian of the potential,
which comes from the discretization error. Through Riesz representors, the coefficients of the numerical
bias determine the coefficients of the Wasserstein-1 errors of SGLM and SGLD.

Keywords: overdamped Langevin dynamics, stochastic gradient, Leimkuhler-Matthews integrator,
mean square error, discrete Poisson equation, numerical bias, Riesz representor, Wasserstein-1 distance.

MSC 2020: 65C30, 60H35, 65C40.

1 Introduction

Sampling from the Boltzmann distribution 7(x) oc e~V on R? is a central task in statistical physics [57, 63]
and in Bayesian inference [27, 33, 103]. The simplest stochastic differential equation that leaves 7 invariant
is the overdamped Langevin dynamics

dX, = -VU(X,)dt + V2dB;,  Xo=u1z€R?, (1.1)

where (B;);>0 is a standard Brownian motion in R and U a confining potential; time averages along the
solution (X;);>o approximate expectations under 7 in the long-time limit [53, 90]. A numerical integrator
of (1.1) with step size h > 0 produces samples (Zj)r>0 that approximate the invariant distribution 7; such
integrators form the basis of Langevin Monte Carlo [26, 27, 33, 34, 73, 100]. Characterizing the accuracy of
these samples is a basic question of numerical analysis.
The mean square error (MSE) of time averages is a natural criterion for this accuracy. For a test function

f, with w(f) := fRd fdm, the MSE of the time average over N steps is

2

1 . (1.2)

N-1
MSE(N, h) := E U;f > F(Z) =7 (f)
k=0




The Wasserstein distance, the Kullback—Leibler (KL) divergence and the total variation distance compare
the law of the samples with 7, and are hard to evaluate in high dimension. The MSE instead concerns a
single numerical trajectory, and accounts for both the fluctuation of the time average and the numerical bias,
the deviation of its long-time limit from 7 (f) [18, 77, 99, 102].

In Bayesian inference on large data sets, VU is replaced by an unbiased stochastic estimator vU (z; )
computed from a mini-batch, with £ a random variable independent of the Brownian motion [18, 99, 102, 103].
The standard sampler of this kind is stochastic gradient Langevin dynamics (SGLD) [103], the Euler—
Maruyama (EM) integrator [50, 80] of (1.1) with the stochastic gradient,

Ziwr = Z, — hVU(Zy; &) + V2h Xi1, (SGLD)

where (xx)k>0 is a sequence of independent standard Gaussian vectors in R? and &, is drawn afresh at every
step. The discretization error of (SGLD) is of first order in h: its numerical bias is of order h even with the full
gradient (Section 2.2). The existing stochastic gradient integrators that preserve a second order discretization
error are built on stochastic gradient Hamiltonian Monte Carlo (SGHMC) [22] with a symmetric splitting
integrator [18] or on the underdamped Langevin dynamics [44], whose splitting integrators are of second
order with one gradient evaluation per step [81]; the underdamped dynamics with stochastic gradients is
studied in [58, 71, 76, 88].

We study the stochastic gradient Leimkuhler—Matthews (SGLM) integrator, which has the cost of (SGLD),
one stochastic gradient per step, and differs from it in only one respect: the Gaussian vector 1 is replaced
by the average of xx and xxy1, so that each Gaussian vector is used twice, in consecutive steps,

A h
Zyyr = Zy — hVU(Zy; &) + \/; (Xk + Xt1)- (SGLM)

With the full gradient, SGLM is the Leimkuhler—-Matthews (LM) integrator [56, 101],

h
Zks1 = Zr —hVU(Zy) + \/; (& + Xk41)- (LM)

The reuse of the Gaussian vector gives LM a second order discretization error for the invariant distribution
7 [56, 59, 101], although its samples (Zj)k>0 do not form a Markov chain and its weak error on finite time
intervals is of first order. LM evaluates VU once per step, while almost all other integrators of (1.1) with a
second order discretization error are of predictor—corrector type, with at least two sequential evaluations of
VU per step (Section 2.1). With a stochastic gradient, each of these evaluations carries its own noise. This
raises the question whether SGLM preserves the second order discretization error of LM.

We provide a positive answer to this question. Our contributions are summarized as follows:

1. SGLM separates the stochastic gradient error from the discretization error.

Under regularity conditions on U, f and the stochastic gradient that require strong convexity of U only
outside a ball, we prove in Theorem 3 the MSE bound for SGLM,

(SGLM, variance ¥ MSE(N, h) < C(Nih + 322 4+ h4), (1.3)
where ¥ bounds the variance of the stochastic gradient, and C depends on the regularity constants of U and
f, the dimension d and the initial value Zy, but not on N, h or X. In (1.3), ﬁ comes from the fluctuation
of the time average, ¥2h? from the square of the stochastic gradient error, and h* from the square of the
discretization error. The same separation holds for the UBU integrator with stochastic gradients (SG-UBU)
[71], and was previously known only for integrators of the underdamped dynamics [71, 87]. The (SGLD)
integrator does not have it, since its stochastic gradient error and its discretization error are both of first
order in h. With the full gradient, 3 = 0 and (1.3) yields the MSE bound ﬁ +h* of LM. To our knowledge,
this is also the first MSE bound for the LM integrator.

The separation in (1.3) is advantageous in the mini-batch regime: if each step averages P independent
stochastic gradients, the variance bound ¥ is replaced by ¥/P, so the contribution of the gradient noise to



the MSE becomes ¥2h2/P?, with C in (1.3) independent of P. Increasing the batch size P at a fixed step
size h therefore reduces the stochastic gradient error. By contrast, the MSE of (SGLD) keeps the term h?
from the square of its discretization error at every batch size, and only a smaller i reduces it. Since the
gradients of a batch are evaluated in parallel while the steps are sequential, SGLM with a large batch size
P has a smaller error bound than SGLD under the same cost.

The proof of (1.3) runs on the Markovian form of (SGLM), a Markov chain (Y3)r>0 with Z; = Yj, +
V/h/2 xx. Tt builds on the discrete Poisson equation of our earlier work [71, 106], combined with a modified
class of test function, potential, generator and discrete Poisson solution that absorbs the non-Markovian
part of the integrator, the Gaussian shift \/h/2 yx.

2. The coefficients of the numerical bias are explicit.

The time averages of f along (SGLM) converge almost surely to 7 (f), for a numerical invariant distribution
7, independent of the initial value, and the numerical bias 7, (f)—7(f) is of order h with an explicit coefficient
given in Corollary 2,

(SGLM, numerical bias) lim M
h—0 h

= %T&'(VQ(bo(I) :C(z)), (1.4)
where C(z) is the covariance of the gradient noise VU (z;€) — VU(z), ¢o solves the continuous Poisson
equation (3.7), —L¢g = f — w(f) with L the generator of (1.1), and : is the full contraction of two matrices.
The coefficient comes entirely from the gradient noise: with the full gradient, C(z) = 0 and the numerical
bias of LM has no linear part. The gradient noise enters only through the local weak error of a single step,
through its covariance C(z), as for SG-UBU in [71, Section 3.4].

The discrete Poisson equation also characterizes the numerical bias of (SGLD). Its time averages converge
to 7 (f), with 7, the invariant distribution of SGLD, and by Corollary 3

(SGLD, numerical bias) lim m(f) = (f)

RO L (ea o),

a coefficient studied formally for d =1 in [102]. Besides the covariance C(x), the coefficient of SGLD carries
the Hessian V2U(z), which comes from the discretization error of EM. With the full gradient, C(z) = 0
and (1.5) gives the coefficient of EM; with a batch of P independent stochastic gradients, the coefficient of
SGLM is divided by P, while that of SGLD tends to the coefficient of EM as P grows. In (1.4) and (1.5),
the gradient noise and the discretization error both enter linearly through V2¢g, so the solution ¢ of the
continuous Poisson equation is an essential structure of the numerical bias of the two stochastic gradient
integrators, not only a tool for upper bounds on the MSE.

3. The coefficients of the Wasserstein-1 error are explicit.

The suprema of the absolute values of the coefficients (1.4) and (1.5) over the test functions with ||V f]le < 1
are the limits of the normalized Wasserstein-1 errors W (7, 7)/h and Wy (7, m)/h as h — 0 (Corollary 4):

(SGLM, W coefficient) lim Wiltnm) _ Ly e, (1.6)
—0 h 2
Wi (7, 1

(SGLD, W coefficient) lim y = 5 lWw20 + ) e, (1.7)

where 1¢ and g2y are the Riesz representors of C(z) and V2U(x) defined in (6.14), and [|-||xr is the
Kantorovich-Rubinstein norm in Section 3.1. The normalized biases (7p, — ) /h and (75, — 7)/h converge to
%z/}c m and %(wsz +1¢) 7 in this norm at the rate h2 (1+log %) (Theorem 7). SGLM does not always have
a smaller coefficient of the Wasserstein-1 error than SGLD: for a gradient noise of large amplitude supported
away from the minimizer of U, the order is reversed (Lemma 10). With a batch of P independent stochastic
gradients, 1¢/P replaces ¢¢ in both limits, with C(z) the covariance of a single stochastic gradient. For a
strongly convex potential, the coefficient of SGLM is at most that of SGLD once the batch size reaches a
threshold linear in sup,||C(z)|| (Theorem 8).



Summary of the results

Three features distinguish these results. First, SGLM separates the stochastic gradient error from the
discretization error at the cost of SGLD, so that the batch size and the step size control the two errors
independently; for an integrator of the overdamped dynamics, this separation is new.

Second, the results on the numerical bias are equalities, not only upper bounds. The coefficients (1.4)
and (1.5) identify the numerical biases of SGLM and SGLD, and (1.6) and (1.7) their Wasserstein-1 errors,
to first order in A, uniformly over the Lipschitz test functions for the Wasserstein-1 errors. The mainstream
coupling methods bound these errors from above without identifying their coefficients; here the coefficients
are the Kantorovich-Rubinstein norms of the signed measures given by the Riesz representors, and the shift
of the invariant distribution caused by the gradient noise and by the discretization is characterized exactly.

Third, the exact coefficients make the comparison of SGLM with SGLD precise. The coefficient of
SGLD keeps the Hessian of the potential at every batch size, while that of SGLM is divided by the batch
size. SGLM can be less accurate than SGLD at small batch sizes (Lemma 10), and, for a strongly convex
potential, Theorem 8 gives an explicit threshold of the batch size beyond which SGLM is more accurate than
SGLD in the Wasserstein-1 distance, to first order in h. This threshold does not depend explicitly on the
dimension d; it depends only on the eigenvalues of V2U(z) and C(z).

As applications of the analysis of the coefficients, Section 7 describes three approaches to bias correction.
The numerical bias of SGLM is % 7(fvc¢) to first order in h, so it is removed once m(fi¢) is computed, with
the explicit representor ¢ for the covariances of Table 3 or by Richardson—-Romberg extrapolation in the
step size. The third approach, the shifting correction, replaces a sample Z ~ 7, of SGLM by Z + hV¢(Z),
where ¢ solves (7.5), and formally removes the first order bias coefficient for all test functions at once. The
function p¢ is approximated by minimizing the energy (7.8), which requires only the samples of SGLM at
the step sizes h and 2h, so the shifting correction is completely data-driven.

In the numerical experiments of Section 8, the evaluated coefficients of the numerical bias of SGLM and
SGLD in a 4D Gaussian mixture distribution approach the exact coefficients (1.4) and (1.5) as h decreases,
and the evaluated coefficients of the Wasserstein-1 errors in a radial distribution approach those of (1.6)
and (1.7). In a 16D product of ring distributions, the approaches to bias correction of Section 7 reduce the
numerical bias of SGLM. In Bayesian logistic regression on MNIST, SGLM has a smaller estimated MSE
than SGLD with the same step size and batch size.

Section 2 reviews the related works. Section 3 states the assumptions, the Markovian forms (LM’)
and (SGLM’), and the estimates of the discrete Poisson equation. Section 4 constructs the modified class,
Section 5 estimates the local errors of the LM and SGLM integrators against the modified dynamics, and
Section 6 states the main results. Section 7 describes the approaches to bias correction, and Section 8
presents the numerical experiments. Section 9 concludes, and the proofs are in the appendices.

2 Related works

This section reviews the work related to (LM) and (SGLM). Section 2.1 reviews the integrators of (1.1) with
a second order discretization error and the works on the LM integrator. Section 2.2 reviews the sampling
error of (SGLD), and Section 2.3 the stochastic gradient integrators of the underdamped Langevin dynamics.

2.1 Second order integrators in the overdamped case

Among the integrators of (1.1) that evaluate VU alone, only a few have a discretization error of order h?
for the invariant distribution. They include LM [56, 101] and stochastic Heun [29, 75, 80]. The large family
of stochastic Runge-Kutta (SRK) integrators [29, 69, 91, 105] contains further examples, such as SRK-I/II
[105, 106]. Beyond LM, almost all these integrators are of predictor—corrector type: the second evaluation of
VU in a step is taken at a state computed from the first. With a stochastic gradient, each of these evaluations
carries its own noise, while LM evaluates VU once per step and extends to stochastic gradients by replacing
that single evaluation; this is the reason we study LM and its stochastic gradient form SGLM. A detailed
comparison of these integrators is given in [106]. Integrators of high order for the invariant distribution that
also use derivatives of VU have been constructed [1, 97].



The LM integrator was introduced in [56] as the high friction limit of the BAOAB splitting of the
underdamped Langevin dynamics. Its second order discretization error for the invariant distribution was
proved by Talay—Tubaro expansions [98]. These expansions were derived for the weak error, whose first order
coefficient decays exponentially in time [59], and for the invariant distribution of splitting integrators on the
torus [60]. The second order discretization error of LM was also proved by writing the integrator as the
Markovian form (LM’) followed by the Gaussian shift y/h/2 x} as a postprocessor [101]. The postprocessor
argument uses the sufficient conditions for high order on the invariant distribution of [1], which rest on the
Talay-Tubaro expansion [98] and on the weak backward error analysis of [30, 51]. In high dimension and
under weak or sparse interactions among the variables, the bias of the unadjusted underdamped Langevin
algorithm on marginals of a few coordinates depends on the dimension only through logarithmic factors
[24], extending the delocalization of bias of the unadjusted overdamped Langevin algorithm [23]. This
delocalization holds for all large friction parameters and therefore carries over to (LM). These works control
the numerical bias of LM; none of them bounds the MSE (1.2) or treats stochastic gradients.

The modified class of this paper serves a purpose different from that of the modified equations of [1],
which are used to construct integrators. Here the integrator is fixed, and the modified potential of Section 4
defines the modified dynamics (4.16), against which the Markovian form (LM’) has a local weak error of
order h3. The modified class also provides the modified discrete Poisson solution, to which the MSE analysis
of [71, 106] is applied. The order h® of this local weak error appears in the Talay—Tubaro expansions [59, 60],
as the vanishing at equilibrium of its coefficient of order h, and in the postprocessor argument [101]. The
expansions in [59] rely on the exponential decay in time of the derivatives of the Kolmogorov solution of
Section 3.3, for which they refer to [97]. Theorem 1 proves this decay on R for a potential satisfying
Assumption 1, extending [106, Theorem 1] to derivatives of order 4.

2.2 Sampling error analysis for SGLD

The (SGLD) integrator converges weakly to the solution of (1.1) as its step size tends to zero [93]. Its
sampling error has been analyzed along the following lines, and Table 1 collects representative bounds; see
[84] for a review.

e Recurrence relations of the integrator, combined with strong or weak error estimates, give nonasymp-
totic bounds in Wasserstein distance [7, 9, 17, 27, 82, 96, 107]. Weighted transportation cost inequalities
give bounds in W, for nonconvex potentials [89]. Under log-concavity at infinity the variance of the
stochastic gradient does not change the rate of weak convergence [73], and a conductance analysis gives
bounds in total variation for targets that are not log-concave [112]. For targets log-concave outside
a compact set, the law of the k-th iterate of SGLD converges geometrically in W; to the numerical
invariant distribution 75, of SGLD [66].

e The continuous Poisson equation (3.7) controls the error of the time averages of numerical schemes
[10, 77] and of SGLD and SGHMC, including their MSE [18, 67, 99, 102, 104]. These results require
its solution ¢y to have bounded or polynomially growing derivatives.

e The KL divergence between the laws of SGLD and of (1.1) is bounded uniformly in time [65]. Bounds
in KL divergence also follow from convex optimization on the Wasserstein space [36] and, under a
logarithmic Sobolev inequality, from the nearly Gaussian structure of the gradient noise [28].

e Variance-reduced and control-variate estimators of the gradient improve these guarantees [4, 15, 32,
49, 110]. The numerical bias of SGLD is reduced by Richardson-Romberg extrapolation [35], and
its cost at a prescribed accuracy is reduced by multilevel Monte Carlo [42, 43]. The extrapolation,
however, introduces negative weights and does not increase the accuracy of the trajectory itself. The
cost of the gradient noise is quantified by oracle lower bounds [16], by the dependence of the MSE on
the mini-batch size under a fixed budget [19], and by a comparison of SGLD with EM at a prescribed
mean square accuracy [74].

The numerical bias of (SGLD) is of first order in h. The bias of the time average over N steps is
O((Nh)™' + h) [102, Theorem 9]. The uniform-in-time KL bound of [65, Corollary 3.1], of order h?,
combined with the geometric ergodicity of SGLD for a potential strongly convex outside a ball [66], yields
Wi (7p, ) < Ch [65, Section 5.1]. Corollary 4 gives the exact coefficients of h in Wi (7, 7) and W (mp,, 7),



reference assumption  sampling error

Theorem 5 [27] global Walpg, 7) S e 0 4 h 4 N3hs
Theorem 5, Corollary 12 [82]  global E|Xpn — Zp|? S e Mhpp

Corollary 18 [306] global KL(an||m) S (Nh)™L+h

Theorem 3.8 [96] global Wa(pg, ) S e h 4 pz

Proposition 1, Theorem 1 [86]  global Wa(ug,m) Se M+ h

Proposition 10 [89] non-global Wa(pi, @) < (65 + b3 ) kh + ¢~ Mh
Theorem 4.5 [112] non-global e — 7oy S e M 4 hr 46

Theorem 9 [102] non-global MSE(N, h) < (Nh)™1 + A2

Theorem 3 [18] non-global ~ MSE(N,h) < (Nh)™1 + A2

Corollaries 3.1 and 5.1 [65] log-Sobolev KL (u||vr) < h%, Walug,m) S e h 4+ h
Theorem 5 [28§] log-Sobolev KL (ju||7) < e h 4 h

SGLM, Theorem 3 non-global MSE(N,h) < (Nh)~! +%2h% +
SGLM, Corollary 4 non-global limy, 0 W = %”’(/)c || kR

SGLD, Corollary 4 non-global  limp_,¢ w = 3 (¥v2u + ¢e) 7lkr

Table 1: Sampling error results for (SGLD) and for (SGLM). In the assumption column, global marks a
strongly convex or convex potential, non-global a dissipative potential, one convex outside a ball, or, in
[18, 102], bounds on the solution of the Poisson equation with moment conditions in place of convexity, and
log-Sobolev a target satisfying a logarithmic Sobolev inequality; the references impose in addition conditions
on the regularity, the initial distribution and the moments of the gradient noise. Here uj, denotes the law of
the k-th iterate of SGLD, 7; and 7, the numerical invariant distributions of SGLD and of SGLM, iy the
average of p1,..., un, and vy the law of the solution of (1.1) at time kh. Further, Xy, is the solution of (1.1)
coupled with the k-th iterate Zj of SGLD, § the relative variance of the gradient noise in [89], and € € (0, 1)
the truncation parameter in [112], which fixes the radius of the truncated target on which the constants of
that bound depend. Finally, ¥ is the bound on the variance of the gradient noise in Assumption 3, ¥¢ and
ty2y the Riesz representors (6.14) of its covariance C(z) in (5.8) and of V2U(z), ||-|xr the Kantorovich—
Rubinstein norm, W, the Wasserstein distance of order p, and A > 0 a rate of convergence. Other constants,
depending on the dimension, the potential and the gradient noise, are suppressed.

determined through Riesz representors by the bias coefficients of Corollaries 2 and 3. For a strongly convex
potential with a Lipschitz gradient and gradient noise that is Lipschitz in mean square, Wa(7p, ) < Ch
when the gradient noise has a finite moment of order 4, while under a finite moment of order 2 only, the
bound is of order hz [86, Theorem 1]. A family of spiked gradient noises shows that the order h% cannot
be improved uniformly over gradient noises of a fixed variance [86, Lemma 1]. Each noise of this family has
finite moments of all orders, while their moments of order 12 are unbounded over the family; Assumption 3,
whose bound on the moment of order 12 of the stochastic gradient has a fixed constant M, excludes the
family as a whole. The first order term has two sources: the gradient noise and the discretization error of
EM. The discretization error of EM gives a numerical bias of first order even with the full gradient [98]; see
also [102, Section 4.1].

A different line of work removes the numerical bias. The proximal sampler [25, 55], with its restricted
Gaussian oracle implemented by first order rejection sampling [20], reaches a prescribed accuracy in total
variation with a number of gradient queries polylogarithmic in the inverse accuracy [3, 20], and stochastic
gradients with subexponential tails preserve this rate for targets satisfying a log-Sobolev or a Poincaré
inequality [21]. These samplers need a warm start, an approximate proximal step and a rejection step
with a random number of gradient queries in each iteration, and light-tailed gradient noise: with stochastic
gradients of bounded variance only, a number of queries proportional to the inverse accuracy is necessary
and sufficient [21]. SGLD and SGLM use one stochastic gradient per step and no warm start, and their
numerical bias, quantified in the present paper, can be made smaller than the fluctuation of the time average



by the choice of the step size and the batch size.

2.3 Stochastic gradient integrators for underdamped Langevin dynamics

The underdamped Langevin dynamics augments the position with a velocity and is discretized by splitting
integrators such as BAOAB [56, 57], OBABO [11] and UBU [85, 92]. For convex and smooth potentials, the
unadjusted chain of a splitting integrator of second order with one gradient evaluation per step contracts in
Wasserstein distance at a rate independent of the dimension [81].

SGHMC adds a friction to compensate for the gradient noise [22], within a general recipe for such
samplers [72]. Adaptive thermostats correct for the gradient noise [31, 58, 95], with exponential convergence
of the law [61] and a quantified bias from mini-batching [94]. Variance reduction accelerates SGHMC
[15, 70, 108, 109, 111], and multilevel coupling gives unbiased estimators [13]. For nonconvex optimization,
the complexity bounds of SGHMC can be tighter than those of (SGLD) [41]. Wasserstein bounds are proved
without log-concavity [2, 14], through contraction rates of stochastic gradient integrators [62], and with
dimension-free rates for log-concave targets [44].

Consider a stochastic gradient sampler such as SGHMC, with unbiased gradients and a Markov integrator
whose local weak error is of order A *1. If the derivatives of the solution of the continuous Poisson equation
(3.7) are bounded, the bias of its time average is of order (Nh)~! 4+ A% and its MSE of order (Nh)~! + h2E
[18, Theorems 2 and 3]. Applied to the Markovian form (LM’), which has weak order 1 [106], this framework
gives a discretization term of order h? in the MSE, whereas the modified class of Section 4 gives h*. The
derivative bounds that this framework requires follow from the decay (3.8) of Theorem 1.

For SG-UBU and a globally convex potential, the discrete Poisson equation bounds the MSE of the time
average [71]. The numerical bias is of first order in h, with a coefficient proportional to the variance of the
stochastic gradient. For a finite-sum potential whose components are each strongly convex, UBU combined
with a symmetric forward and backward sweep over the mini-batches reaches a bias of order h? with a single
mini-batch per step [88]. The constant of this bound grows with the number of mini-batches, and the order
rests on the symmetry of the whole sweep, which lasts a time equal to 2h times the number of mini-batches.
For SG-UBU and strongly log-concave targets, Gaussian convolution inequalities bound the Wasserstein
distance between the numerical invariant distribution and 7 [87]. The bound is the discretization error of
the UBU integrator plus a stochastic gradient error of first order in A, which vanishes with the full gradient.

Like SG-UBU, (SGLM) evaluates one gradient per step and has a discretization error of second order,
and the separation in (1.3) holds without the global convexity assumed for SG-UBU in [71]. Unlike the
sweep of [88], SGLM draws &, independently, so its numerical bias keeps the first order term (1.4) from the
gradient noise. As for SG-UBU, this term comes from the gradient noise only and vanishes with the full
gradient, whereas the coefficient (1.5) of (SGLD) also carries the Hessian V2U(x) from the discretization
error of EM. UBU and LM are analyzed differently: UBU has strong error of second order [85, 92], whereas
the Markovian form (LM’) of LM has strong error of first order [106]. The second order discretization error
of LM is recovered through the modified class of Section 4.

3 Preliminaries

3.1 Notation and assumptions

Throughout, (-,-) is the Euclidean inner product, ||| the operator norm of a tensor, which for a vector is
the Euclidean norm |- |, I; is the d x d identity matrix, A > B means that A — B is positive semidefinite,
v®J is the j-fold tensor power, A : B the full contraction of two tensors of the same order, Tr[A] the trace
of a square matrix A, and Sym T the average of a tensor 1" over the permutations of its indices. Derivatives
of U contract with tensors as in [106]: for instance, for a matrix @ and a vector v, V3U(z)[Q] € R? and
V23U (z)[v] € R¥? have entries

d d
(VPU@Q]), = Y 8:0;0U(2) Qsr, (VU ()[v]),; = > 0:0;0,U () vy

G k=1 k=1



We write AU = 3. 02U and VAU for its gradient, 7(¢)) = [ dmr, E® for the expectation of the Langevin
dynamics (1.1) started at Xo = x, and E¢ and P¢ for the expectation and the probability over the random
variable ¢ of the stochastic gradient at fixed x. For a tensor-valued function g and j > 0, ||[Vig|le :=
sup, || VZg(z)||, with | -| for j = 1; for a Lipschitz function f, |V f| is its Lipschitz constant. For a random
tensor X and p > 1, || X[, := (EHXHP)%, with the Euclidean norm | X| in place of || X|| when X is a vector.
Most proofs do not track the dependence of the constants on the dimension d, so the norms used in the
paper are equivalent, up to constants depending only on d.
For a signed measure v with v(R%) = 0 and [ |z||v|(dz) < oo, the Kantorovich-Rubinstein norm is

D — / fdv,
Rd

IV flleo<1

with the supremum over the Lipschitz functions f with |V f||e < 1, so that Wi(u,p) = ||u — pllkr for
probability measures p and p with finite first moments by the Kantorovich—Rubinstein duality. For a function
¥ with w(¢b) = 0 and 7(|z| [¢]) < oo, ¥7 is the signed measure t(x) 7(dx).

Three conventions fix the notation of the paper. The solution of the discrete Poisson equation of (1.1)
is written ¢y, the subscript h marking its dependence on the step size. Every member of the modified class
of Section 4 carries a tilde: the modified test function fj, the modified potential U, with its Boltzmann
distribution, the modified target 75, the modified generator Eh, and the modified discrete Poisson solution
th So do the modified dynamics Xt, defined together with L, and its solution Yk( ) started at Y;. The
hat marks the stochastic gradient: vU (x; &) is the estimator and U(z) the exact potential, and Fi, and Ky,
in (3.2) are the filtration and the conditional expectation of (SGLM’). Table 2 lists the objects of (1.1) next
to their modified counterparts.

original modified
object symbol  definition symbol definition
test function f Assumption 2 fh (4.1)
potential U Assumption 1 U (4.11)
Langevin dynamics Xy (1.1) Xt, Yi(t) (4.16)
generator L (3.3) Ly (417)
invariant distribution ™ Toce Y T 7p oc e Un (4.11)
discrete Poisson solution ¢y, (3.5) on (4.18)

Table 2: Notation of the original objects and of their modified counterparts.

For the full gradient (LM) integrator, we make the following two assumptions on the potential U and the
test function f. Strong convexity of U is required only outside a bounded ball.

Assumption 1 U € C7(R?) satisfies

VU (0)] < M, max ||VU(z)| < M, Vr € RY,
2T

and there are constants m > 0 and R > 0 such that V2U(x) = mly for |z| > R
Assumption 2 f € C*(R?) satisfies

max || V7 f(z)|| < L, Vr € RY.
1<j<4

For SGLM, additional boundedness conditions are required for the stochastic gradient vU ().

Assumption 3 The estimator is unbiased and its L'2 norm with respect to & grows linearly,

Ee[VO(@:6)] =VU(@),  (Be[IVO@;0)%])" <M(1+el),  VoeR?



U(5€) € C2(RY) for every € with (x,€) — V2U(x;€) measurable, and its Hessian has a second moment
bound, uniform on unit balls,

Ee| sup [|V2U(2;6))?| < M?,  VaeR%

|’ —2|<1
with M the constant of Assumption 1, and its variance is bounded by a constant ¥ < M2,
Eg“VU(I;f) —VU(@)]?] <%, vz € R%.

The constraint ¥ < M? in Assumption 3 is imposed for the convenience of analysis. The bound on the
Hessian of U in Assumption 3 ensures the uniqueness of the invariant distribution of (SGLM’), as required
by Harris’s ergodic theorem [47]. A stronger condition is the almost sure uniform bound ||V2U (z;€)| < M
for all z € R? and almost every &. Although Assumption 3 requires the potential form, VU (x;€) does not
need to be a gradient: the proofs use only the boundedness of its derivative V20U (z;€).

From here on, the letter C denotes a positive constant depending only on m, M, R and d, but not on h,
N, P, ¥ or the initial state, and it changes from line to line. The letter hy denotes an upper bound in (0, 1]
on the step size h, depending only on m, M, R and d. In each statement, hg is the smallest of the bounds
its proof uses, and every statement below holds for h € (0, ho].

Although this paper focuses on SGLM, the proofs are carried out also for the full gradient LM, as the
stochastic gradient case follows directly in most places. When we speak of the LM integrators in the plural,
the statement covers both the full gradient and the stochastic gradient cases.

3.2 Markovian form of the LM integrators

Although the (LM) integrator is non-Markovian, it can be written in a Markovian form for the convenience of
analysis. Let (B;)¢>0 be a standard Brownian motion in R?, the one driving (1.1), and realize the Gaussian
vectors as its increments over the steps,

1
Xt = — (Be+1)n — Brn), k> 0.

Vh

Let Fj be the sigma algebra generated by the Brownian motion up to the time kh, the past before the step
k, and Ej the conditional expectation given that past,

Fr:=0(Bs:0< s <kh), Ex[-]:=E[-|Fx], (3.1)

so that xj is Fr41-measurable and independent of Fj. We construct a Markov chain (Y%)r>0 by

h
Yir1 =Y, — hVU(Yk + \/ng) + vV2h xk. (LM7)

Then Z; = Yy + \/h/2 x satisfies (LM), so the LM integrator is equivalent to (LM’), the form in which
it is analyzed as a postprocessed integrator in [101]; here Y} is Fj-measurable and Z is Fj.1-measurable.
Similarly, the (SGLM) integrator is equivalent to

. h
Yis1 = Yi — hVU(Yk + \/;x,c;gk) +V2h vk, (SGLM)

where the random variables &, are independent and identically distributed and independent of (B;);>o. For
(SGLM’) the past before the step k also contains g, . ..,&k—1, and we define

Fri=0(Bs, &:0<s<kh, 0<j<k—1), Ei-]:==E[-|F], (3.2)

so that xx and & are independent of fk, and Y} is ]:'k—measurable and Zj is ﬁk+1—measurable.

Since xi is determined by the Brownian motion on [kh, (k + 1)h], we call (LM’) and (SGLM’) the
Markovian forms of LM and SGLM. The analysis through the discrete Poisson equation is carried out on the
Markovian form (Y%)k>0, not on the original form (Zy)k>0, and their connection is made by the modified
class of Section 4. The Markovian form (LM’) has strong and weak order 1 [106], hence the second order
discretization error of LM comes entirely from the Gaussian shift 1/h/2 x; between Yy and Zj.



3.3 Elliptic estimates of the discrete Poisson equation

The generator of the overdamped Langevin dynamics (1.1) is
Lo = A — VU - Ve, (3.3)
and e'“, t > 0, is its semigroup, e** f(x) = E*[f(X;)], where X; solves (1.1) with Xy = 2. The Dirichlet
form of ﬁ [6 ] gives the integration by parts
m(g1 Lg2) = —7(Vg1 - Vg2) (3.4)

for g1, g2 € C%(R?%) whose derivatives of orders 0 to 2 grow at most polynomially.

For the test function f of Assumption 2, the Kolmogorov solution u(z,t) := e'* f(x) — n(f) solves the
parabolic equation dyu = Lu with u(-,0) = f — 7(f). By the exponential convergence of u(z,t) established
in Theorem 1 below, the discrete Poisson solution [71, 106]

)= 0> ule,kh) = h (T ") 7 (f(x) - 7(1)), (3.5)
k—

with Z the identity operator, is well defined and, by telescoping the series with e"“u(-, kh) = u(-, (k + 1)h)
and the exponential decay (3.8) of u, satisfies the discrete Poisson equation

On (@) — (" ¢n) ()

. — f@)-nlf), wcR (3.6)

As h — 0, (3.6) formally becomes the continuous Poisson equation
—Loo(x) = f() = 7(f), @ ER, (3.7)
studied in [10, 77, 102]. By (3.8) of Theorem 1 below, ¢g = [, u(-,t)dt solves (3.7), with derivatives of

orders 1 to 4 bounded by C'L. Among the functions with a bounded gradlent, (3.7) determines ¢y up to an
additive constant, as the proof of Corollary 2 shows.

Theorem 1 Let Assumptions 1 and 2 hold. There are A > 0 and C, depending only on m, M, R and d,
such that for all x € R% and t > 0,

ju(a, O] < CL(1+]a)e™,  max [Vu(a, )] < CLe ™, (3.8)

2
<

Consequently, for every h € (0, \™1] the discrete Poisson solution (3.5) satisfies

J < d
1rga§4||v on(z)|| < CL, Vo € R®. (3.9)

(Proof in Appendix A.)

Theorem 1 requires one order of derivative of u more than Theorem 1 of [106], and its proof is almost the
same; the details are given in Appendix A. The proof uses the derivatives of U up to order 5 only, although
Assumption 1 provides bounds up to order 7; the 2 extra orders are consumed by the modified potential of
Section 4.2, whose construction loses 2 derivatives. Corollary 1 applies it to the modified potential Uy, and
the modlﬁed test function fh, whose discrete Poisson solution is written qSh

4 Modified class for the LM integrator

The MSE (1.2) averages the test function along the samples (Zj)r>o of the (LM) integrator, while the
analysis runs on the Markovian form (LM’). The Gaussian shift between the two is absorbed by the modified
class: a modified test function fh, a modified potential U, with its modified generator L, and a modified
discrete Poisson solution <;Sh The modified class is local: its construction does not involve the long-time
behavior. Section 4.1 defines the modified test function fh as the heat flow of f, which splits the MSE into
the time average error of the Markovian form and a bias against a reference measure. Section 4.2 defines
the modified potential U, by the correction that makes the bias of order h2, cut off far from the origin so
that the bounds of Assumption 1 up to order 5 hold uniformly in h, with 2M and % in place of M and
m. Section 4.3 proves that the bias against the modified target 7, is of order h%. Section 4.4 defines the
modified generator L, and the modified discrete Poisson solution ¢~>h.
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4.1 Modified test function fh

The positions Zy and Y} in (LM) and (LM’) differ by the Gaussian shift \/h/2 xr ~ N (0, 214), which is
independent of Fj. The conditional mean of f(Zy) given Fy, is therefore the heat semigroup apphed to f at
time %, evaluated at Y. This motivates the definition of the modified test function

fuw) = 20w =B[r(u+ 5]~ N1, (4.1)

for which E [f(Zk)} = fu (Yy). Since fn is an average of translates of f, every derivative of f), is the same

average of the corresponding derivative of f, and fh satisfies Assumption 2 with the same constant L for
every h. Expanding f about y to the order 4 along /h/2 x,

f<y+\/§x) f(y)+\/ZVf(y).X+Zv2f(y)[X7X]+é( )

Where the I‘emainder Sa‘ iSlieS

Under the expectation the terms of odd order in x Vanlsh, hence

3
2

VEF() [X®?] + of (),

F) — f0) -2 arw)| < o (5) B < om?, wert, (42)

where Af = Tr[V2f] = Zz L0?f. The modified test function f;, absorbs the Gaussian shift, so that the
analysis runs on the positions Y3 of the Markovian form (LM’).
The modified test function f(Y%) is an unbiased estimate of f(Zy) under Fj. Define the difference
My := f(Zi) — frn(Yz); then E;[9;] = 0 by (4.1), and since f is L-Lipschitz,
2 h dh
Ey [9017] <Ek{|f(Zk)—f(Yk)| } <L ]E\ ? = 5 L2 (4.3)
The My, are Fi41-measurable martingale differences, so their sum has additive variance. For every probability
measure p on R? with a finite first moment, inserting f(Z;) = fu(Y%) + My into the MSE (1.2), applying
Cauchy—Schwarz inequality to the three resulting terms and then the additive variance with (4.3) gives

= . = 2
MSE(N, h) ' > (Fr(V%) = p(fn)) + (p(Fn) = () + 5 D_ T ]
k=0 k=0
N-1 2
1 ; 2 3dL? h (4.4)
(F))] | +3 () = 7(£) "+ =~ -
o [ 2y L )5
modified bias
time average error
The term % * of (4.4) is absorbed into Nh, so it remains to estimate the time average error and the

modified bias. The measure p is to be chosen so that the modified bias and the discretization part of the
time average error are of order hZ.
The measure p cannot simply be . With p = 7, the expansion (4.2) gives

w(fi) — w(f) = 2 w(Af) + O(LR),

whose leading coefficient w(Af) is in general nonzero. The choice of p has to compensate for the Laplacian
term, so that the modified bias p(f,) — 7(f) is of order h?.
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4.2 Modified potential Uh

We aim to find a distribution p such that the modified bias p(f,) — m(f) is of order h%. Since f), =
f+2Af+ O(h?) by (4.2), we consider the ansatz

|

p X exp(fU — V), (4.5)

where V' is a function to be determined and the coefficient % matches that of Af in (4.2). We derive
V = |VU|? — AU by a perturbation analysis. The perturbed potential U + %V, once made rigorous by a
cutoff far from the origin, is the modified potential Uy, and its Boltzmann distribution 7, o exp(—ﬁh) is the

modified target. Finally, we prove the modified bias estimate 7, (fy,) — 7(f) = O(h2).
Derivation of V by perturbation

For a test function 1, the ansatz (4.5) gives

p(w) — W(lﬁ@_%v) _ fRd '(/)e_U_%de

me=4V) Jpae U=4Vda

Expanding e~ 5V =1 — LY + O(h?) in the numerator and in the denominator of p(3), we obtain

h

W) = () = L (x(¥V) = m(¥) 7(V)) + O(h?), (4.6)

the term of order h being —% times the covariance of ¥ and V' under . Taking ¢ = fh in (4.6) and inserting
the expansion (4.2) of the modified test function,

h
o) = () = 5 (R(AF) = w(7V) + 7(F) w(V)) + OG) (47)
The modified bias is therefore of order h? exactly when the term of order h in (4.7) vanishes,

m(Af) =7 (fV) = =(f) =(V). (4.8)

We look for a single V satisfying (4.8) for every f. The integration by parts (3.4), first with g; = 1 and
g2 = f and then with g1 = f and g, = U, gives

m(Af) =7(Vf - VU) =7(f|VU] — fAU). (4.9)
Hence we select the potential function
V= |VU]? - AU = —LU, (4.10)

for which 7(V)) = —w(LU) = 0 by the invariance of 7. This computation is formal, and the cutoff introduced
below changes the measure (4.5); Lemma 2 proves the bias estimate for the modified target.

Cutoff in the modified potential

The naive construction U + %V of the modified potential does not satisfy Assumption 1, because the deriva-
tives of |VU|? grow with |z|. Since Theorem 1 must be applied to the modified potential with constants
independent of h, the modification is cut off far from the origin. Fix a smooth cutoff function 6§ € C>°(R%)
with 0 <0 <1,0=1on {|Jz] <1} and § =0 on {|z| > 2}. With ¢ € (0,1] fixed by (B.9) in the proof of
Lemma 1 below, we define the modified potential by

~ h hx
U, =U+ 1 V 0y, Op(x) == 9(7), (4.11)
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so that U, = U + LV on the ball {|z| < §/h} and Un = U on {|z| > 26/h}. In particular, since 0 < 0, < 1
and |V (y)] < C(1+ |y|)? by Assumption 1,

- h g

h

[Un(z) = U(x)| < 7 max [V(y)] <

RY. 4.12
4 |y|<26/h ’ ve (4.12)

The modified target 7, ¢~Un is therefore a perturbation of 7 by a bounded potential, although the bound
(4.12) is not uniform in h. The derivatives of Uy, — U of orders 1 to 5, however, are bounded uniformly in z
and h: by (4.14) in Lemma 1 below they are at most Ch(1 + |z|), and they vanish for |z| > 26/h.

Lemma 1 Let Assumption 1 hold. There are 6 € (0,1] and ho € (0,6] such that for every h € (0, ho], the
modified potential Uy, € C°(RY) satisfies

|VUL(0)] < 2M, max |ViUL(2)| < 2M,  VzeRY (4.13)

2<i<
the converity condition V2Uy(x) = B1q for |z| > R, and

7 d
pax ||V Un(z) - VU ()| < Ch(1+|z]), Vo eR% (4.14)

(Proof in Appendix B.1.)

Theorem 1 therefore applies to Uy, since its proof uses the bounds of Assumption 1 up to order 5 only
(Appendix A). The constants, in particular the rate A, depend only on m, M, R and d, not on h. In the rest
of the paper, the number § is fixed by Lemma 1 and absorbed into the constant C.

4.3 Estimation of the modified bias 7,(f,) — 7(f)

The cancellation (4.8) between the heat flow of the test function and the modification of the potential holds
for the modified target 7, as it does for the ansatz (4.5), since the cutoff acts only where 7 has exponentially
small mass. Lemma 2 carries the perturbation argument that produced V over to the modified target.

Lemma 2 Let Assumption 1 hold. For every h € (0, ho] and every f € CY(R?) with |V f||leo < o0,
|7 (fn) = 7())] < CR?|[V - (4.15)
(Proof in Appendix B.2.)

Remark 1 The Gaussian potential U = %\x|2 taken without the cutoff, illustrates the modification. Here

= |x|? — d, so the modified potential equals (1 + )ﬂ up to an additive constant and T, has variance
(1+ 2)=1 in each coordinate. The chain becomes Yk;Jr] = (1 = h)Yj + V2h (1 — £) Xy, whose stationary

variance 1 — ﬁ agrees with that of T, up to O(h?). The shifted variable Zj, = Y, + \/h/2 X1 has stationary
variance 1, m agreement with the exactness of (LM) for Gaussian targets established in [101, Remark 4.1].

4.4 Modified discrete Poisson equation gz~5h
Let the modified dynamics be the overdamped Langevin dynamics driven by the potential Uy,

dX, = —VU,(X,)dt + V2dB,, (4.16)

with the modified generator ~ R
Lpp = Ay — VU - Vip, (4.17)
and its semigroup e** Ln. The invariant distribution of (4.16) is the modified target 7. The time average

error in (4.4) with p = 7, is analyzed through the discrete Poisson equation of the modified generator (4.17).
Let ¢, be the discrete Poisson solution (3.5) with Ly, 7, and f,, in place of £, 7 and f, so that

(@) — ("1 ) ()

5 = fh(l‘) — ﬁ'h(fh), x € R<. (4.18)
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Corollary 1 Let Assumptions 1 and 2 hold. For every h € (0, h), éh is well defined and
max ||VZéy(z)| < CL, Ve € R%. (4.19)

1<5<4

Corollary 1 is Theorem 1 applied to the modified class. By Lemma 1, U, satisfies the bounds that the
proof of Theorem 1 uses, and f;, satisfies Assumption 2 with the constant L. The constants in (4.19) therefore
depend only on m, M, R and d, and the threshold hq includes A~!.

5 Local error of the LM integrators

This section compares one step of the Markovian form (LM’) with one step of the modified dynamics (4.16),
and derives from this comparison the local weak error used in the MSE analysis. Section 5.1 bounds the
moments of the chain uniformly in time, so that the conditional one-step estimates can be averaged over the
chain. It then bounds the sizes of a step and matches the moments of orders 1 to 3 of the chain and of the
modified dynamics, with a mismatch of order h3. Section 5.2 turns the matching into the local weak error
of the LM integrator, and of the SGLM integrator, whose gradient noise adds an explicit term of order h?
and a remainder of order h3.
Taking p = 7, in (4.4), Lemma 2 bounds the modified bias by CLh?, and the MSE satisfies

+Cr? (h4+ @). (5.1)

N—-1 2
MSE(N, h) < 3E U]b Z (fn(Y2) — ﬁh(fh))‘ N
k=0

time average error

The time average error is centered at 7y, ( fh), so it is controlled through the discrete Poisson equation of a
dynamics that preserves 7;. This is the modified dynamics (4.16), whose discrete Poisson solution ggh in
(4.18) has the right side f; —75(fx). The discrete Poisson solution transfers local errors into the time average
error [71, 106]. The local error studied in this section is therefore the error of one step of the Markovian
form (LM’) against one step of the modified dynamics from the same state.

Since the chains (LM’) and (SGLM’) are time-homogeneous, statements about a single step are made at
the index 0 and apply at any k; Lemmas 3, 6 and 7 are stated at the index k, in the form the MSE analysis
uses. One step of the (LM’) chain is

h
Y1 — Yo = V2hxo —hVU(Zo), ZO_YE)+\/;X07 (5.2)
where xo ~ N (0, 1) is independent of Fy, and one step of the (SGLM’) chain is
Y1 — Yo = V2h xo — hVU(Z0; &), (5.3)

where Z; is given by (5.2), and xo and & are independent of Fy. For each k > 0, let (Vi (t))¢>0 solve the
modified dynamics (4.16) from Y; (0) =Yy, driven by (Bkp+t — Bkn)i>0, whose increment over [0, A] is VR Xk
Then Ep[1)(Yi(h))] = (e"£n4p)(Vy,). From the same state Y, the chains (LM’) and (SGLM’) have the same
Zy and the same (Y;(t))i>0, and differ only in ¥;. For both chains, the local error of one step against the
modified dynamics is Y7 — Yo (h).

5.1 Moment bounds and moment matching

The MSE analysis squares the polynomial weight of the local weak errors of Section 5.2, and therefore needs
moments of order 12 of the chain, uniformly in time. The following lemma provides them. Its proof is
standard and follows the Lyapunov function arguments in [106], with Lemma 1 for the modified dynamics.

Lemma 3 Let Assumption 1 hold. There are hg > 0 and C such that for the chain (LM’), every h € (0, ho]
and every k > 0,

12 ~ 12
EVi|? <C(1+1|Yo|) ", max{E|Y;(h) — Yi|"?, E|Yjq1 — Yi|"*} < CRO(1+ |Yo|) . (5.4)
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If Assumption 3 additionally holds, the same moment bounds hold for the chain (SGLM’), with the same hy
and C. (Proof in Appendix C.1.)

The next lemma bounds the size of one step of the chain and of the modified dynamics, and the size of
the local error between them; these sizes control the remainders of all the expansions below. Lemmas 4 and
5 are stated for (LM’) only; the local weak error estimate (5.9) of (SGLM’) relies on them only through the
full gradient step (5.2).

Lemma 4 Let Assumption 1 hold. Then, for the chain (LM’) and every s € [0, h],
1Yi = Yoll, < CVA(L+[Yo]),  [1¥(s) = Yoll, < CVR(+ %)), [IYs = Yo(h)ll, < Ch (1 + [Yo), (5.5)
where || - ||, s taken under Eqy. (Proof in Appendix C.2.)

The moments of one step of the modified dynamics and of the chain are expanded in Lemmas 18 and 19
of Appendix C. Compared with the exact dynamics (1.1), the chain matches the moments of orders 2 and 3

to O(h?) but misses the mean by %ZVV, with V as in (4.10); the drift correction of the modified dynamics
removes exactly this mismatch. The cutoff keeps the cancellation on the ball {|Yy| < §/h}, and outside the
ball the remaining mismatch is again of order h®, because h|Yy|/d > 1 there.

Lemma 5 Let Assumption 1 hold. Then, for the chain (LM’),
; - ; 6 .
[Bo[(vi = ¥0)®] — B [(Fo(h) — Yo)™] | < o (1+ %))’ j=1,2.3. (5.6)

(Proof in Appendix C.3.)

5.2 Local weak error expansion

The local weak error of the LM integrator on a test function G is Eq[G(Y:) — G(}N/(](h))], and the MSE

analysis takes G = ¢~>h. Because the local error is of size h%, against h? for the SRK integrators of [106],
G is expanded along a step to the order 3: the terms of orders 1 to 3 are matched by Lemma 5, and the
remainder is controlled by Lemma 4. This is why Assumption 2 asks for 4 derivatives of f.

Lemma 6 Let Assumption 1 hold and let G € C*(R?) have bounded derivatives of orders 1 to 4. Then, for
the chain (LM’) and every k > 0,

‘Ek [G(Yi1) — G(Yi(h))] ‘ <CR* Y |IVGw (1+ vil)°. (5.7)

j=1
(Proof in Appendix C.4.)

With the stochastic gradient, the gradient noise at x has the covariance
C(z) := Eq [(vU(:c; £) = VU(x)) ® (VU (2:€) — VU(J;))], Te[C(z)] < 5, (5.8)

where the bound on the trace is Assumption 3. The step (5.3) adds to the step (5.2) the gradient noise at
Zy, multiplied by —h. Given Fq and xo this noise has mean 0, so the mean of the step is unchanged, while
its moment of order 2 gains h%Ey[C(Z)], as for (SGLD).

Lemma 7 keeps this gain as an explicit term of order h?, bounded through (C.27) by 232 V2G| oo,

against the order h? of (5.7); the rest of the gradient noise also contributes only a remainder of order h3.

Lemma 7 Let Assumptions 1 and 3 hold and let G € C*(R?) have bounded derivatives of orders 1 to 4.
Then, for the chain (SGLM’) and every k > 0,

E[G(Yit1) — G(Yi(h))] — %2 V2G(Y:) : Er[C(Z1)]| < Cn* Y IIVIG oo (1 +2)°. (5.9)

j=1

(Proof in Appendix C.5.)
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6 Main results on the LM integrators

This section states the main results: the MSE bounds for the samples of the (LM) and (SGLM) integrators
in Section 6.1, the numerical bias of SGLM in Section 6.2, its comparison with the numerical bias of (SGLD)
in Section 6.3, and the explicit coefficients of h in Wy (mp,, ) and Wy (7, 7), given by the Riesz representors,
with their comparison over the batch size, in Section 6.4. Their proofs are in Appendices D, E, F and G.

6.1 MSE analysis of SGLM

The samples of the (LM) and (SGLM) integrators start from a given Zy € R%. The analysis below runs on
the Markovian form from a given Yy, with Zy = Yi + \/h/2 x for every k > 0; Appendix D applies it to
the samples from Z; by starting the Markovian form at Y7 = Zy — hVU(Zy) + \/h/2 x0, with VU(ZO; &) in
place of VU (Zy) for SGLM, so that Z = Y; + \/h/2 xi for every k > 1

With p = 7, the MSE satisfies (5.1), and it remains to bound its time average error. Telescoping
én(Yig1) — n(Yy) along the chain of the Markovian form, with the solution ¢, of (4.18), gives the time-
averaged error formula of [71, 106],

N— N-—
% Z (V) — 7n(fn)) = ¢h(%)Nh¢h Yiv) + % Z Ty + % Z Uy, (6.1)
k=0
with the discretization term and the martingale difference
vy o= O OB g D R f vz 62)

h ’ o h
The conditional mean of Ty, under E; for (LM) and Ky, for (SGLM), is the local weak error of Lemmas 6

and 7 with G = ¢j,, divided by h; the lemmas apply because (4.19) bounds the derivatives of & of orders 1
to 4 by CL. The term ¥y, has conditional mean 0 by (4.18).

Theorem 2 Let Assumptions 1 and 2 hold, and let (Zy)x>0 be the samples of (LM) from a given Zy € R%.
Then, for every h € (0, ho] and every N > 1,

1
MSE(N, h) < CL2| (1 + |ZO|)2m + (1+1Z)) h4. (6.3)

(Proof in Appendix D.1.)

The term N ~7 1s the order of the variance of a time average over a trajectory of length Nh, and h* is the
square of the bias of order h? of (LM), which comes from Lemma 2 and (5.7). Balancing them gives, for
N > hg®, the step h = N=5 < ho and MSE(N, h) < CL2(1 + | Z|)'2N 5.

For the stochastic gradient, the explicit term of Lemma 7, divided by h, adds to the conditional mean of
T} a term of order $h, whose square gives the order ¥2h? in (6.4).

Theorem 3 Let Assumptions 1, 2 and 3 hold, and let (Zy)r>0 be the samples of (SGLM) from a given
Zy € R, Then, for every h € (0, hg] and every N > 1,

MSE(N, h) < CL? [(1 +120)) (ﬂ + 22h2) (1+1Z]) “h]. (6.4)

(Proof in Appendix D.2.)
With a batch of P independent stochastic gradients, the chain (SGLM) reads

h o~ h
Zk+1 =2k — P ZVU(Zk§ ;ip)) + \/; (Xk + Xkt1)
p=1

with f,(cl), . ,f,gp) independent and drawn afresh at every step. By Minkowski’s inequality, the averaged
estimator keeps the bound M (1 + |x|) on its L'? norm and the bound on its Hessian, uniformly in P, and
its variance is at most X/P, so it satisfies Assumption 3 with /P in place of ¥; the proof of Theorem 3 is
unchanged, and (6.4) holds with ¥2h?/P? in place of %2h2.
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6.2 Numerical bias estimate of SGLM

The MSE bounds control the time average along one trajectory. This subsection identifies the long-time
limit of that average for (SGLM), and its distance to 7, the numerical bias. The Markovian form (SGLM’) is
ergodic by Harris’s ergodic theorem [47], applied with the drift condition behind Lemma 3 and a minorization
that uses the Hessian bound of Assumption 3.

Lemma 8 Let Assumptions 1 and 3 hold. For every h € (0, hg], (SGLM’) has a unique invariant distribution
wn, with pn(|y|*?) < C. Let m, = pp * N(0, %Id). Then, for every f satisfying Assumption 2 and every
given Zy € R, the samples of (SGLM) satisfy

N —

[

1
Nliinoo i f(Zy) =mn(f) almost surely. (6.5)

k=0
(Proof in Appendix E.1.)

The measure 7, is determined by the chain (SGLM’) alone, through pp, and does not depend on the
initial value Zy. Since (SGLM) is not Markovian, it has no invariant distribution in the usual sense; by (6.5),
the measure 7, can be viewed as the numerical invariant distribution of SGLM.

The next theorem expands the numerical bias 7, (f) — 7(f) to the order h, with a coefficient given by on
and the covariance of the gradient noise, defined in (5.8) as

C(x) =E¢ [(VU(at;f) - VU(z)) ® (VU(Z‘;f) - VU(J]))}, r e R

The bias estimate follows the same strategy as that of SG-UBU in [71, Section 3.4]. Since C(x) is positive
semidefinite, Assumption 3 gives ||C(z)| < Tr[C(z)] < .

Theorem 4 Let Assumptions 1, 2 and 3 hold. For every h € (0, ho], with Yo ~ pup, xo ~ N(0,1;) inde-
pendent of Yo, and Zy = Yo + \/h/2 x0, so that Zy ~ 73, the numerical invariant distribution of (SGLM),

() = () - gE[v%h(Yo) :C(20)]| < oL, (6.6)
In particular, |74 (f) — 7(f)] < CL(Zh + h?). (Proof in Appendix E.2.)

The bound CL(Xh 4 h?) of Theorem 4 follows from the uniform bound (4.19) on the modified discrete
Poisson solution ¢, together with [|C(z)|| < 3. As h — 0, the coefficient 1 E[VZ¢;(Yy) : C(Zy)] of h in
(6.6) converges to an expression in the solution ¢q of the continuous Poisson equation (3.7).

Corollary 2 Let Assumptions 1, 2 and 3 hold. Then, for (SGLM),

Lo ) = ()

Py 3 = %W(V%o(x) :C(@)).- (6.7)

(Proof in Appendix E.3.)

Corollary 2 gives a rigorous characterization of the linear part of the numerical bias of (SGLM): its
coefficient of order h comes entirely from the covariance C(x) of the stochastic gradient, and vanishes with
the full gradient. This is intrinsically different from (SGLD), whose numerical bias carries a first order
discretization error even with the full gradient, so that its coefficient of order h remains nonzero for some
test functions as the variance of the stochastic gradient tends to zero (Corollary 4). For SG-UBU, the
corresponding limit is identified only formally in [71]; for SGLM, Corollary 2 makes the coefficient explicit
and proves the limit.

Linear response theory [46, 52] also explains the coefficient (6.7). To first order in h, the gradient noise
of (SGLM) adds the diffusion £ C : V2 to the generator (3.3), and the invariant distribution responds to this
perturbation by %ﬂ(VQQbO : C) for the test function f. The invariant distributions of Langevin integrators
are viewed in the same way, as perturbations of 7 depending on the step size, in [60]. With the solution of
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the continuous Poisson equation (3.7) written as ¢ = fooo ett ( f—=mn( f))dt, two integrations by parts give
the Green-Kubo form [45, 52] of the coefficient,

o d
%w(v%o :C) = %/0 7T(7T_1V2 : (Cm) ew(f — 7T(f))>dt7 V2 (Cr) = Z 9;0;(Cij ),

i,7=1

that is, the time integral of the correlation between 7=!V? : (Cn) at the initial value and f at the time ¢,
along (1.1) started from 7.

6.3 Numerical bias comparison with SGLD

The MSE analysis through the discrete Poisson equation applies to (SGLD) without extra effort: the samples
of SGLD form a Markov chain, so no modified class is needed, and the time-averaged error formula (6.1)
holds with Z, f, m(f), the discrete Poisson solution ¢y, of (3.5) and the solution X}, of (1.1) from Xy = Z
in place of Yi, fu, T (fh), o and Y (R). For the samples of SGLD from a given Z, € R, it gives

MSE(N, h) = o(i L R2R? g h2), (6.8)
Nh

with the constant depending also on L and Zy. The term Y2h? comes from the gradient noise, as in (6.4),

and the last term h? from the discretization error of EM, where (6.4) has h*. Since ¥ < M2, (6.8) reduces

to MSE(NV, h) = O((Nh)~" + h?), the bound already proved through the continuous Poisson equation (3.7)

[102, Theorem 9], [18, Theorem 3], and we do not restate its proof.

The arguments of Lemma 8, based on Harris’s ergodic theorem, show that (SGLD) has a unique invariant
distribution 75, with 7, (|2|'?) < C, and that the time averages of f along SGLD converge almost surely
to 7, (f) (Lemma 20 in Appendix F). The invariant distribution 7, differs from the numerical invariant
distribution 7, of (SGLM) in the coefficient of order h of the numerical bias. In the next theorem, this
coefficient carries, besides the covariance C(z) of the gradient noise, the one-step error of EM against (1.1),
through V2U VU — VAU in the mean of the step and the Hessian V2U in its moment of order 2.

Theorem 5 Let Assumptions 1, 2 and 3 hold. For every h € (0, hg|, with Zy ~ 7, the invariant distribution
of (SGLD),

wn(f) == (f) - g E[V20(Z0) : (2V2U(Z0) +C(Z0))
h
2
In particular, |7h(f) — 7(f)| < CLh. (Proof in Appendix F.2.)

(6.9)

+ E[wh(zo) (VU (Z) VU (20) — VAU(Zo))] ‘ < CLK?.

As h — 0, the coefficient of h in (6.9) converges to an expression in the solution ¢¢ of (3.7), in which
only the Hessian V2¢, remains.

Corollary 3 Let Assumptions 1, 2 and 3 hold. Then, for (SGLD),

lim M - %w(vz(bo(x) - (VU (x) +C(x))>. (6.10)

(Proof in Appendix F.3.)

Corollary 3 is not entirely new: the coefficient of order h of the numerical bias of (SGLD) has been
studied formally in [102, Section 4.1], for d = 1 and under the assumption that the chain is ergodic, where
the gradient noise adds to the coefficient of EM a term in the variance of the stochastic gradient, and the
modified SGLD of [102, Section 4.2] removes this term. Corollary 3 proves the limit in R? and writes the
coefficient in terms of the solution ¢g of (3.7). The (SGLM) integrator treats the discretization bias in
a different and clean way: it preserves the second order discretization error of the LM integrator, so its
coefficient (6.7) carries the gradient noise only.
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Remark 2 Corollary 3 also requires the stochastic gradient to have a finite moment of high order, as in
Assumption 3. For (SGLD) with a strongly convex potential, [86, Theorem 1] bounds the numerical bias in
Wy by a term of order h if the moment of order 4 of the gradient noise under m is finite; if only the moment
of order 2 is finite, the bound could deteriorate to the order he.

The coefficients (6.7) of (SGLM) and (6.10) of (SGLD) differ by & m(V?¢q(z) : V2U(x)), the contribution
of the discretization error of EM. This term does not depend on the gradient noise: it is the coefficient of
SGLD with the full gradient, and it remains at every batch size. The coefficient of SGLM, by contrast,
vanishes with C(z), and with a batch of P independent stochastic gradients, whose average has the covariance
C(z)/P, it is divided by P. For a given test function, the two coefficients are not ordered in absolute value,
since V2@ is indefinite in general and the terms in V2U (z) and in C(x) can have opposite signs. Section 6.4
compares the suprema of their absolute values over the test functions with |V f]|s < 1, and Lemma 10 gives
a gradient noise for which even the supremum of the absolute value of the coefficient of SGLD over these
test functions is smaller than that of SGLM.

The expectation in (6.9) contains the gradient V¢y, through the error of EM in the mean of the step,
while the limit (6.10) of Corollary 3 contains the Hessian V2@ only. The two forms are connected by an
integration by parts that holds under 7 and is not available under 7. By (3.3), for each component 7,

L(8;U) = Ad;U — VU -Vo,U = (VAU — VU VU),,
so the vector multiplying V¢, in (6.9) is, componentwise, minus the generator applied to VU,
VAU VU — VAU = —LVU. (6.11)

For every v € C3(R?) with bounded derivatives of orders 1 to 3, (3.4) with g; = 9;¢ and g = 0;U, summed
over i, and (6.11) give

ISH

w(vw(m).(WU(x)VU() VAU (z ) =" 7 () LOU ()
=t (6.12)

d
= w(Vop(x) - VoiU(x)) = n(V(x) : V2U(x)).
=1

At a fixed step size, the expectation in (6.9) is taken under 7, while (6.12) with 1) = ¢5, holds under .
Moving the terms of order h from 7, to m within the remainder C'Lh? requires Theorem 5 for a test function
built from V¢, and V2¢;, whose derivatives of orders 1 to 4 involve the derivatives of ¢y up to order 6,
beyond the order 4 of Theorem 1. The gradient V¢, therefore stays in (6.9).

As h — 0, 7}, converges weakly to 7 with moments bounded uniformly in h, and V¢, and V2¢;, converge
to Vo and V2¢g uniformly on compact sets, so the expectation in (6.9) converges to the same expression
under 7. There (6.12) with 1) = ¢y applies, and the term in V¢ cancels half of the term in 2V2U. Theorem 5
thus holds at every step size h € (0, hg] with a remainder of order h? but keeps both V¢, and V2¢y,, while
the Hessian form of the coefficient in Corollary 3 is reached only in the limit A — 0, without a rate.

The gap between Theorem 5 and Corollary 3 also reveals a feature of the discrete Poisson equation. The
solution ¢p, of (3.6) compares one step of (SGLD) with one step of (1.1), so only the differences of their
moments enter, and the derivatives of ¢, up to order 4 suffice for the nonasymptotic bound (6.9). The
solution ¢y of (3.7) compares one step of SGLD with the generator £ instead: the coefficient of order h
then involves the derivatives of ¢g up to order 4, and a remainder of order h? requires those up to order 6,
beyond Theorem 1. With ¢ alone, the terms that do not cancel at a fixed step size are therefore hard to
characterize under the present assumptions.

6.4 Explicit coefficient in Wasserstein-1 error

The coefficients (6.7) and (6.10) depend on the test function f through V2¢q. The suprema of their absolute
values over the test functions with |V f]le < 1 are the limits of Wy (wp, 7)/h and Wy (7, w)/h as h — 0
(Corollary 4). To evaluate these suprema, both coefficients are written as w(f1), with a function ¢ that
does not depend on f. The construction of ¢ uses the Poincaré inequality of 7.
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Lemma 9 Let Assumption 1 hold. There is a constant C'p, depending only on m, M, R and d, such that

((g—(9))*) < Cr(|Vgl*) (6.13)
for every g € C*(R?) with a bounded gradient.
(Directly derived from [5, Corollary 1.6 and Theorem 1.4]; see Appendix G.1 for further discussion.)

For a bounded measurable function A : R? — R?*? such that A(z) is a symmetric matrix for every
r € R, define the Riesz representor of A as the function 4 € L?(7) with 7(14) = 0 and

T(Ya(z) (—Lw)(z)) = 7(Viw(z) : Az)) (6.14)

for every w € C*(R?) with bounded derivatives of orders 1 to 4. The next theorem shows that the Riesz
representor is well defined.

Theorem 6 Let Assumption 1 hold, and let A : R? — R4 be bounded and measurable, with A(z) a
symmetric matriz for every x € R%. There is a unique 14 € L*(m) with w(14) = 0 that satisfies (6.14) for
every w € C*H(RY) with bounded derivatives of orders 1 to 4, the map A~ v 4 is linear, and

m(vh) <d(1+MCp)|l A%, (6.15)
with Cp the constant of Lemma 9. (Proof in Appendix G.1.)

For f satisfying Assumption 2, (6.14) with w = ¢q gives 7(V2¢q : A) = 7(f14), so the coefficients (6.7)
and (6.10) read

1 mn(f)—7(f) _ 1
= sarve),  tim PT S (o 4 yc)). (6.16)

The representor of the Hessian V2U is explicit. The vector V2U VU — VAU in (6.11) is the gradient of
1|VU|? — AU, so (6.12) and (3.4) give

Lo ) = ()

h—0 h

(Vi : V2U) = W(Vw : V(%WUF - AU)) - w(<%|VU|2 - AU)(fﬁw)).

Since 7(Lw) = 0, the mean of 1|VU|?> — AU may be subtracted; it equals —7(AU), since 7(LU) = 0 gives
7(|VU|?) = n(AU). Hence (6.14) holds for A = V2U with

Vorp (@) = % VU (@) — AU(z) + %ﬂ(AU). (6.17)

Through the representors, the normalized biases (7, — 7)/h and (7, — 7)/h converge to the signed
measures %wc m and %(wsz + t¢¢) 7 in the Kantorovich-Rubinstein norm, at the rate h%(l + log %)

Theorem 7 Let Assumptions 1 and 3 hold. Then, for every h € (0, ho], the numerical invariant distribution
7w of (SGLM) and the invariant distribution 7y, of (SGLD) satisfy

h 3 1
ol <cni(1+1 7), 1
Hﬂ'h =5 e 7THKR C’h2( + log . (6.18)
_ h 3 1
H”h_”_i(wVZUJFW)”HKR <Ch3<1+logﬁ>. (6.19)
(Proof in Appendix G.3.)
Since Wy (mp, m) = ||mn, — 7|lkr and Wi (7n, m) = ||, — 7|lkr, the triangle inequality for ||-|kr and

Theorem 7 give, for every h € (0, ho),

< Ch? (1 +log %) (6.20)

h
+ ‘Wl(ﬁhﬂf) -3 |(bv2u + ve) m|kr

h
Wi (mp, ) — 9 e llkr
The bound (6.20) determines the Wasserstein-1 errors to first order in h, but it is not guaranteed to be sharp

in the discretization error: its remainder is only of order h%7 up to the factor 1+ log % Enhancing this order
to h? is left for future studies; Remark 3 discusses the globally strongly convex case.
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Remark 3 When U is globally strongly convez, that is, R = 0 in Assumption 1, and the covariance C(x) is
smooth, we expect the remainder of (6.18), (6.19) and (6.20) to improve to Ch%. The factor hz (1 + log )
is lost where a step of the chain acts on a Lipschitz test function and where e is only known to lie in
L3(r). Under global strong convexity, the derivatives of the solution of (1.1) with respect to its initial point
decay at the rate =™ so vpc, like the explicit Y2y of (6.17), should be smooth with polynomially growing
derivatives. The steps of the chain can then be applied to the smooth measures e ™ and Pyg2p ™ instead of
the test function, and each of these losses would become a factor h.

Since the remainder in (6.20) is o(h), dividing (6.20) by h and letting h — 0 gives the explicit limits of
Wl(’frh,ﬂ')/h and Wl(frh,w)/h.
Corollary 4 Let Assumptions 1 and 3 hold. Then the numerical invariant distribution 7y, of (SGLM) and
the invariant distribution 7, of (SGLD) satisfy
. Wi(mp,m 1 . Wi(mp,m 1
Lim % = 5 [Yemlkr, %5%% = 5 [(Wv2v +2e) mllxr.

Moreover, ||{v2u 7|lkr > 0, and ||ve 7||lkr > 0 if C(x) does not vanish identically. (Proof in Appendix G.4.)

Corollary 4 is nontrivial: it gives an accurate characterization of the coefficient of h in the Wasserstein-1
error, as an equality. This makes it distinct from the mainstream coupling methods of numerical analysis,
which bound the Wasserstein-1 error from above without identifying its coefficient. Although the representor
e is difficult to evaluate in practice, Corollary 4 and (6.20) are the decisive answer to how much SGLM
and SGLD shift the invariant distribution: up to the remainder Ch? (1 + log 1) of (6.20), the shift in the

Wasserstein-1 distance is % [[¢¢ 7||kr for SGLM and % ||(¢¥v2p + t¢) 7||lkr for SGLD.
Corollary 4 thus compares SGLM with SGLD through the representors: the limit of Wy (mp, ) /h is at
most that of Wy (7, m)/h exactly when

(Y2 + ve) mllkr = llve 7llkr- (6.21)

This inequality fails in general: Lemma 10 gives a gradient noise of large amplitude, supported away from
the minimizer of U, that violates it.
Lemma 10 Let d = 1, U(z) = 12 and VU(x;€) = z +10€ a(x), where € takes the values 1 and —1 with
probability % each and

1

a(x) := exp(l BT

1
f ||z =2 <5 = se. 22
= 2)2) if [le] - 2| < 5 a(x) :=0 otherwise (6.22)

Then Assumptions 1 and 3 hold, and

1 1
5 [ve m|lxkr ~ 1.230 > 1.115 =~ B | (Yv20 + Ye) 7|l kr,

so (6.21) fails. (Proof in Appendix G.5.)

With a batch of P independent stochastic gradients, C(x)/P replaces the covariance C(x) of a single
stochastic gradient. As P grows, the limit of Wy (mp,,7)/h tends to 0, while that of Wy (7, 7)/h tends to
w2y 7llkr > 0; for a strongly convex potential, (6.21) holds once P reaches an explicit threshold.

Theorem 8 Let Assumptions 1 with R = 0 and 3 hold, so that V2U(x) = mly for every x € R?, and let
C(x) be the covariance of a single stochastic gradient. Then, for every batch size P satisfying
2
_ 99Ul €1l
m
the limit of Wy (mp, m)/h for SGLM with a batch of size P is at most that of Wi (7, w)/h for SGLD with the
same batch, which by Corollary /4, with ¥e /P in place of ¢, reads

9
p = — sup [|[V?U ()| sup [[C()], (6.23)
M= gerd reR4

1 1
2 — > — . .
| (20 + 5vc)m| > 5 e mlkn (6.24)
(Proof in Appendix G.6.)

The norm ||-|| in (6.23) is the operator norm of Section 3.1, so the lower bound of P does not depend
explicitly on the dimension d; it depends only on the eigenvalues of V2U(x) and C(z).
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7 Bias correction via the Riesz representors

By (6.16), the numerical bias 7,(f) — m(f) of SGLM equals 2 m(fi¢) to first order in h, so it is removed
once 7(fic) is computed. Subtracting %TF( fie) from m,(f) requires the value of w(fic) for the given
test function f, not the representor ¢ itself. This section describes three approaches to bias correction.
For the covariances of Section 7.1, 7(fv¢) is computed with the explicit representor ¢¢. The Richardson—
Romberg extrapolation of Section 7.2 requires only the time averages at the step sizes h and 2h. The shifting
correction of Section 7.3 improves the samples themselves by solving the function ¢¢ from a variational form.
Section 7.4 describes the computation of the Kantorovich—Rubinstein norms that give the coefficients of the
Wasserstein-1 errors. The three approaches also apply to SGLD, with 75, and ¥y2y + ¥¢ in place of mp, and
e by (6.16), where 1y2y is explicit by (6.17); we focus on SGLM for simplicity.

7.1 Covariances with an explicit representor
Under Assumptions 1 and 3, define the vector function be(z) by
be(x) :=C(z) VU(z) — divC(x), (7.1)
with (divC); = Zgzl 9:;C;j. An integration by parts against 7 oc e~V gives, for w as in (6.14),
m(Viw:C) = n(Vw - be). (7.2)

When be = Vg for a function g whose derivatives grow at most polynomially, (3.4) and the uniqueness in
Theorem 6 give )¢ = g — 7(g). Table 3 lists covariances and potentials for which be is a gradient.

covariance C(z) potential U representor ¢ (z), up to a constant
U(z)
a(U(x)) Ia any / a(s)ds — a(U(z))
0
Clz)€R, d=1 any / Cy) U'(y) dy — C(a)
0
d d .

diag(c1(z1), ..., ca(za)) Ulz) = Z Ui (z:) Z(/OM c(y) Ui (y) dy — ¢ (:cz))

i=1 =1

|| — 1) az(r
alel Lotae) 8 U@ =) [ (@ ave) - T2 )ar - @+ aa)(la)

Table 3: Covariances whose Riesz representor ¢ is explicit, with ¢ given up to the additive constant fixed
by 7(1c) = 0. The functions a, aj, as and c1, ..., cq are of class C2, and az(r) = O(r?) as r — 0.

With a constant a = o2, the row a(U(z)) I of Table 3 gives ¢¢ = 0?(U —n(U)). For a general covariance
in dimension d > 2, the field b¢ is not a gradient and ¢ has no closed form; the extrapolation of Section 7.2
and the energy (7.8) of Section 7.3 do not require ¢ directly.

7.2 Richardson—Romberg extrapolation

Without the representor, the term of order h of the numerical bias of a given test function is removed by
extrapolation in the step size, as for the invariant distribution of an ergodic diffusion [64] and for SGLD [35].
For h € (0, ho/2] and a function f with ||V f|le < o0, (6.18) at the step sizes h and 2h gives

mon(f) — 7 (f)

—mdd) ;W(fibc)‘ < OVl hd (14108 1), (73)

h

so the coefficient & m(fv¢) is approximated by (max(f) — 71 (f))/h, computed from the time averages of f
along runs of (SGLM) with the step sizes h and 2h; the error is of order h when the remainder of (6.18) is
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of order h?, as expected in Remark 3. Subtracting oy, (f) — 74 (f), which is h times the approximation of
s m(fte) in (7.3), from 7, (f) gives the approximation 27, (f) — mon(f) of 7(f), and (6.18) gives

[2mn () — 7on () ~ ()] < CIV flloo i (1 +Tog 7 ), (7.49)

and the error is of order h? when the remainder of (6.18) is of order h?.

Extrapolation corrects the expectations of given test functions but not the samples, whose laws remain
7, and map; it does not raise the order of the Wasserstein-1 error in (6.20). Moreover, (7.3) holds for each
given test function and does not mean that the empirical samples of 7, and s, approximate ¢ itself: for
the gradient noise o¢ with & ~ N(0, 1), v¢c = o (U — W(U)) by Table 3, which is not read off the samples.

7.3 Postprocessed shifting correction

The extrapolation of Section 7.2 improves the expectations 7 (f), but not the samples of SGLM themselves.
We instead define a vector field that shifts the samples of SGLM to more accurate ones. The vector field is
h Ve, with e the solution of

Loc=gte,  mlpe) =0 (75)

By (3.4), @c is the minimizer of the functional

£p) = g (V) + g 7(bew), (o) =0, (7.6)

and since ¢¢ € L?(m) and m(¢y¢) = 0, the minimizer over the functions ¢ with ¢, |Vp| € L?(r) exists and
is unique by the Poincaré inequality (6.13) and the Riesz representation theorem. The shifting correction
replaces a sample Z ~ 7, of SGLM by the postprocessed sample

Z +hVe(Z), (7.7)

where the map x — x+h Ve () is a postprocessor in the sense of [101], that is, a change of variables applied
to the samples to raise the order for the invariant distribution. Formally, let f be a smooth test function,
and assume that the remainder of (6.18) is of order h?, as expected in Remark 3. A Taylor expansion of f
at x gives

f(z+hVee(z)) = flx) + AV f(z) - Vec(z) + O(h?),

and the expectation under 7, gives
T (f(z + hVpc(x))) = ma(f) + han(Vf - Vo) + O(h?).
By (6.18) applied to f and to Vf - Ve,

ma(f) = 7(1) + 2 w(foe) + O02), (V- Vipe) = 7(Vf - Vege) + O(h),
so that
w7+ hVge(@)) = 7(f) + 5 w(foie) +ha(Vf - Vige) + O,
By (3.4) with g1 = f and g» = e, and by (7.5),
"(Vf+Vigc) = (] Lic) = 3 w(fie),
so the terms 2 7(fi¢) and h(Vf - Vige) cancel, and formally
(& + WV pc())) = 7(f) + OU).

The error of the postprocessed samples is thus of order h? for every test function at once. The shifting
correction formally raises the order of the Wasserstein-1 error in (6.20) to h%. The rigorous study of the
shifting correction is left for future work.
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When ¢ is explicit, as in Section 7.1, ¢ is approximated by minimizing (7.6) over a class of functions,
with 7 replaced by the average over the empirical samples of 7. In general, the energy (7.6) uses ¢
only through 3 m(1¢ ), the coefficient (6.16) of the test function ¢, which (7.3) approximates. Replacing

3 7(tc @) by (m2n(p) — m())/h, and 7 by m, in 5 7(|V|?), gives

man(p) — mn(p)

1
Enlp) = im(lvwf) + ;

(7.8)
The energy &, requires only the empirical samples of 7, and g, from runs of (SGLM) with the step sizes
h and 2h, so it is completely data-driven: it involves neither U, VU nor C(z), and one minimization gives
the shift. It does not change when a constant is added to ¢, so its minimization needs no constraint on .
A minimizer ¢ of &, satisfies hmp(Vf - Vo) = mp(f) — man(f) for every f, so the shift z — = + hVp(z)
formally carries 7, (f) to the approximation 27 (f) — man (f) of (7.4), up to terms of order h2, for every f at
once. The step size h cannot be too small for the minimization to be stable: the fluctuation of the empirical
averages that replace map () and 7, () is divided by A in (7.8), and the minimizer of £, with these empirical
averages fits this fluctuation.

Remark 4 The loss function &, of (7.8) is closely related to the loss in action matching [83], which learns,
from samples of a family of distributions (qt):c[o,1), @ vector field Vs; that transports them, by minimizing

1
1
qO(So) - QI(31> +/ %(5 ‘V5t|2 + atSt) dt
0

over functions s¢(x). With qo = map, ¢1 = Tp, the function sy = he independent of t, and q; replaced by 7y,
in the integral, this loss equals h® &,(p). A loss of the same form, whose 2 terms are expectations estimated
by sampling, is also written in [12]. In these works, the vector field transports the samples between the given
distributions, while the shifting correction applies it beyond them.

Since wap, —m, is of order h, a minimizer ¢ of (7.8) formally gives mop, (f(z+hVe(x))) = mu(f) +O(h?),
so the map x — x + h¥Vp(x) carries wop, to m,, and the shifting correction applies the same map once more,
from m, toward w. Formally, up to terms of order h?, the shifting correction is thus the extrapolation at the
time 2 of the Wasserstein geodesic from mway at the time 0 to m, at the time 1, the operation used in [39, 0]
for time discretizations of Wasserstein gradient flows.

7.4 Calculation of the Kantorovich—Rubinstein norm

The coefficients of the Wasserstein-1 errors in Corollary 4 are 1|4 7||kr, with ¢ = ¢¢ for SGLM and
Y = Yyey + Ye for SGLD, so they require the norm itself and not only the representor. On a convex
compact domain, with no flux through its boundary, the supremum that defines the norm in Section 3.1
equals the least cost of a flux F' that carries the negative part of 17 onto its positive part [68, (2)]:

[ l|kr = min{/Rd |F(2)|dz : div F = —w}. (7.9)

For the computation, ¢ 7 is restricted to a box centered at the origin that carries all but a negligible part
of m, with n cells per side: the function f of the supremum is placed at the centers of the cells, with forward
differences of Euclidean norm at most 1; the flux F is placed on the faces; and ¥ 7 is replaced by its cell
averages. The primal-dual iteration of Li et al. [68] solves the two discrete problems together, and refining
the grid approximates (7.9). The grid has n? cells, so the cost grows exponentially with the dimension: in
d = 4, n = 100 already gives 10® cells. Computing Kantorovich-Rubinstein norms in high dimensions is
intrinsically difficult, and it is possibly unnecessary in the current setting, because the Wasserstein-1 error
is not a quantity of interest in real computations: samples are used to estimate the expectations m(f) of
given test functions, and the bias of each of them is given to first order by the coefficient (6.16), which (7.3)
approximates without the norm or the representor.
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8 Numerical experiments

The numerical experiments study the convergence of SGLM and SGLD and compare the two integrators
in various tasks. Sections 8.1 and 8.2 verify the leading terms of order h of the numerical bias and of
the Wasserstein-1 error in Section 6, Section 8.3 applies the bias corrections of Section 7 to SGLM, and
Section 8.4 compares the MSE of SGLM and SGLD in a Bayesian logistic regression on MNIST.

8.1 Evaluating the coefficients in a 4D Gaussian mixture distribution

The target 7 is a mixture of 5 Gaussian distributions on R* with unequal weights, means 91, ..., 95 near the
vertices of a regular simplex of edge 4.5, and covariance matrices of random orientation, so that U = —logm
is not convex. The stochastic gradient VU (x;€) adds to VU (z) either a Gaussian noise & ~ N(0, I), with
C(xz) = I4, or a non-Gaussian noise, a vector of independent centered exponential random variables of unit
variance, rotated and scaled depending on z, with C(z) = (2 — m(z)/m(91)) Is. Both covariances belong to
the first row of Table 3, so the exact coefficients of the numerical bias follow from (6.16) by quadrature. The
test functions fi,..., f4, given in the panel titles of Figure 1 with vectors a1, as of lengths 1, 0.6 and the
phase @9, have explicit expectations under 7; they are taken from a pool of 12, among the functions whose
exact coefficients exceed 0.024 in absolute value for both schemes and both noises.

filr)=a1 -2 fa(z) = cos(az - x + p2) fa(z) =exp(—|z —t1[*/2)  fi(x) =exp(—|z — ¥5]*/2)
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Figure 1: Gaussian noise: the evaluated coefficients (m,(f) — w(f))/h of SGLM and (7n(f) — 7(f))/h of
SGLD, with error bars of 2 standard errors, and the exact coefficients (6.16), dashed. The vertical axis starts
at 0 and is reversed for negative exact coefficients.
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Figure 2: Non-Gaussian noise: the evaluated coefficients (m,(f) — 7(f))/h of SGLM and (7, (f) — = (f))/h
of SGLD, with error bars of 2 standard errors, and the exact coefficients (6.16), dashed. The vertical axis
starts at 0 and is reversed for negative exact coefficients.

The evaluated coefficients (7 (f) — 7(f))/h of SGLM and (7 (f) — w(f))/h of SGLD are obtained from

the time averages of 16 chains, each over the time 5 x 107, at h = 271,...,27°. In Figures 1 and 2, they
approach the exact coefficients as h decreases, for every test function, both schemes and both noises; at
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h = 27°, the relative difference is at most 3.8%. The agreement under the non-Gaussian noise, whose third
moments do not vanish, is in line with (6.7) and (6.10), in which the gradient noise enters only through its
covariance C(z). For each of these test functions and both noises, the exact coefficient of SGLM is smaller
in absolute value than that of SGLD, between 41% and 84% of it.

noise integrator 3¢ 7||xr f1 f2 f3 fa
Ganssion SGLM 0.5643  18.3% 28.9% 12.3%  7.2%
. SGLD 0.9824  23.0% 21.6% 12.0% 10.2%
SGLM 0.9701  17.4% 27.5% 11.2%  6.8%

non-Gaussian g ) 1.3636  21.3% 23.2% 11.5%  9.2%

Table 4: Exact coefficients %”1/} 7||kr of the Wasserstein-1 errors in Corollary 4, with ¢ = ¢ for SGLM
and ¢ = g2y + e for SGLD. For each test function f of Figure 1, the percentage in the table shows
[ (f)|/(IV fllsc ¥ 7|lkr) < 1, which is the ratio of its exact coefficient of the numerical bias, normalized
by ||V f|loo, to the exact coefficient of the Wasserstein-1 error.

Table 4 lists the exact coefficients of the Wasserstein-1 errors in Corollary 4, calculated as in Section 7.4
and extrapolated from grids with n = 25,50,100. The exact coefficient of SGLM is 57% of that of SGLD
under the Gaussian noise and 71% under the non-Gaussian noise, so (6.21) holds for both noises. The ratios
in Table 4 are at most 0.29, so the Wasserstein-1 error, a supremum over all test functions f with ||V f]|e < 1,
exceeds the numerical bias of each of these test functions, normalized by ||V f||«, by a factor larger than 3.

8.2 Convergence of Wasserstein-1 error in a radial distribution

For a radial potential U(z) = u(|z|) and the gradient noise of with & ~ N(0, ), the covariance is C(z) =
o214, so both integrators commute with rotations. Hence the distributions 7, 7, and 7 are rotation invariant,
and the Wasserstein-1 distance between two of them is determined by their radial densities. The radial parts
of (SGLD) and of the Markovian form (SGLM’) are Markov chains on [0, c0), whose invariant distributions
are computed by discretizing their stationarity equations, and the representors e = o2 (U — (U )) and
g2y of (6.17) are radial, with ||¢ 7||kr = fooo|f‘z‘<r ¢ dr|dr. The evaluated coefficients Wi (my, ) /h and

Wi (T, m)/h at a given h, and the exact coefficients %Hw 7||lkr of Corollary 4, are thus computed without
sampling in every dimension. The potential is

r2

u(r) = (7"2 ) ma

(8.1)

which grows quadratically and is not globally convex, with a ring of minima at |z| ~ 0.64. Since u(r) =
—47r3 4 O(r*) near r = 0, U is not three times differentiable at the origin and does not satisfy Assumption 1;
the example mainly serves to observe the convergence of the Wasserstein-1 error numerically.

In Figure 3, left, the evaluated coefficients converge to the exact coefficients for o = 1.0, 2.0, and their
distance to the exact coefficients halves with h; at h = 278 it is between 0.09% and 0.32% of the exact
coefficients. In this example the remainder of (6.20) is therefore of order h?, the order expected in Remark 3
under global strong convexity, although U is not convex.

In Figure 3, right, the exact coefficients grow like v/d for d = 2,4,...,256: from d = 128 to d = 256
with ¢ = 1.0, they are multiplied by 1.416 for SGLM and by 1.434 for SGLD, close to v/2. This is the
growth in the Gaussian case u(r) = 72, where both exact coefficients are proportional to E|X| ~ v/d with
X ~ N(0,I).

The exact coefficient of SGLM is below that of SGLD for every d and both o, so (6.21) holds throughout,
and the advantage of SGLM is larger when the variance of the gradient noise is smaller: the ratio of the
exact coeflicient of SGLM to that of SGLD is 0.46 at d = 2 and 0.34 at d = 256 for ¢ = 1.0, against 0.81
and 0.68 for o = 2.0. The exact coefficient of SGLM is proportional to o2, while that of SGLD contains the
representor ¢yz2y of the discretization error of EM, which does not depend on o.
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Figure 3: Radial potential (8.1) with the gradient noise o&, & ~ N(0,I;). Left: the evaluated coefficients
Wi (mp, ) /h of SGLM and Wi (7, ) /h of SGLD in dimension d = 128, with the exact coefficients 3 || 7[lxr
of Corollary 4, dashed. Right: the exact coefficients against d = 2,4, ..., 256.

8.3 Bias correction of SGLM in a 16D product of ring distributions
The target m on R is a product of 8 ring distributions in rotated coordinates,

8

UG) =3 w(\/shior +13.),

i=1

r? —r2/2
y = Qu, u;(r) = 5 + B;e , (8.2)

with a random orthogonal matrix @ and £i,..., s drawn uniformly from [2,4]. Each wu; has a ring of
minima at r = y/2log3;, so U is not convex. The gradient noise added to VU(z) is either a Gaussian
one & ~ N(0,I1g), or a non-Gaussian one: on each pair (z2;_1,%2;), a vector of 2 independent centered
exponential random variables of unit variance, rotated by the angle x9;_1 + x2;. Both noises have the
covariance C(x) = Iip, so )¢ = U — w(U) by the first row of Table 3. The third moments of the non-
Gaussian noise do not vanish and depend on z.

SGLM is run at the step sizes h = 2% and 2h = 273, with 32 chains, each over the time 2 x 107, at each
step size. The expectations 7y (f) and map (f) are replaced by the time averages of f over the chains. The
means 7(f) and the exact coefficients 3 7(fipc) = & (7(fU)—n(f) 7(U)) are each computed with 1.024 x 10°
exact samples of m. The test functions for evaluating the numerical bias are chosen as

1
fi(@) = 21, fz(fv)_zzxp
j=1
f3(x) = cosz1, fa(z) = sin(x1 + z2),
fs(x) =/1+ 22, fo(x) = e~ (#i+a3)/2

s

3
/\/\/é\/‘\/—\
N SN N

12

For each test function, Tables 6 and 7 list the approximations of 7(f) in Table 5 at h = 27%, each with
7 (f) subtracted, where ¢ of (7.5) is approximated by minimizing (7.8).

The entry of SGLM is the numerical bias 7, (f) —7(f), and the entries of explicit, extrapolation and shift
are the errors of the approaches of Section 7. The column explicit uses the exact coefficient, as in Section 7.1,
and the column extrapolation is the error bounded in (7.4).
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method approximation of 7(f)

SGLM mr(f)
explicit coefficient  m(f) — & 7(fvc)
extrapolation 27h (f) — man(f)

shifting correction 4 (f(z + hVpc(z)))

Table 5: The approximations of m(f) by SGLM and by the approaches of Section 7, listed in the columns
SGLM, explicit, extrapolation and shift of Tables 6 and 7.

The column shift uses the postprocessed samples (7.7), with ¢¢ approximated by a neural network with
3 hidden layers of width 64, trained on 1.68 x 107 states of SGLM at each of the step sizes h and 2h,
stored once per unit of time along 32 chains and thus covering the total time 1.68 x 107. The change
7 (f(@+hVee(z))) —mn(f) is computed on states of runs at & independent of the training states and added
to the time average of f at h.

SGLM explicit extrapolation shift
f —864x107° —857x10"° -3.00x107* —5.36x 107"
fo —1.83x107* —1.85x107* —542x10"* —8.86x107*
fa —4.86x 1072 —6.73 x 107° 149 x 1074 1.86 x 1074
fi  —2.63x107° —268x107° —972x107°% —2.61x10"*
fs 5.70 x 1073 1.08 x 107*  —2.63x107* —229x10"*
fe —299x107% —1.51 x107° 4.67x107° 1.50 x 1074
fr 3.86 x 1073 6.38 x 107° —2.60x107* —1.71 x 10~¢
fs 3.61 x 1072 5.07 X 107*  —1.48x107% —1.99x 1073
fo —-3.97x107% —2.48 x 1077 2.29x107° 1.11 x 1074
fio 1.00 x 1072 1.59 x 107*  -3.98x107* —542x10*
fu 9.84 x 1075 —3.18 x 107° —1.08x107* 1.35 x 1074
fi2 1.11 x 1072 1.19 x 107*  —-347x10"* —-3.33x10°*

Table 6: Gaussian noise: the numerical bias 7, (f) — 7(f) of SGLM at h = 2% and the errors of the explicit
coefficient, the extrapolation and the shifting correction of Section 7. The entry of smallest absolute value
in each row is in bold.

In general, the explicit coefficient has the smallest errors: it removes the term of order h of the bias with
the exact coefficient, and what remains is the remainder of (6.18) and the fluctuation of the time averages.
The extrapolation and the shifting correction have larger errors for some test functions, mainly from the
additional error of the run at 2h = 273. Formally, the term of order h? of moy(f) — m(f) is 4 times that
of mh(f) — w(f), so 2w (f) — man(f) — 7(f) carries the term of order h? of m,(f) — n(f) with the factor
—2, against 1 for the explicit coefficient; for f; under the non-Gaussian noise, Table 7 gives —9.99 x 10~%
for the extrapolation against 4.94 x 10~ for the explicit coefficient. The shifting correction inherits the
additional error of the run at 2h, since the term of order h of 7, (f(z + hVpc(z))) — mn(f) is formally
hmp(Vf-Veoe) = mn(f) — mon(f) by the minimization of (7.8); the entries of shift for fs, f10 and fi2 have,
in both tables, the sign and size of those of extrapolation. The largest error of the shifting correction,
2.44 x 1072 for f; under the non-Gaussian noise, comes from the fluctuation of the stored states on which
e is trained, which cover the total time 1.68 x 107, against 6.4 x 10® for the time averages: on the stored
states, (man(f1) — 7n(f1))/h is —3.70 x 1072, with the standard error 1.69 x 1072, against —7.08 x 1073
from the time averages, and the change caused by the shift, 2.24 x 1073, is close to —h times —3.70 x 1072,
Nevertheless, the largest absolute error over fi,..., fia is 3.61 x 10~2 for SGLM under both noises, against
at most 5.43 x 1074, 1.48 x 1072 and 2.44 x 1072 for the explicit coefficient, the extrapolation and the shifting
correction; the corrections reduce the largest absolute error of SGLM by factors between 14.8 and 71.1, so
the bias correction works in this example.
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SGLM explicit extrapolation shift

i 1.99 x 107* 2.00 x 1074 6.42 x 1074 2.44 x 1073
fo 5.56 x 107° 5.38 x 107° —3.11x107°% 1.32x1073
fs  —4.76x 1073 3.22x107° 4.79 x 1078 3.09 x 107*
fi 4.94x107* 4.94 x 107* —9.99 x 1074 5.61 x 1074
fs 5.63 x 1073 3.87 x 105 -1.91x107% —4.42x107*

fo  —298x107* —5.15x 10~ 5.24 x 107° 7.70 x 107°
fr 4.02 x 1073 2.27 x 107* 2.61 x 1074 1.13x 1073

fa 3.61 x 1072 5.43 x 10~* —-1.44 %107  —1.76 x 1073
fo —4.00x107%* —3.50x107° —872x107° —1.78x107*
fio  1.00 x 1072 1.47 x 107* —4.08x107*  —-3.72x 107*
fir 207 x107* 7.66 x 10~° 1.37 x 1074 3.47 x 1074
fiz 111 x 1072 7.75 X 107° —4.24x107*  —6.31 x 107*

Table 7: Non-Gaussian noise: the same quantities as in Table 6, with the entry of smallest absolute value in
each row in bold.

8.4 Bayesian logistic regression on MNIST

Bayesian logistic regression is applied to the handwritten digits 4 and 9 of the MNIST data set [54], shown
in Figure 4, with the training set restricted to these digits. Each of the n = 10,791 training images, 5,342 of
the digit 4 and 5,449 of the digit 9, is flattened, its pixel intensities are divided by 255, and a constant 1 is
appended for the intercept, giving the vector a; € R™, with the label y; = 0 for the digit 4 and y; = 1 for
the digit 9. With the prior (0,02 17s5), 02 = 1073, the target is 7 o e~V on R"®® with

22 | &
U(QT):%‘(Q)-F;(log(l—i—e ' )—yialwa:). (8.3)
The stochastic gradient averages P indices ¢ = (&1,...,&p), drawn independently and uniformly from
{1,...,n} at every step, independently of the Gaussian variables of the integrator:
T n P 1
ST TS o (S B "

/|4 |4 4] a] 4
- HAGEAENG

Figure 4: Examples of the digits 4 and 9 of the MNIST data set.

The test functions measure the posterior in directions of different curvature. Let x, be the minimizer
of U, computed by L-BFGS with the full gradient, and let Ay > ... > Ag be the 8 largest eigenvalues of

V2U (z.), with orthonormal eigenvectors vy, ..., vg. In the standardized coordinates
zj(x) = \/Ajvj - (& —xy), j=1,....8, (8.5)
the 16 bounded test functions are
fe,(x) = cos zj(x), j=1,...,8, (8.6)
fo, (@) = e @772, j=1,....4, (8.7)
fa, (@) = em i@ 4@z, (7, k) € {(1,2),(3,4), (5,6), (7,8)}. (88)
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The cosines fc,; probe single directions, and the Gaussians fg, and fg,, the concentration near z, in 1 or
2 coordinates.

The step size follows Brosse et al. [9, Section 4] for logistic regression with the Gaussian prior, h =
(052 4+ 6/4)7! ~ 8.5099 x 107%, where § is the largest eigenvalue of > 1  a; ® a;. For each batch size
P =1024,2048,4096, SGLD and SGLM are run in 20 pairs of trajectories, the 2 trajectories of a pair using
the same indices ¢ and the same Gaussian variables. Every trajectory starts at z,, discards its first 214
steps and retains the next 217 states. The reference values Tret(f) are the pooled averages of 4 independent
chains of NUTS [48] with the full gradient, which leaves 7 invariant, each with 219 retained states after 214
adaptation steps. The chains use the implementation of NUTS in Pyro [8], in the coordinates whitened by
the Cholesky factor of V2U(x.), with the target acceptance rate 0.9, the maximal tree depth 10, and the
step size and a diagonal mass matrix adapted during the adaptation steps. The 4 chains agree closely for
all 16 test functions, their Monte Carlo errors are small compared with the errors below, and these Monte
Carlo errors are included in the resampling intervals below.

For each integrator, batch size and test function f, the estimates use the first NV retained states, for every
multiple N of 8192 up to 2'7. With Zr 1. the kth retained state of the repetition r =1,...,20, let

1 N-1 1 20
~ 4 7 - = ~
oy N kgo f( TJC)) H 20 ;MT

be the time average and its mean over the repetitions. The estimated finite-time bias and the variance of
the time averages are

R 1 X
b=7— et (f), V=5 (ﬁr_ﬁ)z'
20 &~
The reported estimate of the MSE (1.2) is
1 & 2
—_— _ ~ ~ _ A~ /\2
MSE; (N, h) = o ;(MT — et (f))” =V + b2 (8.9)

The variance is that of the time averages over the repetitions, not of single states, and the bias is that of
time averages of finite length, not the numerical bias of the invariant distribution.

Figure 5 shows 2 test functions of each form, fc,, fc,, fa,, fas, fass and fg, ., which together involve
all 8 coordinates (8.5). For fo, the estimated MSE is nearly constant in N, so longer averages bring little
improvement in the tested range. For fco, and fg, ,, several curves decrease markedly at small N and then
level off. For fa,, fa, and fg, 4, longer averages are particularly beneficial for SGLM at P = 4096, whose
errors fall below those of SGLD. The leveling off of several curves indicates a part of the error from the
numerical bias, which longer averages at fixed h and P cannot remove.

At the largest retained length N = 2'7, SGLM has the smaller estimated MSE for all 16 test functions at
each of the 3 batch sizes, that is, in all 48 comparisons, and in each of them the 95% interval of @SGLD —
1\//[S\ESGLM obtained by resampling the 20 pairs with replacement lies above 0. For each test function and
batch size, the comparison at N = 2'7 uses the quantities

MSE
MSE Reduction = 100 (1 - /\SGLM) %,
MSEscLp
0 —~
Bias Ratio = |,\SGLM|, Variance Ratio = ‘,/\SGLM.
lbscLp VscLp

A positive MSE reduction and ratios below 1 favor SGLM. Table 8 gives the median of each quantity over
the 16 test functions.

The median MSE reduction grows with the batch size, from 34.6% to 63.3%, while the median variance
ratio stays close to 1 and the median bias ratio decreases from 0.784 to 0.516: the gain of SGLM comes from
smaller finite-time biases, not from smaller fluctuations. This trend in P is consistent with the separation
of the errors in Theorem 3: a batch of P independent stochastic gradients reduces the contribution of the
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Figure 5: Estimated MSE (8.9) of the time averages of SGLD and SGLM for fc,, fe,, fa,, fas, fas,s and
fa, against the retained length N, with 20 pairs of trajectories for each batch size P.

P MSE Reduction Bias Ratio  Variance Ratio

1024 34.6% 0.784 1.020
2048 46.5% 0.677 1.018
4096 63.3% 0.516 1.032

Table 8: Comparison of SGLM with SGLD at N = 2'7: the median over the 16 test functions of each
quantity, computed for each test function.

gradient noise to ©2h2?/P?, while the discretization error contributes h* for SGLM and h? for SGLD in (6.8).
In the bias, the coefficient (6.7) of SGLM is divided by P, while the coefficient (6.10) of SGLD keeps the
contribution of the discretization error of EM at every batch size.

9 Conclusion

For a potential strongly convex outside a ball, this paper proves MSE bounds for the SGLM integrator
and its full gradient form LM, and gives the explicit coefficients of A in the numerical bias and in the
Wasserstein-1 error of SGLM and SGLD. The samples of (SGLM) and (LM) do not form a Markov chain;
the modified class of Section 4 moves the analysis to the Markovian forms (SGLM’) and (LM’), and the
discrete Poisson equation of [71, 106] converts their local weak errors against the modified dynamics into
the bound Nih + %2h2 4+ h* of Theorem 3, with the bound Nih + h* of Theorem 2 for the full gradient.
The stochastic gradient error and the discretization error thus separate for an integrator of the overdamped
dynamics, as for SG-UBU [71] and unlike (SGLD).

The numerical bias of SGLM is of first order in h, with the coefficient (6.7) given by the covariance C(z) of
the gradient noise. For (SGLD), the same discrete Poisson equation gives the coefficient (6.10), which carries
the Hessian V2U (x) besides the covariance C(z). This contribution of the discretization error of EM remains
at every batch size, while the coefficient of SGLM is divided by the batch size. For a given test function, the
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two coefficients are not ordered in absolute value, since V2¢y is indefinite in general. In both coefficients, the
gradient noise and the discretization error enter linearly through V2¢g: the Poisson equation describes the
structure of the numerical bias of both stochastic gradient integrators, beyond its role in the upper bounds
on the MSE. The gap between Theorem 5, which holds at every step size with ¢, and Corollary 3, which
reaches the Hessian form with ¢g only in the limit A — 0, also shows that the discrete Poisson equation
requires fewer derivatives than the continuous one for nonasymptotic bounds on the numerical bias.

Through the Riesz representors of C(z) and V2U(x), the coefficients of h in the Wasserstein-1 errors are
explicit: Wy (mp,m)/h and Wi (7, 7)/h converge to 3 |ve 7|lkr and £||(Yver + ve) wllkr (Corollary 4), as
a consequence of the convergence of the normalized biases (7, — 7)/h and (7p, — m)/h in the Kantorovich—
Rubinstein norm (Theorem 7). For a strongly convex potential, the coefficient of SGLM is at most that
of SGLD once the batch size reaches a threshold linear in sup,||C(z)||, with no explicit dependence on the
dimension (Theorem 8), and Lemma 10 shows that the order can be reversed at small batch sizes.

The coeflicients also lead to approaches to bias correction in Section 7: the explicit coefficient, Richardson—
Romberg extrapolation and the shifting correction. The shifting correction replaces a sample Z ~ 7, of
SGLM by Z 4+ hVpe(Z) and formally removes the first order bias for all test functions at once. It is
completely data-driven, since p¢ is approximated by minimizing the energy (7.8) with the samples of SGLM
at the step sizes h and 2h.

The numerical experiments of Section 8 illustrate the coefficients, the bias correction and the comparison
with SGLD. In a 4D Gaussian mixture, the evaluated coefficients of the numerical bias approach the exact
coefficients (6.7) and (6.10), within 3.8% at h = 275. For a radial potential, the evaluated coefficients of
the Wasserstein-1 errors converge to those of Corollary 4 with a remainder of order k2, and the coefficient
of SGLM is below that of SGLD for d = 2,4,...,256. In a 16D product of ring distributions, the bias
corrections reduce the largest absolute numerical bias of SGLM over the test functions by factors between
14.8 and 71.1. In Bayesian logistic regression on MNIST, SGLM has a smaller estimated MSE than SGLD
for all test functions and batch sizes, and the median reduction grows with the batch size, from 34.6% at
P = 1024 to 63.3% at P = 4096, mainly through a smaller bias, in line with the coefficient of SGLM being
divided by P.

Four extensions are possible. The first is variance reduction: with variance-reduced gradients, the first
order term of the bias of SG-UBU becomes of second order once h is below a threshold [71], and the same
construction applied to (SGLM) would give an integrator of the overdamped dynamics with a bias of second
order. The second is the remainder Ch2 (1 + log #+) of (6.20), which is not guaranteed to be sharp in the
discretization error, and the error order could be enhanced to h2. The third is the underdamped Langevin
dynamics, where a modified class for its stochastic gradient integrators would extend the analysis to that
setting. The fourth is a rigorous study of the shifting correction, whose order h2 is formal, together with the
stability of the minimization of (7.8), in which the fluctuation of the empirical averages is divided by h.
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A  Proof of Theorem 1

This appendix proves Theorem 1: the exponential decay of the Kolmogorov solution u and of its derivatives
of orders up to 4. The decay of u and of its derivatives of orders up to 3 is proved in [106, Theorem 1], so
essentially only the derivative of order 4 needs to be estimated.! The bound (3.9) on ¢, then follows by
summation over the time steps. Appendix A.1 writes out the variation processes and their pathwise bounds.
Appendix A.2 states the estimates on the semigroup e** that the proof uses and proves the short-time
bound (A.12). For a function g with bounded derivatives of orders 1 to 4, Appendix A.3 bounds V*(e**g)
by differentiating the derivative formula (A.10) 3 times. Appendix A.4 combines this bound with the decay
(A.8) and the short-time bound (A.12).

The proof is written for the potential U and the test function f of Assumptions 1 and 2, and it uses the
derivatives of U up to order 5. Throughout this appendix, the constant C' depends only on m, M, R and d,
unless otherwise specified.

A.1 Variation processes

Let X; be the solution of (1.1) started at X¢ = z, and write 9,, for the derivative with respect to the initial
state x along a vector w. For a function g on R?, the derivatives of e’*¢ in the initial state are expressed
through the variation processes. The variation processes of orders 1 to 4 are

Jp = 0, X, Ki[w] := 0yt Oi[w, w'] = Oy Ki|w], Eifw, w', w"] = 0y O [w, w'], (A1)

where the variations of orders 2 to 4 are taken along vectors w,w’, w” € R%, so that, like .J;, they take values
in R4*?. From the definition (A.1),
th = ant, Kt[w]w' = 3w8w/Xt,
O [w, w'w"” = 84y O O X, Eifw, w', w"w"”" = 04Oy Oy O X,
hence Ki|w]w’, O¢fw,w'Jw” and Z;[w,w’, w”]w"”" are symmetric in all their directions. Since the noise of
(1.1) is additive, differentiating the dynamics in its initial state gives ordinary differential equations along
the path, with the initial values Jy = Iy and Kg = ©g = =7 = 0:

dJ;

= —VAU(X0) 42
Welvl — _92(x) Kifu] - VUK ] i (49)
46, fw, w']

= —V2U(Xy) 0w, w'] — V3U (X)) [Jow] Ky [w'] — V3U (X,) [Jyw'] Ky [w)]
= V3U(Xy) [Ki[wlw'] Jp — VAU (Xy) [Jyw, Jyw'] T, (A.4)

These equations are derived in [106, Equations (A.1), (A.8) and (A.9)]. Differentiating (A.4) once more,
along w", gives the equation of the variation Z; of order 4,

dt

dEew Wb ) o x) E s o ] — N VAU(X) [Tew”) Oufw, 0] — S VAU (X)) Ky [ww'] Ky [w]

dt
(2,1) (2,1)
— VAU (Xy) [Ofw, w'lw"] Jp = > VAU(X)[Jew, Jow'] Ky w']
(2,1)
— Z VU (Xy) [Ki[wlw', Jow”] Iy — VPU(Xy)[Jew, Jyw', Jyw'] Ty, (A.5)
(271)

where, for an expression F' of the 3 directions in which the underlined pair forms a block, the sum runs over
the partitions of {w,w’,w"} into a pair and a singleton,
Z Fw,w',w") = F(w,w,w") + Flw,w” w'") + F(w',w" w). (A.6)
(2,1)

IThe paper [106] is an earlier work of the first author, Xuda Ye, and is under review at the IMA Journal of Numerical
Analysis. Beyond it, the proofs of this paper use no self-cited results that are not yet peer-reviewed.
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In each sum }_, ;) of (A.5), the summand written out has the pair {w,w’} and the singleton w".
The bounds of the next lemma are Gronwall estimates, which grow exponentially in t. The factor ¢ in
the bounds on K;, ©; and =, is what the proof of Lemma 16 uses at short times.

Lemma 11 Let Assumption 1 hold. Then, pathwise, for all t > 0 and unit vectors w,w’,w”,

ITell < e [ Kefw]ll < MM [Ow,w'][| < M(1+3Mt) e,

A7
12w, !, < 1+ 1) MM, (A7)

with C' depending only on M.

Proof. The bounds on J;, K; and ©, are [106, Lemma 6]. For Z;[w,w’, w"], the matrix J;J; ! solves (A.2)
on [s,t] from Iy, so ||J;J7 || < eM(=%) by Gronwall’s inequality, and Duhamel’s principle with Z¢ = 0 gives

t — ! 1

d':‘s y ) o)

Eiw, w',w"] = / Je g7t ([wd;uw] + VZU(XS):S[w,w’,w”OdS.
0

The factor %@M + V2U (X,) 2w, w’, w"] of the integrand is the sum of the 14 terms of (A.5) other
than —V2U (X;) 2w, w’,w”]. The bounds (A.7) on Jg, Ky and O, with ||V'U|| < M for i = 3,4, 5, bound
these terms group by group: the 5 summands of the next display bound, in this order, the sum carrying
V3U and Oy, the sum carrying V3U and 2 factors Ky, the term carrying V23U and O,[w, w']w”, the 2 sums
carrying VAU together, and the term carrying V°U:

P + VU (Xs) Zs[w, w', w"]
<3M?(1+3Ms) se*™s 4 3M3s2e*™s 1 M?(1 4 3Ms) se*™* + 6M%se*™Ms - Me*Ms
= M(1+10Ms+ 15M3%s%)e*™* < 15M (1 + Ms)?e*M.

H dZ;[w, w’, w"]

Hence

t
1Z:[w, w’, w"]|| < / M=) 15 M (1 4+ Ms)?e™s ds < 15M (1 + Mt)? te*™Mt < C(1 4 t)2 te*ME,
0

A.2 Semigroup estimates

The estimates of this subsection hold for every g € C*(R?) with bounded derivatives of orders 1 to 4; the
rate A > 0 depends only on m, M, R and d. Lemmas 12, 13 and 14 are proved in [106, Appendix A] under
the bounds of Assumption 1 of orders up to 4, and are restated without proof, since the proof of Lemma 16
uses them explicitly. Lemma 15 extends the short-time bounds of [106, Equations (A.11) and (A.12)] to the
derivative of order 4 and is proved here.

Lemma 12 Let Assumption 1 hold. Then, for allt > 0,

[V(e™g)|| . < Ce Vgl (A.8)

o0

and for 0 <t <1,
[V2(e“g)|| . < Ct2 [Vglloo, [V “9)]| . < Ct7 [Vl (A.9)

The decay (A.8) is [106, Equation (A.7)], obtained from the reflection coupling of the overdamped
Langevin dynamics [37]. The smoothing bounds (A.9) are [106, Lemmas 8 and 9], obtained by differentiating
the derivative formula (A.10) below up to 2 times in the initial state.

The derivative formula [38], in the form of [106, Lemma 7], expresses the derivative of e
vector v through a stochastic integral of the variation process J; of order 1.

27L g along a
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Lemma 13 Let Assumption 1 hold. Then, for T >0, ¢ :=e™*g and v € R?,

1
Ver

The next lemma, [106, Equation (A.17)] in the proof of [106, Lemma 8|, bounds the variance of (X ).

v-V(e2 ™ g)(z) = E” [w(XT)/OT(Jsv) ~dBS}, Ve € R% (A.10)

Lemma 14 Let Assumption 1 hold. Then, for 7 >0, ¥ :=e™*g and Xo = x € R?,
Var(¢(X,)) < 2d7e*™7 [|[Vg|2. (A.11)

The randomness of (X ;) comes from the Brownian motion (By);>¢ on [0, 7], which drives X, from X, = x.

The last estimate of this subsection bounds the derivatives of e*“¢ over a finite time; it covers the times
t < 1 in the proof of Theorem 1 and supplies the derivative bounds needed in the proof of Lemma 16 and in
the case ¢ > 1 of that theorem.

Lemma 15 Let Assumption 1 hold. There is C, depending only on M, such that for every g € C*(R?) with
bounded derivatives of orders 1 to 4 and all t > 0,

i
[V7(eg)||, < CA+8°e™M D |[Vigloo,  j=1,2,3,4. (A.12)
=1

Proof. For j < 3, (A.12) follows from the bounds [106, Equations (A.11) and (A.12)],

V(9| < e™lIValloo,  [[V2(g)], <M [VPgllo + Mt V]|,

HV?’(emg)Hoo < EMYV3g|| oo + 3Mt M| V2g| oo + M (1 + 3Mt) t M| V|| o,
whose coefficients are each at most C(1 + t)3e*M?,

For j = 4, fix € R? and unit vectors w,w’,w”,w". By (A.1), the derivatives of X; in its initial state
along these vectors are Jyw, Ki[w]w’, Ow, w'|w” and E[w, w’, w”]w’, together with the same expressions
along the other subsets of {w,w’,w”,w”'}. The chain rule for higher derivatives applied to g(X3), and the
exchange of the derivatives with the expectation, justified by the pathwise bounds (A.7) and the bounded
derivatives of g, give

V(e g) (z)|w, w', w”, w"] = E* [V4g(Xt)[th, Jow', Jyw” | Jow™' ) + Z V3g(Xy) [Ke[wlw', Jyw”, Jyw']

(2,1,1)
+ Z V29(Xy) [@t[w,w']w”, th'"] + Z V2g9(Xy) [Kt[w}w’, K, [w”}w”’]
(3,1) (2,2)
+ VQ(Xt) : Et[wa w/a w//]w//l:| ) (A13)

where, for an expression F of the 4 directions in which each underlined group of directions forms a block,
the sums run over the partitions of {w,w’,w”,w"”} into blocks of the sizes in the subscript:

Z F(w, ’LU,, w//’ w///) — F(w, ’LU/, w//’ w///) + F(w, w//’ w/’ w///) + F(w, w///7 w/, w//)

2,1,1
( ) +F(w/7w”,w7w”/)+F(w/7w”/7w,w/l)+F(wl/,w/”7w,w/),

Z F(w, ’LU,, w//’ w///) . F(w, ’LU/, w//’ w///) + F(w7 w/7 w///7 w//) + F(w, w//’ w///’ ”LU/) + F(w’, w//, w///y w)’
(3,1)

Z F(w,w’,w”, w///) — F(w,w',w”, w///) + F(w,w”, w/’ w///) + F(w,w”',w’,w”).

(2,2)
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By (A.7), the terms of the 5 groups in (A.13) are bounded by

MViglloo, Mt Viglloo, M1+ 3Mt)t ™| Vg]|o,
MM Vgl C(L+ )%t ™M Vl|oo,

each at most C(1 + t)3e*M? times the norm of the derivative of g it carries. Summing the 15 terms and
taking the supremum over = and over the unit vectors gives (A.12) for j = 4. (|

A.3 The derivative of order 4

This subsection extends the smoothing bounds (A.9) to the derivative of order 4; the proof uses Lemmas 11,
12, 13, 14 and 15.

Lemma 16 Let Assumption 1 hold. For every g € C*(R?) with bounded derivatives of orders 1 to 4 and
every 0 <t < 1, X
"V4(et‘cg)(x)|‘ < Ct72 |[VY] oo, vz € R, (A.14)

Proof. Set 7 = t/2 < § and ¢ = e™g, so that e*"“g = e'“¢g, and fix z € R? and unit vectors v, w, w’, w".
By (A.12), 9 has bounded derivatives of orders 1 to 4. Differentiate (A.10) in Lemma 13 along w, w’ and
w”. By (A.1), a derivative that falls on the stochastic integral raises the order of the variation process in its
integrand, from Jsv to Kg[w]v, to Os[w,w']v and to Z4[w,w’, w”]v. Distributing the 3 derivatives between
¥(X,) and the stochastic integral gives

V3T VA(ELg) (@), w, wfu] = B2 [awaw/aw«/wx;) [ o st]

+ SR [8w8w/1/;(XT) /0 "KL -st] 3 E {aww(XT) /0 (04w, ) - dB,

(2,1) (2,1)

8| (0x0) - B [0)]) [ (oot wle) -4, (A.15)

where 37, ;) is the sum over the partitions of {w,w’,w"} defined in (A.6).

In the term of (A.15) carrying =, 1(X) is centered at its mean E? [)(X )] = e'“g(x). The centering does
not change the value of this term, since the stochastic integral has mean 0, and it makes (A.11) applicable.
The exchanges of the derivatives with the expectation and with the stochastic integral are justified as in the
proof of [106, Lemma 8]. The variation processes are differentiable in the initial state along each path and
bounded by (A.7) uniformly in x, so the difference quotients of the integrands converge in L? over [0, 7] and
the paths, and by the Ito isometry those of the stochastic integrals converge in L?. Since 1 has bounded
derivatives of orders 1 to 4, the difference quotients of the factors in front of the stochastic integrals also
converge in L?, and the Cauchy-Schwarz inequality passes the limits through the expectation.

The derivatives of (X;) in (A.15) follow from the chain rule and (A.1):

Burh(X,) = V(X)) - o, 8uBuwtb(Xy) = V(X)) [Jrw, Jow'] + Vi(Xr) - K [wlw,

OuOur O (X7) = V(X)) [Jpw, Jow', Jow'] + Y V(X)) [Ko [wlw!, Jrw"] + Vip(X7) - O [w, w'lw”.
(2,1)

Since 7 < £, (A.12) and (A.9) at time 7 give
IVl < ClVGlloo: [Vl S CT72[[Vglloo,  [IVPWlloe < CT7Vglloo

and (A.7) gives ||Js|| < C and | K [w]||, [|Os[w, w']|], [|Zs[w,w’,w"]|| < Cs for s < 7. The bounds on V7
and on the variation processes then give

|8w”¢(XT)| < Ova”om ’awaw'w(XT)} < CT*éHVgHoo, |6waw’aw”1/)(XT)| < CT?leg”ooa (AIG)
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and (A.11) bounds the centered factor of the term carrying Zs:

1
2

Var(w(x0)! = (2w - 5 w))[) < ot vl (a17)

By the It6 isometry and (A.7),

/0 T(Jsv) -dB, /0 ' (Es[w"]v) - dBs

/OT (Os[w, w'lv) - dB /OT (Bulw, w', w"v) - dB,

and these bounds hold for every term of the sums 2(271) in (A.15), since w, w’ and w” are arbitrary unit
vectors. The Cauchy—Schwarz inequality, with (A.16), (A.18) and (A.17), bounds the terms of the 4 groups
in (A.15) by

2
< (T, E”

2

]Ez g 07-37

, (A.18)

< C73, E*

2

]Ew < 07—3,

"

_ 1 1 3 3 1
Cr=t.73, Cr72 .12, C-72, Cr2 -1

jw

times [|Vg||oo. For 7 < 1, each is at most C772||Vg||oo, so dividing (A. 27 and taking the supremum

over the unit vectors gives ,
[V (e g)(@)]| < CT72 (| Vglloc,

which is (A.14) with 7 = ¢/2. O

A.4 Conclusion of the proof

Proof of Theorem 1. The bound on |u(z,t)| in (3.8) and the bounds on Viu(z,t) for 1 < j < 3 are [106,
Theorem 1], whose assumptions on U and f are the bounds of Assumptions 1 and 2 up to the orders 5 and
3, respectively; decreasing A if necessary, these bounds and (A.8) hold with the same rate A. For the order
4, since 7(f) is a constant, V*u(xz,t) = V*(e'* f)(z), and we split at t = 1. For ¢ < 1, the short-time bound
(A.12) with g = f and Assumption 2 give

|V4u(z, t)] CZHV flloo <CL < CLe*e™ ™.

For t > 1, the semigroup property gives et~ f = e~ (e(t_l)ﬁf), and e*~D~ f has bounded derivatives of orders
1 to 4, since (A.12) at time ¢ — 1 bounds them. Hence (A.14) at time 1, with e*=1~ f in place of g, bounds
[VAu(z, )| by C|[V(e¥"D%f)|loo, and (A.8) at time ¢ — 1 bounds this gradient, so that

IViu(z, t)]| < C[[V(e"" Ve < Ce M |Vl < CLeM e,

Together, the cases t < 1 and t > 1 give the bound on V*u(z,t) in (3.8).
For the discrete Poisson solution (3.5), the geometric bounds (3.8) on the summands justify differentiating
the series term by term. Summing the derivative bound in (3.8) over ¢ = kh gives, for Ah < 1 and 1 < j < 4,

CLh 2C'L
v —\kh _
IV o (2 hk§o:||vf u(x, kh)| <0Lh§_je = <
which is (3.9) after 2/ is absorbed into C. O
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B Proofs for Section 4

Throughout this appendix, the constant C' depends only on m, M, R and d. The next lemma records the
dissipativity of U used in the moment estimates, and the Gaussian tail of 7 that follows from it.

Lemma 17 Let Assumption 1 hold. For all x € R?,
(2. VU(@)) > Tlaf’ =€, Ulx)=U©) > Tla]* - C. (B.1)
and consequently 7(z) < Ce=%1*° and Jga |22 7(dz) < Cq for every ¢ > 1.
Proof. By [106, Lemma 4], with Ry := 4R(1 + M/m),
(VU@) = VU (). —y) > ~Mlae —yP, (VU() = VU)o —y) > Tlo—y* for le—y| > Ri. (B2)
Applying (B.2) to the pair (x,0) and using |VU(0)| < M,

m
Tlal? = Mial, |2l > Ry,

(x,VU(x)) = (x, VU (x) — VU(0)) + (z,VU(0)) >
~M|z|* = M|z|, |z|< Ry,
and both cases are at least 2|x|? — C, which is the drift bound in (B.1). Integrating along the segment from
0 to x, with (B.2) at the pair (rz,0) and the integral split at r|x| = Ry when |z| > Ry,

M
(12~ B) ~ 2 — M),

U(z) - U(0) =/0 (VU(ra), z) dr > %

which gives the lower bound on U(z) — U(0) in (B.1). The upper bound U(y) — U(0) < M|y| + ¥ |y[* and
the lower bound on U(z) — U(0) in (B.1) give

o~ (U)-U(0)) (O 2laf? o
= g < — 35I|z ,
(@) Jpa e”WW=UO)dy Ja e~ Mlyl=%1y” gy ¢
and hence [p, |z]|?7(dz) < Cy for every ¢ > 1. O

B.1 Proof of Lemma 1: modified potential estimates

Proof of Lemma 1. The proof bounds the derivatives of V' and of V8, which gives (4.14), and then chooses
d so that Uy, satisfies (4.13) and the convexity condition. Under Assumption 1, |VU(z)| < M(1 + |z|) and
ViU (z)|| € M for 2 < j < 7. The derivatives of [VU|? follow from the Leibniz rule,

VIVUP =Y C) Sym (V'TIU, VIO, 0<i <5, (B.3)

=0

where (-, -) contracts one index of each factor, so that both sides are tensors of order i. The symmetrization
is needed: (VH1U, Vi=I1U) is symmetric within its first [ indices and within its last ¢ — [ indices, but in
general not across these groups.

For i > 1, each term of (B.3) contains the factor VU at most once and is therefore bounded by C(1+|z|);
the derivatives V?AU, contractions of Vi*2U, are bounded by dM for 0 < i < 5. Hence V = |VU|2 — AU
of (4.10) satisfies

V@l <o+, IVV@I<C+l), 1<i<5,  veeR (B.4)

where C' depends only on M and d.
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Let 6 € (0,1], fixed by (B.9) at the end of the proof, and let h < & throughout. By (4.11), U, —U = by,
with 0y, (z) = 0(hx/§). The function 6, is supported in {|z| < 26/h}, where

h h
5(1+|:z:|) <5283, (B.5)

and V'8, (z) = (h/6)! (V'0)(hz /) is bounded by C(h/d)! for 0 < I < 5, with C depending on the fixed
function 6 only. By the Leibniz rule again,

Vi(Ve,) = (;) Sym(Vi'V @ Vi6,),  1<i<5. (B.6)
On the support of 6y, (B.4), h < ¢ and (B.5) give

1+ |z)), 0<I<i—1,

IV7V (@) @ Vion( ”\{Ch/é 1—|—|x|) 3C(1+ |z]), 1=i.

Hence, by (B.6), the derivatives of V8, of orders 1 to 5 grow at most linearly on the support of 6y,

; 26
[VIVO)(@)| < C(1+]z]), 1<i<5,  VoeR:|z|< T (B.7)
Since V(V ;) vanishes for |z| > 2§/h, (B.7) gives (4.14), and, by (B.5),
. . ho.o
IV'Un(z) = VU @)l = 7 [[V'(VO)@)| < €5 1<i<s,  VreR, (B.8)
with C independent of § and h. Choose ¢ € (0,1] so small that this constant satisfies
m
< min{ — :
Cé\mln{Q,M}, (B.9)
and let hg < §. Then (B.8) gives
V32U, (z) = VU (z) — Co I, ViU (x)|| < |VU ()| +Cs, 1<i<5b,  VeeR? (B.10)

which, with Assumption 1 and (B.9), gives (4.13) and the convexity condition of Lemma 1. Finally, U, €
C®(R%), since 0, € C>*(R%) and U € C"(R?) gives V € C°(R?). O

B.2 Proof of Lemma 2: modified bias estimate

Proof of Lemma 2. The proof bounds the distance between 75 xN'(0, 21;) and 7, weighted by 1+ |z[, by Ch?.

It writes 7, as 7 e~ (0n=0) divided by its normalizing constant, expands this constant to the order h, where,
since 7(V') = 0, the term of order h comes only from the cutoff and is of order h?, and expands 7y, * N (0, %Id)
to the order 4 along the Gaussian shift. Since 7, x e Ur = e Ve~ (Un=U) where Uy — U = % VO, by (4.11),
we have

W(m) ef(Uth)(w)
ﬁ(e‘(ﬁh,_U))

Wh(x) =

(B.11)

m

By (B.4), |U, — U| < Ch(1 + |z|?), while 7(z) < < Ce= %121 by Lemma 17. Shrinking hg so that Chy < 16
with C' the constant of the bound on |U}, — U|, we have for h < h,

elUn=Ul < Cetélel” m((1+ |z[)® elﬁh_U‘) < C. (B.12)
Taylor’s formula for the exponential gives

e~ (Un=U) — 1 _ (ﬁh - U) + 02(2), |o2(z)| < (Uh — U)Qe‘U"_U| < Ch2(1 + \x|)4e‘0’l_U|, (B.13)

l\D\»—l
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hence the remainder gy(z) satisfies
7 (14 |2]) oa(2)]) < Ch® 7 (1 + |2])°eP=U1) < OR2. (B.14)

Next, n(V) = —7(LU) = 0 by (4.9) with f = 1 and (4.10). Replacing V by V), changes 7(V') by an
exponentially small amount: since 1 — 6 vanishes on {|z| < d/h},

7((L+ |2) V] (1= 04)) < Cr((1+ |2])? Lpupsa/my) < Ceion2 < Ch2, (B.15)

m m

2 m 2 2
by (B.4) and 7(z) < Ce~ % 121" Ce™ionz e~ 8lol” on {|z| = 6/h}. Inserting (B.13) into the denominator of
(B.11), and using 7(V') =0, (B.14) and (B.15), we obtain

71'(67([7”’7[])) =1- %ﬂ'(V@h) +7(02) =1+ %W(V(l — Hh)) +7(02) = 14+ O(h?), (B.16)

where (’)(h2) is bounded by Ch2?. After shrinking hg, w(e_(ﬁh_U)) >1-—Ch%> %, hence

1 2

Let x ~ N(0,1;), so that

(frh *N(o, Zld)> (z) = E[ﬁh (x - ZX)}

Since Uy, € C® by Lemma 1, 7, € C®. Expanding 7, about 2 to the order 4 along —h/2x,

wu(e = 2) = 7o) =\ o9 m@) o+ DR @hd - S (5 R @ + o)

Vi, (z — 5\/§>g>‘

Under the expectation the terms of odd order in x vanish and the term of order 2 has mean % A7y (x), hence

with

h2 1
@< g [ 0= as. (B.18)

(frh */\/(07 ;Lfd)> (z) = 7Fn(w) + % A7p(z) + Elof (z)]. (B.19)
Differentiating 7y, e=Un to the order 2,
Ay =7 (|VUR? — ADY). (B.20)
By (B.11), (B.19) and (B.20),
B h m(zx 6—(l7h—U)(z) h N ) 5 .
(wh *N<0, 21d)> (x) = (er_(U_U)) (1 + 1 (V0@ - AUh(x))) +E[g}(z)]. (B.21)

By (4.13), (4.14) and (4.10),

VU2 — AU,| < C(1 + |z])? and
IVU? — AT, — V| < VO, — VU||[VT, 4+ VU| + |AT, — AU| < Ch(1 + |2])*. (B.22)

Taylor’s formula for the exponential, with U, — U = % VO, the bound |V| < C(1+ |x])? of (B.4), the bound

on |VU,|? — AU}, and the bound on el0n=U1 in (B.12) give

e O (14 g(wﬁhﬁ ~AT,)) -1~ g(\vﬁhﬁ — AT, = VO,)| < Ch2(1 + |z]) e o1l
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Since VO, =V — V(1 —6;), (B.22) gives

. h - . m h
o~ (On=0) (1 + 5 (VO[> ~ AUh)> - 1‘ < CR2 (1 + |z|) e flel 4+ 7V = 64). (B.23)
Multiplying (B.23) by (1 + |2|)7(z) and integrating over R?, the term Ch2(1 + |z|)ei/2® contributes at

most Ch? [o.(1+ |z|)7e~ 171" dz: < Ch2 by the density bound 7(z) < Ce™ % 1#I* of Lemma 17, and the term
L1V|(1 — 6p,) contributes at most Ch3 by (B.15), so

/Rd(l + [a)

Differentiating 7, &< e~U" to the order 4 and using (4.13) with |VU,(y)| < 2M (1 + |y]),

o~ (Un=0) (1 + g(‘th‘Q — AUh)) — 1| 7w(x)de < Ch. (B.24)

- 4.
V') < C(1+[yl) 7nly),  yeR™
By (B.11), (B.12), the lower bound mr(e~(Ur=0)) > 1 and the density bound of Lemma 17, 75, (1 + |z|)?) <

2Cw((1+ |x|)qelm6|“”‘2) < Cy for ¢ > 1. For each fixed s € [0, 1], the substitution y = z — s4/h/2 x and the
bound on 7, ((1 + [#])?) with ¢ =5 give

L (e 5al) ol sy am < 0 6w an < )

Hence, by (B.18), Tonelli’s theorem and E[|x|*(1 + |x])] < C,

/ (1+ |2))Elo}(z)| de
Rd

|x|4/01(1S)S/Rd(1+|x)<1+‘x5\/§xD4ﬁh(x3\/§X) dz ds

By (B.21), the difference between 7, * (0, £1,) and 7 splits into the error 7; of the normalizing constant,
the error 73 of the factor and the remainder T3 of the expansion along the Gaussian shift,

<7~rh */\/<0, ;Id>> (z) — m(x)

_ (((1)) - 1)77@ T ((<>)) (e—m—vw(l £ B (V0 @)~ AT (@) - 1) +E[o}(@)]
=:T3

(B.25)

< Ch’E < Ch2.

=T =Tz
(B.26)

Integrated against 1 + ||, each term of (B.26) is at most Ch?: Ti by (B.17) and 7 (1 + |z|) < C, Tz by the
lower bound 7(e~(Wn=)) > L and (B.24), and T3 by (B.25), which gives

/Rd (1+ ) (ﬁh *N(O, ;le>> () — 7(z)

Finally, the symmetry of N'(0, £1,) gives

dr < Ch%. (B.27)

wnt) = [ @) (muea(0.512) o)

and since both 7, * N(0, %Id) and 7 are probability densities, f may be replaced by f — f(0), with |f(x) —
FO)] <[V loolx]; (B.27) then gives (4.15). 0
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C Proofs for Section 5

Statements about a single step are made at the index 0, with the step Dy = Y1 —Y; of (5.2) and xo ~ N (0, 1)
independent of Fq, so that under Eq the state Yj is fixed and

Eo[xo0] = 0, Eo[x&?] = 1, Eo[x§?®] =0, Eolxol? <C, p=>1.

The displacement of the modified dynamics started at Y is written Wy := )70(5) —Yy, 0 < s < h. Throughout
this appendix, the constant C' depends only on m, M, R and d, and also on p where a moment order p appears.
The largest moment order used is p = 12, for the bounds (5.4) in the proof of Lemma 3; all other proofs in
this appendix use p < 6.

C.1 Proof of Lemma 3

The proof uses the bounds (C.1) on one step of the modified dynamics. Lemma 18 states them first, together
with the moments of that step, which are used in Appendix C.3.

Lemma 18 Let Assumption 1 hold and let Uy, be the modified potential (4.11). Then, for 0 < s < h and
p =1, with C depending only on M, d and p and || - ||, taken under Eq,

1¥o(s) - Yoll, < CVR(L+[Yal),  [I¥o(k) — Yo - VZhxoll, < Ch(L +[Ya]), (C.1)

and, with C' depending only on M and d, all derivatives evaluated at Yy and 1 < 4,5,k < d,

‘IEO [Vo(h) — Yo] + A VT, — f(v U, VU, — VAT,) ‘ < CR(1+ |Yo))°, (C.2)
HIEO[(Y’O h) — Yo)®%] — 2h I, — h2(VUE? — 2V2T,) H Ch3(1+ o))", (C.3)
| (Bo[(Fo(h) = Yo) %)), + 202 (853 kT + 61t 050 + 35 0,0n) | < Ch* (1 + o)), (C4)

The same statements hold with U in place of Uy, and X, in place of Yo(s), for the exact dynamics (1.1)
started at Xog = Yy, with the same constants.

Proof. By Lemma 1, VU, (0)| < 2M and ||V2U,| < 2M, so that |[VUy,(z)| < 2M (1 + |z|) for every . The
displacement of the modified dynamics (4.16) started at Yy is

N

S
WS:YO(S)—Y():—/ VU, (Yo + W, )dr + V2 By, 0<s<h,
0

where (By)¢>0 is the Brownian motion of the step, so that V2 By, = V2h xo. Hence
W, < 2M/ (14 Yol + [W,))dr + /2 sup |B,],
0 r<h

and Gronwall’s inequality gives

sup [W,| < e2Mh<2Mh(1 + Vo) + V2 sup|B \)
s<h

Since E[sup,.¢;, | B,|P] < Ch? by the Burkholder-Davis-Gundy inequality and & < 1, the bound on Yy (s)—Yj
in (C.1) follows. For the bound on Yy(h) — Yo — v/2h xo,

h
‘Wh — \/%Xo‘ = ’/ VU;,(YO +V~Vr)d7“
0

<2Mh(l+\Yo|—|—sup\V~VT\),
r<h

and the Grénwall bound on supg), |W,| above applies. This proves the bound on Yy(h) — Y5 — v/2h x in
(C.1). In particular, Eg|Yy(s)|? < C(1 + |Yp|)? for s < h and every ¢ > 1.
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Next we consider the moments of W), = Yy(h) — Yy shown in (C.2)-(C.4). Since Yy(h) is driven by the
modified dynamics (4.16) with the generator £,1 = Ay — VU, -V of (4.17), the estimate of these moments
relies on a Taylor expansion with respect to Lh.

Let () := z — Yo, a linear function of z € R? with components ¢;, so that W}, = £(Yy(h)) and the entries
of Eq [W}?"], n=1,2,3, are Eq [1/)(}70(}1))] for the polynomials ¢ = ¢;, €;4;, ¢;¢;{;,. Here and in the rest of
the proof, z denotes the variable of ¢ and of these polynomials.

For each such ), since Uy, € C? (RY) by Lemma 1, the functions L1 and [‘,%l’(/J are of class C? and Z‘Z?/}
is continuous. By (4.13), Ehw, E%w, 521/) and the gradients of 1, E}ﬂ/}, Eiw have polynomial growth, so
that, by Eo|Yo(s)]¢ < C(1+4Yo[)?, the stochastic integral in It0’s formula is a martingale. Dynkin’s formula,
applied to ¥, then to Ly and L£? 71 inside the integrals, gives with Fubini’s theorem the Taylor expansion
to the order 2 with integral remalnder where ¥ (Yy) = 0 is omitted since £(Yy) = 0,

h
Eo [ (Yo(h)] = h (Lav) (Yo) + h— (LRe)(Yo) + ; /0 (h = )" Eo [(£50) (Yo(s))] ds. (C.5)
Here Ehw(YO) and E%Lz/}(Yo) are computed with the product rule

L1(9192) = 91Lng2 + 92L191 +2V g1 - Vg, 91,92 € C*(RY). (C.6)

Next we evaluate the explicit £ and ﬁ% operations on ¢ = {;, £;€;, {;{;{, to give the explicit h and h?
coefficients in the moment estimates (C.2)—(C.4).

1. For ¢ = ¥;, the linearity of ¢; gives Ll = —aiﬁh, and
Ll = —Ln0iUy = —0;AU, + Y 00, 0;0;Uy, = (V2U, VU, — VAT,),.
J
At z =Y, hLnt;+% 5 E £; is the component i of — hVUh—i— (VzUh VU, — VAﬁh), the approximation
of EO[Wh] in (C.2).

2. For ¢ = £;¢;, (4.17) gives
,Ch(&gj) = 25” — (%Uh Ej — 8jUh éi,

which equals 26;; at z = Y;. Since £, annihilates the constant 26,5, lji(&ﬁj) = —Zh(a,f]h l;) —
Ly (0;Un £;), and (C.6) with g = 9;Uj, and go = ¥¢; gives, at z = Yp, where ¢; =0,

Eh (azUh ej)(YO) = 8zUh Ehfj + QV@ﬁh . Vﬂj = —61-[7}1 ajUh + 2@3].[]‘}1.
This identity and its copy with ¢ and j exchanged give
L7 (0:4;)(Yo) = 20;Uy, 0;Uy, — 40;0,; Uy,

so that, at z = Y}, fiﬁh(&ﬂj) + %ZEN%L(&@) is the entry (i,5) of 2h Iy + h? (VU,‘?Q - 2V2(7h), the
approximation of Eg [W}?z] in (C.3).

3. For 1/} = éifjék,
Eh(giéjgk) = 2(51']‘ L +0ik b5 + 05k &) — (@ﬁh by, + 8]'Uh Cily, + 8kﬁh El[j),

which vanishes at z = Y. In £2 2 (i Ek)(YO) the terms 26,5 lj, 26; kéj, 20,1 ¢; contribute —24;; 0, U,
—26;1, 0} Uh, —26;1, 0; Uh, since Lyl = —0,Up,. By (C.6) with 9= 9,U,, and g2 = £;f}, whose value
and gradient vanish at Yp, the term —0; Uhé ¢} contributes —;U, Eh(ﬁ Zk)(YO) = —20,0; Uy, and in
the same way the terms —0; Uy, 00y, and —9,Up £; ¢; contribute —26;;, 0; Uy, and —26;5 9xUp. Hence

L7 (0:501,) (Yo) = —4(0: OkUn + i1 0;Un + 651, 0;Uy,),

so that h; L3 (£:0;0)(Y0) is the entry (i, 4, k) of the approximation of Eo[W %] in (C.4).
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It remains to bound the integral term of (C.5). Each of v, L), £2¢ and L3 31 is a linear combination
of products of components of ¢, components of VU, and derivatives of Uy, of orders 2 to 5; call the degree of
such a product the number of its factors that are components of ¢ or of VUh By the linear growth of VU,
and (4.13), a product of degree ¢ is bounded by C(1 + [z] + [Yp|)?. In Ly, the Laplacian does not raise the
degree, and —V U}, - V raises it by at most 1, and only where it differentiates a derivative of Uy, of order at
least 2. No such derivative occurs in ¥ or ,C}ﬂ/}, so for 1 a product of n components of ¢ the products in £
and £2 % have degree at most n, those in L3 71 have degree at most n + 1, and

(L) ()] < C(1+ 2]+ Vo)™

With Eo(1+ |Yo(s)| 4 [Yo|)" ! < C(1+|Yp|)" ! for s < h, the integral term is bounded by Ch3(1 4 |Yp|)"t1,
which is at most the remainders stated in (C.2)—(C.4).

For the exact Langevin dynamics (1.1), the same argument applies with U and X, in place of U} and
Yo (s), since by Assumption 1 the derivatives of U satisfy (4.13) with M in place of 2M. |

Proof of Lemma 3. We prove the bounds with the exponents 2¢ and ¢ in place of 12 and 6 for an integer
g > 1, the case ¢ = 6 being (5.4); in this proof C' may depend on ¢ as well. The proof is a Lyapunov

argument: a bound on the displacement over one step and a drift condition give a contraction of Eg|Yj1]%¢
against |Y3|?4, which is iterated over k. By (LM’), the step of the chain at the index k is

h
Dy := Y41 — Y = V2h x — hVU(Zy), Zk:Yk+\/;Xka

and Assumption 1 gives |VU(Zg)| < M (1 + |Yi| + /h/2 |xk])-
We first bound the displacement over one step. Since Ex|v/2h x|? < Ch%, the bound on |VU(Z)] gives,
for every p > 1,

Ex|Di|P < C(Ex|V2h x|P + BP Ex|VU(Z))|P) < Ch> + ChP (1+|Y])", (C.7)
and, since (C.1) at the index k gives || Y3 (h) — Yi — V2R Xk, < Ch(1 + |Yy|) under Eg,
Ey|Vi(h) — YilP < ChE + ChP (1 4 [v3])". (C.8)

Next we derive the drift condition. Splitting (Yy, VU(Z)) = (Zk, VU (Zk)) — /h/2 (xr, VU (Zy)) and
applying the drift bound in (B.1) at Zj and the bound on |VU(Z})|,

(Ye, VU(Z)) = %|Zk|2 -C- M\/§|Xk|(1 + Vil + \/Eb(k)
Taking By, with E|Zy|? = |YVi|> + 2 and Ey|xx|? = d

(Ve E[VU(Z4))) > FIVi = C = CVR(L+ W) > TP —C, (C9)
since CvV/h|Y| < Z|Y|? + C by Young’s inequality and h < 1

Next we combine (C.7) and (C.9) into the Lyapunov estimate. Let Sk := |YVii1|? — |Yi|? = 2(Yk, Di) +
|Dy|?. Since xj is centered and independent of Fy, (C.9) and (C.7) with p = 2 give
By Sy = —2h (Y, Ex[VU(Z3)]) + Ex| Dy < —%hmﬁ +Ch+Ch2(1+[%])? < —%hmﬁ +Ch
for h < ho with Cho < 2, while |Sk| < 2|Yi||Dk| + |Di|? and (C.7) give, for 1 < j < ¢,
EclSel < C(IVel BxlDel! +Ex[Del®) < ChA|Yil + ORI (1 + [il)”

Expanding

q
Vipr = (1Yl + 8)" = > <;]> AR

J=0

o1



and inserting the bounds on xSy, and Ey|Sk|?, with h < 1,
aIVil* P BiSi < —SERIGPI R ORI, VPO Bl Sl < CRIYAP + R (L Vi), 5> 2.
By Young’s inequality, the terms of degree below 2q¢ in |Yy| satisfy
q um
Ch|Yi|*T™2 + ChY |V < 5 h|Y;[** 4 Ch,
j=2

and, for h < hg with Chg small enough, the terms of order h? satisfy

Ch?(1+ Vi)™ < % h|Y; |2 + Ch.
With these bounds on the terms of degree below 2q and of order h?, the expansion of Ex|Yy11]|?¢ gives

EelYiern [ < [V = S5 DY 42 S8 Wil + O,

that is,

Ep|Yi1 |2 < (1 - %h) V3|2 + Ch, (C.10)

with ho < 16/(¢gm) making the factor lie in [0,1). Taking expectations in (C.10) and iterating over k gives
the bound on E|Yj[?? in (5.4), and averaging (C.7) and (C.8) with p = 2¢ over the law of Y} gives the
displacement bounds in (5.4):

16C i
AR |Y0\2‘1+q—m, max{E|Dy[?9, E|V;(h)—Yi|**} < ChI+Ch¥M E(1+|Y;])*" < Ch?(1+]Y,|)™.

The argument carries over to the stochastic gradient chain (SGLM’), with Ej, of (3.2) in place of Ey,
once the displacement bounds and the drift condition are verified for it. The step (5.3) of this chain, at the
index k, is .

Dy = Y1 — Yi = V2h xi — hVU (Zi; &).

By the moment bound of Assumption 3 and Jensen’s inequality, for 1 < p < 12,
Ex|VU(Zi; &P < MPEL(1+|Z])” < C(1+ [Vi])”,
which is the bound used for VU(Z}) in (C.7), with the same constant, so that
Ex|DilP < ChE +CRP(1+|Y2])?, 1<p<l12.

The bound (C.8) holds with K in place of Ej, since Yi(h) — Y}, is driven by (Bgpit — Bph)ogt<h, which is
independent of ;. Since the estimator is unbiased and &, is independent of F, and xj, the derivation of
(C.9) with Ej in place of Ej gives

. . . m
(Yi, e [VU(Zr; &)]) = (Y, Bk [VU (Z1)]) > §|Yk|2 -C
The Lyapunov estimate uses only Ky, [xx] = 0, the drift condition and the bound on ]Ek|Dk|p with p < 2¢, so

for ¢ < 6 it gives (C.10) with [ in place of Ej, and the same constants. Averaging the bound on ]Ek|Dk|p
and (C.8) under Ky, with p = 2¢ < 12, over the law of Y}, then gives (5.4) for (SGLM). O

52



C.2 Proof of Lemma 4

Proof of Lemma 4. We prove the bounds in || - ||| for every p > 1, with C' depending also on p; the case

p =4is (5.5). The bounds on Y; — ¥y and on YO( ) — Yy in (5.5) are direct. For the step Dy =Y; — Yy =
V2hxo — hVU(Zy) of (5.2), the moments of xo and Assumption 1 give

h
IV2hxoll, < VR, IRVU(Zo)ll, < MA(1+ (Yol + \ﬁ lixoll,) < Ch(1 -+ [¥a)),

and the bound on Yg(s) — Yp is that in (C.1). ) )
Next we bound the local error Y; — Yy(h) = Dy — W, Subtracting the displacement W, = v2h xo —

foh VUL (Yo + W,.) dr of (4.16) from Dy gives

Vi — Yo(h) = /Oh(VU(Yo + W) = VU(Z) )dr + /Oh (VO (Yo + W) = VU (Yo + W) )dr. (C.11)

=T; =T

The integrands of 7; and 7> satisfy

VU (Yo + W) — VU(Z)| < M\VVT — \/EXO . (VO = VU) (Yo + W,)| < Ch(1 + |Yo| + W),

by [|[V2U|| < M of Assumption 1 with Zy = Yy++/h/2 0, and by (4.14), respectively. Minkowski’s inequality
for the integrals over 7 € [0, h] and the bound ||, I, < CVh (1 + |Yy|) of (C.1) then give

h
~ h g
73, < M / (0, + \ﬁ lixoll, )ar < Ch (1 +|¥5)),
h
I7ell, < Ch [ (1-+ 1%l + Wl )dr < CH(1 + Yo

Adding the bounds on [[7:[, and [|72][, gives [[Y1 — ?o(h)lH,, < Chi(1+|Yy|), as stated in (5.5) for p = 4.
([

C.3 Proof of Lemma 5

The proof compares the moments of W, in Lemma 18 with the following expansion of the moments of the
step Y7 — Y} of the chain.

Lemma 19 Let Assumption 1 hold and let h € (0,1]. Then, with all derivatives of U evaluated at Yy and
C depending only on M and d, the moments of the step (5.2) of the chain satisfy, for 1 <1i,j,k < d,

’Eo Vi — Yol + hVU + & VAU‘ on’ (C.12)

HEO (V1 — Yo)®%] — 20 I, — h2(VU®2 — 2V2U)) H < CR3(1+ [Yo|), (C.13)

’(EO[(Yl ~Y0)®%)) . + 202 (81 kU + 63 O,U + 8, 05U \ < CR*(1+va))". (C.14)

Proof. The step (5.2) reads Y1 — Yy = V2h xo — hVU(Zy) with Zy — Yo = v/h/2 x0, so its moments follow

from expansions of VU(Zy) about YO in powers of xq. In this proof, O(h9) denotes a tensor of norm at most
Chi. Taylor’s formula to the order 3, with the remainder controlled by | V5U|| < M, gives

M

&) o @)

h h 1/hy3
VU(Zo) = VU + \/QVZU Yo+ 7 VUG + ¢ (5) VAN s, ol <
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and Taylor’s formula to the order 1, with the remainder controlled by ||[V3U|| < M, gives

h M h
VU(ZO) =VU + \/;VQUXO + 02, |Q2| < 7 5 ‘Xo|2. (C16)

The expansion (C.15) is used where VU (Z) carries a factor h or h#, namely in the mean and in the cross term
of the moment of order 2, and (C.16) where it carries a factor h2 or h. In addition, |VU (z)| < M (1 + |z|)
gives |VU(Zp)| < M(1 + |Yy| + v/h/2|x0|), and under Eq every term of odd degree in xo in (C.15) and
(C.16), and in their products with powers of g, has mean zero.

Next we compute the moments of orders 1, 2, 3 of Y1 — Y} from (C.15) and (C.16), to give the explicit h
and h? coefficients in (C.12)—(C.14).

1. For the mean, the terms of degrees 1 and 3 in xo of (C.15) have mean zero, and V3U[Eox§?] =
V3U[I4] = VAU by the contraction convention of Section 3.1, so that

h
]EQ [VU(Z())] =VU + Z VAU + EO[Q4], |E0[Q4]| < Ch2

Multiplied by —h, this is (C.12), since Eg[Y7 — Yo] = —h Eq[VU(Zy)].
2. For the moment of order 2,
(Y1 — Yp)®? = 2h x§? — 2hv/2h Sym(xo ® VU (Zo)) + h* VU (Zy)®2.

The term 2h x3? has conditional mean 2hI;. For the cross term —2hv/2h Sym(xo ® VU(Zp)), insert
(C.15) into xo ® VU(Zp). The terms xo ® VU and xo @ V3U[x§?] have odd degree and mean zero,
Eo[xo® V23U xo] = V2U since Eg[x§?] = I; and V2U is symmetric, and the terms %(%)% Xo®@ VAU [x§?]
and yo ® o4 have conditional means of norm at most Ch?3. Hence

Eo [xo ® VU (Zy)] = \/§V2U +O(h?),  —2hV2hSymEg[xo ® VU (Zo)] = —2h V2U + O(h).

For the term h? VU (Zy)®2, (C.16) gives

h
VU (%) = VU®2 4 28ym (VU & \/QVQU X0) +28ym (VU @ 03)
(C.17)

+ g(VQUXO)®2 + QSym(\/EVQUXO ® Qz) + 05

The term 2 Sym(VU ® 1/h/2 V2U xo) has mean zero. By |[VU| < M (1 + |Y|) and the bound on g9 in
(C.16), the conditional means of the remaining 4 terms of (C.17) satisfy

[ 28ym(vU © 02)]| < (1 + ¥, ‘ B[4 (V20 30)®7] ‘ <o,
[Eo[28ym (VA2 VU xo @ 02)] | < ORE,  ||Bo 57| < O,

so that
Hh2 Eo [VU(Z0)®2] — h? VU®2H < CR3(1 + |Yo).

Adding the conditional means of the 3 terms of (Y; — Y)®2, namely 2hl;, —2h? V2U + O(h?) and
h2VU®? up to Ch3(1 + |Yy|), gives (C.13).

3. For the moment of order 3,

(Y1 —Yp)® = (2h)3 &% — 612 Sym (x$2 @ VU (Z)) +3h*V2h Sym (xo © VU (Zo)®?) — h? VU (Zo) %2
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The term (2h)% x&* has mean zero. For the term —6h% Sym(x$? ® VU(Z)), insert (C.16) into the
entry Eo[xo0,i Xo,; VU(Z0)r]: the term VU gives 6;; 0,U, the term linear in xo has mean zero, and the
remainder g, contributes at most C'h, so that

Eo[x0,i X0,5 VU(Zo)k] = 055 0,U + O(h),
and, since §;; Oy U is symmetric in ¢ and j, its symmetrization is 5 (511 OkU + 0ix, 0;U + 01, 0;U), so that
—6h” SymEo[x5? @ VU(Zo)],;;, = —2h% (85 U + 63k ;U + 05 iU ) + O(h®).

For the term 3h2v/2h Sym(xo ® VU (Z)®?), insert (C.17) into xo ® VU (Z)®?: the term xq @ VU®2
has mean zero, and every other term carries a factor y/h/2 V2U x or g2, so its conditional mean has
norm at most Cv/h(1 4 |Yp|). For the term h® VU(Zy)®?, the bound on |VU(Z,)| suffices. Hence

H3h2\/ 1 Sym o [xo @ VU (Z)® H 3(1 + [Ya)),
Hh31@o (VU (Z0)®] H < W3 Eo|VU(Zo)P < CR3(1 + |Yo|)®.

Adding the conditional means of the 4 terms of (Y; — Y5)®?3 gives (C.14).
O

Proof of Lemma 5. The moments of W), = Yy(h) — Yj are expanded in (C.2)(C.4) with coefficients in Uy,
and those of Dy =Y; — Yy in (C.12)—(C.14) with coefficients in U; Lemma 19 applies since h < ho < 1, and
all derivatives are evaluated at Y. Next we compare the two expansions. Their coefficients differ through
U, — U, and by (4.14) and the linear growth of VU, and of VU, from Lemma 1,

VU, —VU| < Ch(1+|Yp), VOS2 = VU®?| < Ch(1 +|Ys))?, 212a<x3||vil~]h—ViU||<C’h(1+\YO|).

(C.18)

Next we prove (5.6) for j = 1,2,3 with (C.18), first for j = 2,3 and then for j = 1.

1.

For j = 2 and j = 3, replacing U, by U in the terms of order h? of (C.3) and (C.4) changes them in
norm by at most Ch3(1 + |Yp|)2, by (C.18). After this replacement, the approximations of Eo[W,2’] in
(C.3) and (C.4) are those of Eg[DS?] in (C.13) and (C.14), which proves (5.6) for j = 2 and j = 3.

For j = 1, the term —h VU, of the approximation of Eo[W},] in (C.2) is kept, since (C.18) bounds
h(VU, — VU) only by Ch?(1 4 |Yp|). In the term of order h2, the replacement of U, by U introduces
an additional error of at most Ch3(1 + |Yp|)? in norm, by (C.18), the linear growth of VU, and

|V2U|| < M, the bound on V3U,, — V3U in (C.18) controlling VAU, — VAU. Subtracting (C.12)
then gives

- 2 2
Eo[Wy] — Eo[Do] + h(VU, — VU) — %(VQU VU — VAU) — hz VAU’ <CR¥(1+ )’ (C.19)

It remains to bound the terms of (C.19) other than Eq[W}] — E¢[Do] by Ch?(1 + [Yo])?, and here the
cutoff 6, of (4.11) enters. On the ball {|Yy| < 6/h}, where 6, = 1 and V@), =0, VU, — VU = 2VV =
L(2V2U VU — VAU) by (4.10), so that

- h? h?
h(VU, —VU) — (v2U VU — VAU) — - VAU
2 2 2 (C.20)
= 7 (2VPUVU = VAU) - - VU VU + - VAU =0.
Outside that ball, (C.18) and Assumption 1 give

~ h2 h2
h[VT(Yo) — VU(Ye)| < Ch2(1 + |Yo)), ’5(VQUVU ~ VAU) + = VAU‘ < CRY(1 + o)),
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and 1 < h|Yp|/6 there, so the left side of (C.20) is at most

h|Yo|
1)

Ch*(1+ |Yy)) - < Ch*(1+ [Yp))?

in norm. On the ball and outside it, (C.19) therefore gives
[Eo[1¥4] — EolDol| < Ch*(1+[¥al)* < Ch* (1 +[¥a])C,

which proves (5.6) for j = 1.

C.4 Proof of Lemma 6

Proof of Lemma 6. The proof expands G(Y7) — G(}N/o(h)) about Yy to the order 3, so that the terms of orders
1 to 3 are differences of the moments of Dy and W}, bounded by Lemma 5, and the remainder is bounded
by Lemma 4.

Work at the index 0, with Dy and W}, as in the opening of Appendix C. Write Q. := ¢¥7 + (1 — <)Yy (h)
for ¢ € [0,1], the interpolated position of [106], so that d%Qg =Y1 — Yy(h), the local error, and

1
G(Y) = G(To() = [ (V6(Qu), Yo = To(h) ds. (C21)
0
Expand VG about Yj to the order 2 with the integral remainder,
1 1
VG(Yy +v) = VG(Yo) + V2G(Yo) v + 3 VEG(Yy) [v9°] + 03(v), los(v)| < 5 V4G o V)3,

and insert it into (C.21) with v = Q. — Y. Since V2G(Yy) and V3G(Yy) are symmetric, VIG(Yp) : T =
VIG(Yy) : Sym T for every tensor T of order j = 2,3. Moreover,

d%(Qg —Y0)® = jsym((Q — Yo)®U D @ (Vi — Yo(h))),  j =23,

and integrating over ¢ € [0,1], with Qo — Yy = W), and Q; — Yy = Dy,

1
. 1 .
Sym (/ (Qc —Yo)ds @ (Y1 — Yo(h))> §(D®2 W,;m),
0
1 —Y,)®2 —Y 1 ®3 _ [i/®3
Sym( [ (Q¢—Y0)®?ds @ (Y1 — Yo(h)) S (D5° - W),
0
These identities turn (C.21) into
3
1 S
Gt - =35 V) (D57 = W) + e, (C.22)

where the remainder g4 := f01<gg,(QC -Y), Y1 — f’o(h)> dg satisfies
1 ~ =13
loa] < & IVAG|los [Y1 = Yo(R)| max{|Dol, [Wa|}".

In (C.22), G(Y1) and G(}N/Q(h)) are both expanded about the initial value Y, which is why Lemma 5 estimates
the moments of Dy and W), up to the order 3. Taking Eo, (5.6) bounds the terms of orders 1 to 3 in (C.22):

3
<OR Y IVG oo (1 + [Y5])".

3
> l' VIG(Yy) : Eo[DFY — W]
! =

Jj=1
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For the remainder g4, (5.5) gives
- 5 B
Y1 = Yo(Wll, < ChE(1+[Yol),  [I1Dollly + Wil < CVA(L+ Yo,

and Holder’s inequality gives
1 - = 3 4
Eoleoa| < 6||V4GH<>O Y2 = Yol (1 Dolly + [Wally)” < CIVAG]oe h* (1 + [Yo]) "

Adding the bounds on the terms of orders 1 to 3 and on g4 proves (5.7) at the index 0, and by time
homogeneity at every k. O

C.5 Proof of Lemma 7

The proof uses two bounds on the covariance of the gradient noise, which also serve Appendices E to G. We
write the gradient noise and its covariance (5.8) as

n(z;€) == VU (2;€) = VU(z),  Clx) =Ee[n(z;€) @n(z;€)].
Let .
S(a;€):= sup [[V2U(56)|l,  Ee[S(x;6)?] < M2, (C.23)

o’ <1

the bound being the Hessian condition of Assumption 3. Let |z — 2’| < 1. Then
1 A
n(w; &) —n(a';€) = / (V2U(2s36) = VU (25)) (= 2')ds, @y =2+ s(z — ),
0
so the definition of S and ||V2U|| < M give
[n(2:6) —n(a';€)| < (S(:8) + M) |z — 2']. (C.24)
The identity

n(2;€)%2 = n(a';€)%% = n(w;) @ (n(2:€) = n(25€)) + (n(x:) — n(a';€)) @ n(a’;€)

gives
[n(:€)®2 = n(z"; )| < (In(z; )] + In(2";€)]) In(a; €) — n(a'; €).
Minkowski’s inequality, with Assumption 3 for n(x; &) and n(z’;€) and with (C.23) for S, gives

Be[(n(:9) + m@:9))?] <45, Be[(S(r:) + M)?) < 4M2 (©25)
so (5.8), the bound on 7(z;&)®? — n(z';£)®?, (C.24) and the Cauchy—Schwarz inequality with (C.25) give
IC(2) — @)l = [Be [ntes )22 = n(a's€)%2) | < Be [ (In(a: )1 + In(@’; €)1) In(a: €) = n(a'3€) ]
< B[ (n(as &) + In@s ) (S ) + M) o —of| < 255 -2M fo — |
For |z — 2’| > 1, since C(x) and C(z') are positive semidefinite, (5.8) gives
le() ¢l < Tfe)] + Trle)] < 25 < 28| ]
Since ¥ < M?, both cases give

|C(x) — C(a)|| < 4M?|x — 2'|,  z,2’ € R% (C.26)
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Writing C(z) = Z?:l i u; @ u; with A; > 0 and (u;) orthonormal, (5.8) gives

d

Az C@)] = |3 Aidus, Au)

i=1

<A Te[C(x)] < Z|Al,  AeR™, zeR% (C.27)

Proof of Lemma 7. Work at the index 0, where Eo and Eg agree on functions of Yy and (Bs)s<p, both fixing
Yy and averaging over (Bs)s<n. With Dy = v2h xo — h VU (Zy), the right side of (5.2), the step (5.3) adds
the gradient noise ng at Zy, multiplied by —h,

Y, =Yy + Do — hn, o = 1(Zo; &) = VU(Zo; &) — VU (Zo).

The proof expands G(Y;) about Yy + Dy to the order 2 in hrg, compares G(Yy + Dy) with G(Yy(h)) by
Lemma 6, and finally replaces V2G (Yo + D) by V2G(Yp) in the term of order h?.

Let Ho := J(ﬁo, (Bs)sgh)- Then Yy, Doy, Zo and Yy(h) are ﬁo—measurable, and since & is independent
of Ho, Assumption 3 and (5.8) give

E[no|#o] =0, E[no@no|Ho| = C(Z).

Taylor’s formula for G at Yy + Dy, to the order 2 in hng, gives
h? h3
G(Y1) = G(Yo + Do) = h VG (Yo + Do) -mo + = V2G(Yo + Do)[no,mo] + 03°,  |e8’| < 3 IV3Gloo [0l *.

Under E[ - | 7:l0], the term linear in 79 vanishes and the term quadratic in 19 becomes h—; V2G(Yy+Dy) : C(Zy).

For the remainder, [no| < VU (Zo: &0)| + |VU(Zo)]|, and the moment bound of Assumption 3, applied given
Ho, with |VU (z)| < M(1 + |z|) and h < 1, gives

Eolnol* < CRo(1+120))° < C(1+ |¥0])*.

A h? . 3

’EO [G(11)] = Eo[G(Yo + Do)] — % Eo[V2G(Yo + Do) : C(Z0)] ] <CRIV3G(1+Ya))’.  (C.28)
Next, Yy + Dy is the state after one step of (LM’) from Yy, so Eo[G(Yo 4+ Do)] — Eo[G(Yo(h))] is the local
weak error of the chain with the full gradient, and (5.7) at k = 0 gives

4
|Eo [G(Yo + Do) — G(Yo(h))]| < Ch* SIIVIG oo (1 + [Yo]) . (C.29)

=1

It remains to replace V2G (Yo + Dg) by V2G(Yp) in the term carrying C(Zp), at the cost Ch®. By Taylor’s
formula,

1
V2G(Yo + D) = V2G(Y0) + VG(Y0)[Dol + 05, 105"l < 51V Glloe| Do,
and, with DO =V 2h X0 — hVU(Zo),

(V2G(Yy + Do) — V2G(Yy)) : C(Zo)

— 0PV - C(Z0) — hVPG(Yo)[VU(Z0)] : C(Zo) + V2h VPG (Y)[xo] : C(Zo). (C.30)

Assumption 1 gives

h
VU< (1 1zl < (15 60+ o)
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By (C.27), ¥ < M2, the bound on |[VU(Z)| and (5.5) for the step Dy of (5.2), the terms of (C.30) carrying
02 and VU(Zy) contribute

~ 1 N
[Eoley” : C(Z0)]| < IV Glloe SEo| Do|* < Ch|VGloo (1 4 [Y0])%,

(C.31)
h|Eo [V3G(Y0)[VU(Z0)] : C(Zo)]| < Sh||V3Gloo Eo| VU (Zo)| < Ch||VAG||o (1 + [Yol).
For the term of (C.30) carrying xo, split
V2G(Yo)[xo] : C(Zo) = VPG(Yo)[xo] : C(Yo) + VPG(Yo)[xo] : (C(Zo) — C(Yo)). (C.32)
Since yo has mean 0 and is independent of Fy, while V3G(Yy) and C(Yp) are Fo-measurable,
Eo [VEG(Yo)[xo) : C(Yo)] =0, (C.33)
and, since Zg — Yy = v/h/2 xo0, (C.26) gives
5 [h
1C(Zo) — C(Yo)|| < 4M 5 X0l
and the facts
[A: Bl <d|A[IB]l,  [V*GYo)xolll < IV*Gllclxol,  Eolxol* =d
give
V2R [0 [V G(Yo) o] : (C(Z0) — C(¥0))] | < V2R | VGl Bo [xo] €(Z0) — C(¥0)]]
W (C.34)
<V2hd|| V3@ s ~4M2\/;IEIO|X0|2 = 4d>M?h|| V3G so.
Inserting (C.31), (C.33) and (C.34) into (C.30) and (C.32), and multiplying by %2, gives
h? ..
E‘Eo [(V2G (Yo + Do) — V2G(Y0)) : C(Zo)] ‘ < CR*(|VPG|loe + [IVAG]lo0) (1 + [Yo)2. (C.35)

Finally, the left side of (5.9) at the index 0 splits as

B0 [G(V) — G(To()] — o v20(¥0) - BolC(Z0)]
= (on [G(Y1)] = Eo[G(Yo + Do)] — h; Eo[V2G(Yy + Dy) : C(Zo>]) +Eo[G(Yo + Do) — G(Yo(h))]
+ h;]@o [(V2G(Yo + Do) — VPG(Yy)) : C(Zy)]. (C.36)

On the right side of (C.36), (C.28) bounds the first bracket, (C.29) the second term, and (C.35) the third
term. Adding these bounds gives

’EO [G(Y1) — G(Yo(h))] — %2V2G(Yo) :Eo[C(Zo)] ’

4
< OB [V2Gloo (14 [Yo])? + CR® YV Glloo (14 [Yo))® + CH* (| V2Glle + V4G lloo) (1 + [Yo)?

J=1
4 .
<O Y IV Glloo (1 + Vo)),
j=1
which is (5.9) at the index 0; by time homogeneity, (5.9) holds at every k. O
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D Proofs of the MSE analysis

Throughout this appendix, C' depends only on m, M, R and d, and h < hg with hg < min{\ 7!, %}, A the
rate of Theorem 1 for Uy, so that Corollary 1 applies. By (4.19), &y, is CL-Lipschitz.

D.1 Proof of Theorem 2: MSE of LM

Proof of Theorem 2. Let first Nh > 1, so that N > 2 since h < % The first step of (LM) gives

h h
Zk:Yk—l-\/ng, k>1, Y; ::ZO_hVU(ZO)‘F\/gXOy

with (Yi)g>1 the chain (LM’) started from Y;. Here Y7 is independent of (B; — Bp)i>h, and E|Y;]['? <
C(1+ |Zo|)'?. Splitting off the term k = 0 in (1.2),
21
2 2  CL? 2 _ CL?
ﬁ’f(zo) -7(f)]" < W(l +120])” < ~h

and the expectation of the time average over Zy,...,Zy_1 is the MSE of N — 1 samples of a chain of the
same form started from Y7, with ﬁ < ﬁ for N > 2. Conditioning on Y7, it therefore suffices to prove

(6.3) for the samples Z, = Y, +/h/2 xk, k = 0, of the chain (LM’) started from a given Yy, with Yy in place
of Zy, and then to apply it with Y7 in place of Yy and take the expectation, with E(1+ |Y1])? < C(1+|Zo|)?
and E(1 + [Y1])12 < O(1 +|Zo|)*%. By (5.1) and £ < 5 for h < 1, it suffices to prove

MSE(N, h) < N2|f (Zo) — m( )|2+2(NA_71)2EUN1_1Zf(Zk)—w(f)
k=1

where

(1+|ZO|) ,

N-1 2
EH;I > (i) = )| | <crr((+ |Y0|)2ﬁ + (1 Ml ). (D-1)

k=0

By (6.1) and Cauchy’s inequality, the left side of (D.1) is at most

3 2 3 N-—-1 2
o E|n(Yo) ¢h(YN + 3 B > (D.2)
k=0

The terms Y, and W}, are Fj 4 -measurable, since Y (h) is driven by the Brownian motion on [kh, (k + 1)h],
and Ex U, = 0 by (4.18). Hence the ¥y, and the centered terms Y} — E; Y}, are martingale differences with
respect to (Fk)r>0, and their sums have additive second moments. Lemmas 3 and 4 also give

2 - 2
EVi? <C(1+Yo|)",  E[Yis1 — Yil* + E|Yi(h) — Vi[> < Ch(1 + Vo)™ (D.3)
For the boundary term of (D.2), the Lipschitz bound on ¢;, and (D.3) give

3 CL? CL? CL?
14 |Y, <
N2h? S N2 N (L o))’ i
using Nh > % This holds for the N — 1 samples after the first step, since (N —1)h > 1—h >

For the discretization term of (D.2), carrying T with AT} = dn(Yies1) — én(Yi(h)) by (6.
with G = ¢y, and (4.19) give

E|én(Yo) ¢h(YN)| E[Yn — Yol € 1+|Y0|) ; (D.4)
1
2"
2), Lemma 6

|Ex Y| < CLR*(1+ |Yk|)
so by Cauchy’s inequality and Lemma 3,

N-1 2
E| > ExYk
k=0

N-1
<N Y E[ELYL|* < CLANZRA (1 +|Y))
k=0
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For its fluctuation, the Lipschitz bound on q~5h and Lemma 4 give
WYk < OL |[Yipr — Yi(h)|,  Ex| Tl < CL2A(1 + Vi),

so by the orthogonality of martingale differences,

N— 2 N—-1
Z (Th —ExTe)| = D E[Te — ExTu|” < CL2NA(1+ [Yo]).
k= k=0

The discretization term of (D.2) is therefore at most

N—-1 2
%E ST < CL2((1 + (Vo)) Pht + (14 |Yo|)2%). (D.5)
k=0

For the martingale term of (D.2), carrying Wy, with h¥, = ¢y, (Vi (h)) —Ex[dn (Yi(h))] by (6.2) and (4.18),
the Lipschitz bound and (D.3) give

W2 B2 < CL*E|Vi(h) — Yi|? < CL?h(1 + |Yo|),

and by orthogonality,

N-1

3

2 E Z‘I’k = N2 ZE\\IJ 2 < (1+|Y0\) . (D.6)
k=0

Adding (D.4), (D.5) and (D.6), and using & < 5 for b < 1, proves (D.1).

Let finally Nh < 1. By Assumption 2 and the moments of 7 in Lemma 17, | f(z) — 7 (f)| < CL(1 + |z]),
and E|Z;|? < C(1 + |Zp|)? for every k > 0, by the moment bound on Y; and Lemma 3. Hence (1.2) and
Cauchy’s inequality give

=

CL?

1
MSE(N, h) < 5 D E|f(Z) = =()° < CL*(1+|20l)" < - (14 120l),

o~
Il
=}

which is at most the right side of (6.3). O

D.2 Proof of Theorem 3: MSE of SGLM

Proof of Theorem 3. As in the proof of Theorem 2, with Y} := Zy — hVU(Zo; &) + v/h/2 X0, it suffices to
bound the MSE of the samples Z; = Y + \/h/2 xk, k > 0, of the chain (SGLM’) started from a given Yj
by the right side of (6.4) with Y in place of Zj, and then to apply it with Y; in place of Y and take the
expectation, with E(1+ |Y1|)? < C(1+1]Zp])? and E(1+|Y1])*? < C(1+4]Zo])*? by Assumption 3. The bound
(5.1) and the formula (6.1) involve the modified test function, the modified dynamics and ¢;, only, and hold
for this chain with F, and &, in place of Fj, and Ej. The proof of Theorem 2 is repeated with two changes.

First, the moment bounds of Lemma 3 hold for (SGLM’) with the same constants, so the boundary term
and the martingale term are bounded by CL*(1 + |Yy|)?/(Nh) as before.

Second, in the discretization term, Lemma 7 with G = ¢y, (4.19) and (C.27) give

|ExYk| < CL(Eh +h? (14 \Yk|)6>,

since §|V2g§h(Yk) : Bx[C(Zy)]] < CLXh?. Cauchy’s inequality and Lemma 3 for the term h2(1+ |Y;|)® give

N-1

E|> BTk

k=0

2
< CLAN2(220% 4 04 (1+ o)) ).
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For its fluctuation, the step of (SGLM’) differs from that of (LM’) by —h(VU(Zk; &) — VU(Zy)), and
B |h(VU(Zy; &) — VU(Z1))|° < Sh* < M?1h2.
With the Lipschitz bound on éh and Lemma 4, this gives
.| Tu|? < CL? (h(l + )+ z) < CLA(1+|vi))%,

and, by orthogonality and h < 1

2 2

CL 2 CL?
< 7 (T+ )" < Th<l+|Y0|) :

N-1
E| > (Th - ExTs)
k=0

Adding the bounds proves (6.4) for Nh > 1. For Nh < 1, it follows as at the end of the proof of Theorem 2,
since the moment bounds of Lemma 3 hold for (SGLM’) and E(1 + |Y1|)? < C(1 + | Zy]).

For the average of P independent estimators, the average is unbiased, its moment of order 12 satisfies the
bound of Assumption 3 with the same M by Minkowski’s inequality, and its variance is at most ¥/P < M?2.
Minkowski’s inequality in L? also gives the Hessian bound of Assumption 3 with the same M. Assumption 3
therefore holds with /P in place of ¥, and (6.4) gives the term X2h2/P2. O

E Proofs of the numerical bias estimate

Throughout this appendix, (Y%)x>o0 is the chain (SGLM’), Py, its transition kernel, and h < ho with Mhy < 1
The local Hessian bound (C.23) and the bounds (C.26) and (C.27) on the covariance C(z) of the gradient
noise are those of Appendix C.5.

E.1 Proof of Lemma 8: invariant distribution

Proof of Lemma 8. The proof obtains the existence and uniqueness of u; from Harris’s ergodic theorem,
deduces the moment bound of pj, from Lemma 3, and proves the limit of time averages first for the chain
(SGLM’) and then, in (6.5), for the samples of (SGLM). Harris’s ergodic theorem in the form of [47,
Theorem 1.2] assumes that a measurable W : R? — [0, 00), constants v, oy, € (0,1), K >0, a level Ry > 0
and a probability measure v satisfy the drift condition, the minorization on the level set {W < Ry }, and
the condition on the level,

2K
(PiW)(y) <AW(y) +K, yeR?,  Puly,)>anv, W(y)<Rw, Rw> T (E.1)

That theorem then gives a unique invariant distribution pj and constants C, > 0 and 4 € (0,1), which may
depend on h, with

sup [PROIG) — @] o L) — (B.2)

yeRY 1+ W(y) b y€ER 1+ W(y) ’

for every measurable ¢ with sup,cga [¢(y)[/(1+ W (y)) < occ.
For the drift condition in (E.1), take W(y) := |y|?>. The Lyapunov estimate (C.10) with ¢ = 1, which
holds for (SGLM’) as shown in the proof of Lemma 3, gives

(PW)(w) < (1= ZEh)W(y) +Ch, yeR

This is the drift condition in (E.1) with



where v € (0,1) since m < M by Assumption 1 and Mh < 1. With the constant C in K = Ch, set

64C _ 32C 2K
Ry = > = R
m m 1—7v

which depends only on m, M, R and d.
Next we prove the minorization on the level set {WW < Ry}, with a constant «y, that may depend on h.

1
Let hg also satisfy 4Mho(2 + Rj,) < 1, let B be the closed unit ball and v the uniform distribution on B,
and fix y with |y|? < Rw. From Y, = y, the step (SGLM’) reads

(Y /h _ d
Y1—T50(2+\/;X0)7 Te(v) =20 hVU( +v§) v e R (E.3)
By Markov’s inequality, (C.23) and the moment bound of Assumption 3, the event Ey := {£ : S(%:¢) <
AM, |VU(%;€)| < 4M(1 + 21} satisfies P (Ef) < 15 + 4712 < L. For € € By and v, € B,
(Y (Y / / (Y |y|
=z . — =z . < _ <z . .
h‘VU(2+v,§> VU(2+U,§)‘\4Mh|v V], h’VU(2+v,§)‘ 4Mh(2+ 2) 1

Hence T is Lipschitz with constant 3 on B, and for every w € B the map
1
v 2(w+hVU( +ou; g))

maps B into itself with Lipschitz constant %, so, by the contraction mapping theorem, it has a fixed point,
which solves T¢(v) = w; hence B C T¢(B). For a Borel set A, the set A N B is therefore contained in
Tg(T{l(A) N B), whose outer Lebesgue measure is at most 3¢ Leb(Tgl(A) N B) by the Lipschitz bound for

the d-dimensional Hausdorff measure, which equals the Lebesgue measure Leb on R?; on B, whose points lie
within 1+ 1 R2, of ¥, the density of £+ /1/2 xo N./\/(Q, 2Id) is at least 8y, := (ﬂh)7% exp(—(1+1RZ,)?/h).
Conditioning (E3) on &y, which is mdependent of xo, gives

h _ Leb(B
Paly, 4) > E [1{@0}1@(5 ; \@xO eT; 1<A>mas)} > P Lenanm) = 2 20E) )

which is the minorization with ay, := min{2, 8, Leb(B)/(2 - 3?)}, and (E.2) holds.
For the moment bound, let ¢,(y) := min{|y|*2, £}, £ > 1. Since 0 < ¢y < ¢, (E.2) with ¢ = ¢y and n =k
gives, for the chain from Yy = 0,

[E[0e(Ye)] — pnee)| = [(Phoe)(0) — pn(e)| < €CLy" =0, k — oo.
With Lemma 3 at Y, = 0, this gives

pn(pe) = hm E[cpg(Yk)] supIEl\Yk\12 < C.

Monotone convergence as £ — oo gives uy(|y|'?) < C.

Next we prove the limit of time averages for the chain (SGLM’). By the minorization, the level set
{W < Ry} is petite [78, Section 3.1]. Outside this set, W > Ry > % , so the drift condition in (E.1) gives
PLW < H2XW. For Yy = y with W(y) > Rw and the entrance tlme 7 of the chain into {W < Ry}, the

process (1+7) (BAT) W (Yjear) s therefore a nonnegative supermartingale; it exceeds (22)"* Ry on {7 > k}
and has mean at most W (y), so

1+7)’“W()

P(r>k)<( . T

— 0, k — oo.

By the Markov property at the time 1, the chain started from any initial value returns to {W < Ry } almost
surely, so it is Harris recurrent by [78, Theorem 4.1(i)], and, since it has the invariant probability uy,, positive
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Harris recurrent [78, Section 1.3]. Let g be measurable and of linear growth, so that uy(|g|) < oo by the
moment bound. The strong law of large numbers for positive Harris recurrent chains [79, Theorem 17.0.1(3)]
gives, for every initial value Yy,

N-1

1

N 9(Yr) = un(g) almost surely. (E4)
k=0

For the samples of (SGLM) from the given Zy of (6.5), start (SGLM’), as in Section 6.1, at

. h h
YWLZZo—hVU(Zo;&))‘F\/;XO, so that Zk:Yk‘F\/nga k> 1.

Since Y} is independent of (xx, &k)rk>1, the sequence (Y 41);>0 is the chain (SGLM’) started at Y7, and (E.4),
which holds for every initial value, gives by Fubini’s theorem, almost surely,

N-1

1
N 2 9%i1) = unlg), N = oo (E.5)
7=0

For k > 1, as in Section 4.1, My, = f(Zx) — fh(Yk), where Ek[m?k] =0 by (4.1) and E[M] < ‘é—hLQ by (4.3),
both with Ej, of (3.2) in place of Ey, since Y}, is Fj-measurable and Xk is independent of ]}k; the My are
therefore Fj,1-measurable martingale differences. By (E.5) with g = fj,, which is Lipschitz with constant L
by Section 4.1, hence of linear growth,

N-1

1
Z n(Yi) = pn(fn) almost surely.
N3

By the bound on E[9N2], the martingale 3" p_, My /k is bounded in L? and converges almost surely, and

Kronecker’s lemma gives
N-1

1
N Z M — 0 almost surely.

Let Y ~ pp, and x ~ N(0,I;) be independent. Fubini’s theorem, (4.1) and the definition of 7, in Lemma 8

N Mh(fh)—E[f<Y+\/§X>} =7 (f)- (E.6)

Combining the limits of the averages of f,(Y%) and of M, with (E.6) and with f(Zo)/N — 0, since Zy is

given,
N—

N— N—
1 -
N 2 f(Zy) = ; fn(Ye) + Z &t — Th(f almost surely,

which is (6.5). O

=

E.2 Proof of Theorem 4: numerical bias

Proof of Theorem /J. The proof writes up, (fh) ffrh(fh) through the modified discrete Poisson equation (4.18)
as the local weak error of Lemma 7 averaged over ju,, and then adds the bound of Lemma 2 on 7, (f5) —7(f).

Let Yy ~ pp, the invariant distribution of (SGLM’) given by Lemma 8, independent of (B;);»¢ and
(€k)k>0- Then Y7 ~ pp. Add Yy to the generators of Fp in (3.2), so that Fo= o(Yp), while x; and & remain
independent of F;. The process Yy (s) evolves by the modified dynamics (4.16), with the generator £, of
(4.17), from Yy(0) = Yp, so that

(€"r ) (Yo) = o [fn (Yo ()]
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The modified discrete Poisson equation (4.18) at Yy therefore reads

Fn(Yo) — 7n(fa) = %Eo [6n(Yo) — o (Yo(h))].

Taking expectations, with th(YO) = pn(fn), gives

pr(fr) = 7n(fn) = EE[Qbh(YO) — on(Yo(h))] =

E[$n(Y1) — 6n(Yo ()], (B.7)

S =

where qu;h(YO) = ]Eq’;h(Yl) since Y7 ~ pup. All expectations in (E.7) are finite, since gzgh is Lipschitz with
constant C'L by (4.19), un(|y|*?) < C by Lemma 8, and E|Yy(h) — Yo| < CVA (1 + E|Yp|) by the bound on
Yo(s) — Yp in (C.1).

Next we expand E[g?)h(Yl) - gi;h(f/o(h))] in (E.7) by Lemma 7. By (4.19), the derivatives of ¢j, of orders
1 to 4 are bounded by CL, so (5.9) with G = ¢y, at k = 0 gives

A ~ ~ ~ 2 ~ ~
‘Eo [6n (Y1) — on(Yo(R))] — % V26 (Yo) : Eo [C(ZO)]‘ < CLR*(1+ |Y0|)6.

Take expectations in the bound on K [g{)h(Yl) — (gh(}}o(h))]. Its term of order h? carries the Fy-measurable
factor V2¢y,(Yy), so the tower property gives
E[V26n(Y0) : EolC(Z0)]] = E[VZén(Y0) : C(Z))],

and hence

~ ~ ~ 2 ~
[E[3(¥1) — an(To(h)] — o B[V?du(¥0) : €(2)]| < CL* (1 + [x])"
Dividing by h and inserting (E.7),
() = 7 (i) = 5 E[V61000) : €(Z0)] | < CLWB(1 +[¥))° < OLR?, (E5)

by the moment bound py(|y|'?) < C of Lemma 8. By (E.6), 7 (f) = un(fn), so
()~ 7(7) — S E[V2n(Yo) : C(Z)]
= () ~ 70 — S EIV?00(%) : C(Z0)] ) + () — ().

The first bracket of (E.9) is bounded by (E.8), and the second by (4.15) of Lemma 2, which proves (6.6).
Finally, by (C.27) and (4.19),

(E.9)

h ~ >h -
S|E[V20n(%6) : €(20)]| < S I9%0nlloo < CLER,

which with (6.6) gives
7 (f) = 7(f)] < CL(Zh + ).

|
E.3 Proof of Corollary 2: coefficient of the numerical bias
Proof of Corollary 2. With Yy ~ up and Zy as in Theorem 4, let
an = E[V21,(Y0) : C(Zp)]. (E.10)
Dividing (6.6) by h gives
— 1
Trh(f)h 7T(f) _ §ah < CLh,
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so it suffices to prove
ap = 7(V3¢o(z) : C(2)), h — 0.

Since Zy = Yo + /h/2 xo with xo ~ N (0, I4) independent of Yy ~ up, conditioning on Yy in (E.10) gives
ap, = ]E[V2¢~Sh(Y()) L E[C(Z0) |Y0H = un(Ap), (E.11)
with
- - ~ h
An(y) == V2n(y) : Culy), Cn(y) ::E[C(y-l- \/;X)}, x ~ N(0,1I4). (E.12)

First, p, — 7 weakly as h — 0. The family (uy) is tight: since up (Jy|*2) < C uniformly in h by Lemma 8,
Markov’s inequality gives

pn(Jyl > p) <p~ P pn(|yl™?) <Cp~'%, Vp >0, (E.13)
Let ¢ € C°(R%); it satisfies Assumption 2 with some constant L,. By (E.6) and (4.2),
h h
() = mn(ei®9),  [(ei®9)(y) —¢ly)| < CLyh, yeRY,

and with Theorem 4 applied to ¢ these give
h
n() = ()] < |n (0 = €429) | + Imlp) = 7(P) < CLoh + CLo(Sh + ).

Hence pup(¢) — m(p) for every p € C°(R?). Let b be a bounded continuous function on RY, and let
p >0 and € > 0. With the cutoff 6 of (4.11), which satisfies 1{),<,} < 0(y/p) < 1, choose a mollification
o € CX(RY) of bO(-/p) with [|b6(-/p) — ¢|lc < . The split

b=b(1—60/p) + (b6C/0) ~ )+ [b(1=00/))] < Ibllse g5
taken under p; and under 7, gives

|1 (0) = 7(0)] < 2 + |un(e) — m(@)] + [blloo (1 (ly] > p) +7(ly] > p)),

and (E.13), with ppn(@) — 7(p), gives

limsup | () = w(B)] < 22 + blloc (Co™'2 + (|| > p)),

h—0

which tends to 0 as € — 0 and p — oo0. So pp — 7 weakly.
Second, V2¢;, — V2¢g uniformly on compact sets as h — 0. Let

Up(z) := dnlx) — 1 (0), z e R, (E.14)

so that ¢, (0) = 0. By (4.19), the derivatives of v, of orders 1 to 4 are bounded by CL uniformly in h;
hence, for z,2’ € R and j = 0,1,2,3,

V74 (@) = V7u(a")ll < CLlz = 2’|, |yn(2)] < CL|x],
so, on every ball {|z| < p} and uniformly in h,
IV7n(@)l| < CL(+p),  §=0,1,2,3.

The Arzela—Ascoli theorem gives, for every sequence h,, — 0, a subsequence, still written h,,, along which
each V7, converges uniformly on compact sets. Since the uniform limit of derivatives is the derivative of
the limit, the limits of V74, are V74 for a function ¢ € C3(R?) with Vb, V24, V31 bounded by CL, and
the uniform convergence on compact sets reads

lim sup { max ||V, (z) — Vj’(/J(LL')H} =0, Vp > 0. (E.15)

n— 00 lz|<p 0<j<3
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To identify the limit 1, fix a deterministic initial point Yy € R?. By the modified discrete Poisson
equation (4.18) at Yo, with (e"“n,)(Yo) = E[on(Yo(h))],

E[6n(Yo(h))] — én(Yo) = —h(fn(Yo) — #n(fn)). (E.16)

Since Yy (h) is driven by the modified dynamics (4.16) from Yp, with the generator Ly, of (4.17), 1td’s formula
for ¢, whose stochastic integral is a martingale since V¢y, is bounded, expands the difference on the left
side of (E.16) as

E[6n(Yo(h))] — én(Yo) Z/O E[gn(Yo(s))]ds, (E.17)

where, with v, of (E.14), o )
gn = Lnon = Ao, — VUp - Vipp. (E.18)

Compared with the modified discrete Poisson equation (4.18), —gp, is the counterpart of fn — 7h( fh), with
the difference quotient (g?)h — ehﬁhczgh)/h replaced by —L,¢p,. Next we bound gn(Yo) + fh(YO) — 7~rh(f~h).
Differentiating g5, in (E.18),

Vin = VA, — V20, Vb, — V24, VU,

and (4.13) gives 3 }
IV2UL(2)| < C, |VUL(2)] < C(1+ |z]), z € R

Hence the bounds of (4.19) on the derivatives of 1, of orders 1 to 3 give, for z € R? and 0 < s < h,
IVan(2)| < CL+[z]),  [ga(Yo(s)) = gn(Yo)| < CL(1+ Yol + [Yo(s) — Yo|)|Yo(s) — Yol.
The bound on f/o(s) —Yp in (C.1) gives, for 0 < s < h < 1,
E[Yo(s) = Yo| S CVR(1 +[Yol),  E[Yo(s) - Yo* < Ch(1 + |Yo|).

Taking the expectation of the bound on 13n(Yo(s)) — gn(Yo)| and inserting the bounds on E|Yy(s) — Y;| and
E[Yo(s) — Yo|? gives

[E 3 (Fo(s))] = 3 (Yo)| < CL(L + Yo E[Fo(s) — Yo| + CLE[Fo(s) — Yol* < CLVA (1 + [Yg|)*.
By (E.16) and (E.17), averaging the bound on E[gh(ffo(s))] — gn(Yp) over s € [0, h] gives

1

h
|gh<Yo>+fh<m>frh<fh>|‘h /0 (E[3n(Fo())] = 3n(¥o) )ds| < CLVA(1 +|¥o])%, Yo € R%.  (E.19)

To pass to the limit in (E.19) along h,, we write, with £ as in (3.3) and g, as in (E.18),
Gh, — LY = (AP, — AY) — (VUn, — VU) - Vb, — VU - (Vipn, — V), (E.20)
and, for every z € R?, with |V, | < CL by (4.19), (E.20) gives
|91, () = LY ()| < |A¢, () — Ag(x)| + CL |VUy, (2) — VU (2)| + VU ()| [Vibn, (@) = Vi (2)]. (E21)

On the right side of (E.21), the terms in ¢y, — 1 vanish by (E.15) at j = 1 and j = 2, and the term in
VU, — VU vanishes by (4.14):

Jim [Agy, (2) = A(a)] < d lim [V, (2) = V()] =0,
nlinéoWw’M (z) — Vo (z)| =0, nan;o‘Vﬁhn (z) — VU(2)| < Jim Chy (1 4+ |2]) = 0.
Hence lim, 00 gn, (z) = L3(x), and (4.2) and (4.15) give

lim (fhn(m) — ﬁhn(fhn)) = f(z) —n(f).

n—oo
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Letting n — oo in (E.19) at h = h,, shows that ¢ solves the continuous Poisson equation (3.7).
It remains to show that V21 = V2¢,. The continuous Poisson equation (3.7) has the solution

The integral is well defined: by (3.8), u(-,t) decays like e~* uniformly on compact sets, and its derivatives
of orders 1 to 4 decay like e~** uniformly on R?. Hence

Vigollowo <CL,  j=1,...,4, (E.22)
and, since dyu = Lu and u(-,0) = f — w(f), the integral solves (3.7). The difference
w =1 — ¢y € C3(RY) satisfies Lw =0, [Vwl| oo < oc0.

Since Lw = 0 and Vw is bounded, Ito’s formula gives (e'*w)(z) = E®[w(X;)] = w(z) for t > 0. The
contraction of [106, Lemma 5], which holds under Assumption 1 and requires of its initial function only a
bounded gradient, gives

IVw|oo = ||V(eww)||OO < Ce_)‘t||Vw||OO — 0, t — oo.

So w is constant and V21 = V2¢y. The argument for w uses only Lw = 0 and the bounded gradient of w,
so (3.7) determines ¢ up to an additive constant among the functions with a bounded gradient, as stated
in Section 3.3. Since V2, = V2¢;, and V2 = V2¢, (E.15) at j = 2 shows that every sequence h,, — 0
has a subsequence along which

lim sup ||V?¢n, (z) — V¢o(z)| =0,  Vp >0,

0 |z|<p

and hence V2¢;, — V2¢, uniformly on compact sets as h — 0.
Third, pp(Ap) = 7(Ag), with Ay of (E.12) and

Aoly) = V3¢o(y) : Cly),  yeR" (E.23)
By (C.26) and the definition of Cj, in (E.12), for every y € R?,
. h , [h
16n(v) — )l <E[c(y+ /5 x) - Cw)|| <42/ S Elx. (E:24)

By (E.12) and (E.23),
An(y) = Ao(y) = V2o (y) : (Culy) — C(y)) + (V2only) — V¢o(y)) : C(y). (E.25)

For the term carrying Cp,(y) — C(y) in (E.25), |A : B| < d||A||| B||, (4.19), (E.24) and E|x| < V/d give
~ 5 ~ . h
926(0) £ (@) — €)| < AIT3nlclu) — )l < d- -4y 2 Vi < LR,
and for the term carrying V2¢y,(y) — V2¢o(y), (C.27) gives

|(V26n(y) = V20 (w)) : C(v)| < TIV2n(y) = V260(y)]|-

Hence
[An(y) — Ao(y)| < CLVh + 2 |V (y) — VZoow)ll,  yeR™ (E.26)

With the uniform convergence of V2¢;, to V2¢, on compact sets, (E.26) gives A, — Ap uniformly on
compact sets. Next we bound Aj, and Ay uniformly in y and h. Since A : Cp,(y) = E[A:C(y+ /h/2x)] by
(E.12), (C.27) gives

A:Cu(y) <SIAllL, AR yeRT
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With (4.19) and (E.22), the bound on A : Cp,(y) and (C.27) give
[An @)+ [Ac)] < Z(IV?nlloo + IV200llc) < CLE,  y €RY,

and Ay is continuous, since V2¢yq is continuous and z + C(x) is Lipschitz by (C.26). For every p > 0,

l1n (An) — 7(Ao)| < ‘Mh((Ah - Ao) 1{|y\<p})‘ + ‘Mh((Ah - Ao) 1{|y\>p})‘ + |pn(Ao) — 7(Ao);
and the bound |Ap| + |Ao| < CLY on the term carrying 1|y}, followed by (E.13), gives

|1 (An) = m(Ao)| < sup [An(y) — Ao(y)| + CLE pun(lyl > p) + |pn(Ao) — m(Ao)]

lyl<p

< sup [An(y) — Ao(y)| + CLE p~ 2 + |un(Ag) — m(Ag)|.

lyl<p

As h — 0, the uniform convergence of Aj to Ag on compact sets and the weak convergence pp — 7, applied
to the bounded continuous Ay, give

sup [An(y) = Ao(w)] = 0, [un(Ao) — m(Ao)| — 0,

lyl<p

so, with ap, = ps(Ap) by (E.11) and 7(Ag) = 7(V3¢o(z) : C(z)) by (E.23),

lim sup |ay, — 7T(V2¢50(a:) : C(x))‘ < CLY p~ 12, p>0.
h—0

Letting p — oo gives aj, — m(V2¢o(z) : C(z)), which proves (6.7). O

F Proofs for the numerical bias comparison with SGLD

Throughout this appendix, (Zx)r>o is the chain (SGLD) and P, its transition kernel. Since (xg)r>1 is
independent of (£x)x>0, the law of the chain is unchanged if its Gaussian increments are taken as V2h Xk+1 =
\@(B(k_,_l)h — Bgp,), with (By)i>0 a Brownian motion independent of (§)x>0; then, for a given Zy, Z is
.7:'k—measurauble7 with 7, and Ej, of (3.2). Statements about a single step are made at the index 0, with the
solution X of (1.1) from Xy = Zj, driven by the same Brownian motion. Then

Zy = Zy+ Do — hno, Dy :=V2B), — hVU(Z), o = 1(Zo; &) = VU(Zo; &) — VU(Zy), (F.1)
where Zy + Dy is the state after one step of EM from Zj, and 7 is the gradient noise of Appendix C.5.

F.1 Invariant distribution of SGLD
Lemma 20 Let Assumptions 1 and 3 hold. For every h € (0, ho], (SGLD) has a unique invariant distribution

7n, with 7, (|z|'?) < C. For every f satisfying Assumption 2 and every given Zy € R?,
| N-1
ngnoo i ; f(Zy) =mn(f) almost surely.

Proof. The proof follows that of Lemma 8 in Appendix E.1, and we indicate the changes only. The step of
(SGLD) from Zj is \/ﬁXk-+1 — hVU(Zk; &), with the stochastic gradient evaluated at Zj, itself. The proof
of Lemma 3 for (SGLM’) therefore applies with Z and 41 in place of Yj and xj, and with the Gaussian
shift 1/h/2 xy replaced by 0; in (C.9) the drift bound in (B.1) applies at Zj directly. For ¢ < 6 that proof
gives (C.10) and the bound on E|Yy|'? in (5.4) for Zj,

~ m 12
Ey,| Ziy1 |20 < (1 - "1—6h)|zk|24 +Ch,  E|lZ2<C(1+|2))",
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and, as in Appendix E.1, the drift condition of Harris’s ergodic theorem with W (x) = |2|? and a level Ry
depending only on m, M, R and d.

The minorization is simpler than in Appendix E.1 and does not use the Hessian bound of Assumption 3,
since the step from Z; is Gaussian given &g,

7y ~ N(ZO — WU (Zo; &), 2hld).
Let hg also satisfy 4Mhg < 1, let | Zo|*> < Ry, and let
By = {¢: [VU(Z0;)] < 4M(1+|Z]) }

so that Markov’s inequality and the moment bound of Assumption 3 give P¢(Ef§) < 4712 % For & € Ey
and x in the closed unit ball B, since 4Mh < 1,

|xf%+ﬁVﬁ@m@H<20+R%%

and the Gaussian density of Z; given &y, with v the uniform distribution on B and P¢(Ep) > %, gives for
every Borel set A

(1+ RZ,)?

1
Pu(Zo, 4) > 5 (47h)~ 2eXp< -

)Leb(]B) v(4),  |Zo* < Rw,
which is the minorization, with a;, the minimum of 1 5 and the factor of v(A).

Harris’s ergodic theorem then gives the unique invariant distribution 7, and (E.2) with 7, in place of up,.
The moment bound follows from the truncations min{|x\12,€}, and the almost sure limit from the Harris
recurrence and the strong law of large numbers [79, Theorem 17.0.1(i)] applied to g = f, which is Lipschitz
by Assumption 2. Both arguments are those of Appendix E.1, with the bound on E|Z;|'? above, at Zy = 0,
in place of Lemma 3. The passage from (SGLM’) to the samples of (SGLM) is not needed, since (Zj)r>o is
itself the chain. O

F.2 Proof of Theorem 5: numerical bias of SGLD

The proof uses the local weak error of (SGLD) against (1.1), expanded to the order h? with explicit coeffi-
cients. The following lemma is the counterpart of Lemma 7 for (SGLM’), with (1.1) in place of the modified
dynamics (4.16), and its proof follows the same steps.

Lemma 21 Let Assumptions 1 and 3 hold and let G € C*(RY) have bounded derivatives of orders 1 to 4.
Then, for every h € (0,1], the chain (SGLD) satisﬁes, for every k > 0,

Ex[G(Zk1)] — (e"G)(Z) — — VQG(Zk) (2V2U(Zy) + C(Zy))

4 (F.2)
+ h; VG(Zy) - (V2U(Z) VU (Zy) — VAU(Zk))‘ < COR? Z||VjG|\oo(1 + |Zk\)6.

Jj=1

Proof. By time homogeneity, it suffices to take k = 0. The proof expands G(Z7) about Zy + Dy to the order
2 in hapg, replaces V2G(Zo+ Do) by V2G(Zp) in the term of order h?, and compares G(Zy+ Do) with G(X},)
through the moments of Dy and X, — Zy. With Ho = a(]:o,( 5)S<h) as in the proof of Lemma 7, Z, the
increment Dy of (F.1) and the solution X}, are Ho- measurable, and £ is independent of 7-[0, so Assumption 3
and (5.8) give R R
E[no | Ho] =0, E[no ®@mo | Ho| = C(Zo).

Taylor’s formula for G at Zy + Dy, to the order 2 in hng, as in the proof of Lemma 7, and the bound
Eo|nol> < C(1 + \Z0|)3 from Assumption 3 give

‘1@:0 [G(Z)) — G(Zo + Dy)] — h;fao [V2G(Z + Dy)] : C(ZO)‘ < CHV3G o (1 + | Z0])°. (F.3)
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Next, V2G(Zy + Dy) is replaced by V2G(Zp) in (F.3) at the cost Ch3. By Taylor’s formula,
|9°G(Zo + Do) ~ V2G(20) ~ P G(Z)[Dol| < 5IIV*Clloc| Dol
and, since V3G(Z,) and C(Z,) are Fy-measurable while Bj, has mean 0 and is independent of Fq,
Eo [V2G(Z0)[Do] : C(Zo)] = —h V*G(Z0)[VU(Z0)] : C(Z0).-
With [VU(Zo)| < M(1 4 |Z|) and Eo|Do|? < Ch(1 +|Zo|)*, (C.27) and £ < M? give

h2

Eh(

Bo[V2G(Zo + Do) = V2G(Z0)] : C(Z0)| < =5 (MIV Gl VU (Z0) | + f||V4G|\OO o Do ?)

W (V3o + V4Gl (1 + 1 Z0])*. (F.4)

The state Zo + Dy is compared with X}, as the state Y7 after one step of (LM’) is compared with Y, (h)
in the proof of Lemma 6. Since X}, = Zy, + V2 B, — foh VU (X)ds, the local error is

h
Zo+ Do — Xp = /0 (VU(X,) — VU(Z))ds

and Assumption 1 with the bound on X, — Zy in (C.1) for (1.1) give, with || - ||, taken under Eo,
120 + Do = Xally < Ch2 (1+1Z0l),  1Dolly + 1Xn = Zollly < CVR(1L + | Z0). (F.5)

With Zy, Zo + Do, Xp, and X}, — Zo in place of Yy, Y7, Yo(h) and W), the expansion (C.22) reads

G(Zo + Dy) — Z VIG(Z) : (D@’J (Xp — Zo)®j) + 0P, (F.6)

with a remainder ¢F° that satisfies
1 3
|07°] < G IIV*Glloo [ Z0 + Do — Xn| max{| Dy, [Xn = Zo[}". (F.7)
Taking Eq in (F.6), Holder’s inequality with (F.7) and (F.5) gives Eq|o2°| < CR}|VAG || (1 + |Z0\)4, S0

3
B0 [G/(Zo + Do) — X5 S VIG(Z0) o[ D — (Ko~ 20)*]

<SOR3 VAGllw (1 +1Z0])". (F.8)

“w

The moments of Dy in (F.8) are explicit. With all derivatives of U evaluated at Zy and 1 < 4,j,1 < d,
since v/2 By, ~ N(0,2hI,) and VU (Z) is fixed,
Eo[Do) = —h VU,  Eo[D§?] =2hIy+ h?VU®?,
(EO [D§3]) = 202 (0; U + 00 0,U + 0, OU) — 1 .U ;U U

ij
The moments of X, — Z, are expanded in (C.2)-(C.4) of Lemma 18 for (1.1), with U, Zo, X} and Eo in
place of Uy, Yo, Yo(h) and Eq. Next we subtract them from the moments of Dy, for j = 1,2, 3.

1. For j = 1, the terms —h VU cancel, and the term of order A2 in (C.2) remains with the opposite sign:

2
‘1@:0 (Do — (Xn — Zo)] + %(VQU VU — VAU)‘ < CR}(1+1Z))°. (F.9)
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2. For j = 2, the terms 2h I; and h? VU®? cancel, and the term —2h%V2U in (C.3) remains with the
opposite sign:

HIF:O [DE2 — (X, — Z0)%2] — 2h? VQUH < CR3(1+|Zo))". (F.10)

3. For j = 3, the terms of order h? cancel, and the term —h3 VU®3 of [, [D§?] has norm h®|VU (Zy)[? <
Ch3(1+2))*:
[0 [D5? — (X0 — 20)%) | < CR® (1 +1Z0))". (F.11)

Inserting (F.9)—(F.11) in (F.8) gives

’f@o [G(Zo + Do) — G(X3)] — K> V°G(Zo) : VPU(Zo) + h; VG(Zo) - (VU (Zo) VU (Zo) — VAU(ZO))‘

4
< OR Y VGl (1 +120])" (F.12)

j=1
Since (e"£G)(Zy) = Eo[G(Xy)], the sum of (F.3), (F.4) and (F.12) proves (F.2). O

Proof of Theorem 5. Here ¢y, is the solution (3.5) of (3.6). Let hg < A™!, with X the rate of Theorem 1, so
that (3.9) holds. Let Zy ~ 7, independent of (By)¢>o and of (£)k>0, so that Z; ~ 7, and add Zy to the
generators of Fj, in (3.2), as in the proof of Theorem 4, so that Fo= 0(Zp). The discrete Poisson equation
(3.6) at Zy, with (e"¢p)(Zo) = Eol¢n (X)), gives after taking expectations

_ 1 1

T (f) —n(f) =+ E[¢n(Zo) — ¢n(Xn)] = 7 E[¢n(Z1) — ¢n(Xn)], (F.13)
where E ¢p,(Zy) = E ¢p(Z1) since Zy ~ T,. The expectations are finite, as in the proof of Theorem 4, since
¢, is Lipschitz with constant C'L by (3.9), 75 (|2[*?) < C by Lemma 20, and E| X}, — Z| < C by the bound

on X, — Zy in (C.1) for (1.1), averaged over Zy ~ 7. By (3.9), G = ¢, has derivatives of orders 1 to 4
bounded by CL, so (F.2) of Lemma 21 at k = 0, averaged over Zy ~ 7}, gives

‘IE[th(Zl) — én(Xn)] — h; E[v%h(zo) L (2V2U(Zo) + C(Zo))}

+ %2 E[quh(zo) - (V?U(Zo) VU(Zo) — VAU(ZO))} ‘ < CLR*E(1 + |ZO|)6 < CLh®.

Dividing by h and inserting (F.13) gives (6.9). Finally, (C.27), & < M2, (3.9) and Assumption 1 give
’E[v%h(zo) L (2V2U(Z) +C(ZO))H

+ ‘E[wh(zo) (VU (20) VU(Z0) — VAU(ZO))} ‘ < CLE(1+|%)|) < CL,

which with (6.9) gives |7, (f) — 7(f)| < CLh. O

F.3 Proof of Corollary 3: coefficient of the numerical bias of SGLD

Proof of Corollary 3. Let

Ap(z) = V3¢p(z) : (2V2U(2) + C(2)) — Vo (z) - (VU (2) VU(z) — VAU(2)),

A 2 2 2 (F14)
Ao(z) := V?¢o(z) : (2V?U(z) +C(x)) — Vgo(z) - (VU (2) VU(z) — VAU(z)),

so that dividing (6.9) by h gives



It suffices to prove 7, (Ay) — 7(Ap) and to compute 7(Ap).
The measures 7, converge weakly to 7 as h — 0. For ¢ € C2°(R?), which satisfies Assumption 2 with
some constant L., Theorem 5 gives |7, (¢) — 7(¢)| < CLyh, and Lemma 20 gives, uniformly in A,

(L4 [2) Laspy ) <o m (4 12) ) o7, p>o. (F.15)

The approximation of a bounded continuous b by ¢ € C>°(R?) in Appendix E.3, with 7, and (F.15) in place
of up and (E.13), then gives 7, (b) — 7 (b) for every bounded continuous b.

The gradient and the Hessian of ¢, converge to those of ¢g uniformly on compact sets. The argument
for the convergence of V2¢j, in Appendix E.3, through (E.17) and (E.19), applies with U, L, f, «(f), én,
the solution X of (1.1) and its initial value Xy in place of U, Ln, fh, ﬁh(fh), (;NSh, 170(3) and Yy. It then
uses (3.6), (3.9) and Assumption 1 in place of (4.18), (4.19) and Lemma 1, and the differences VU, — VU,
frn— f and 7, (fn) — 7(f) estimated there are 0. It gives, for every sequence h,, — 0, a subsequence along
which the derivatives of ¢, of orders 1 to 3 converge uniformly on compact sets to those of a function that
differs from ¢y by a constant, hence

sup <|V¢h(x) — Voo(x)| + ||V2q5h(x) — V2¢0(x)||) — 0, h—0, p>0.

jel<p
By (F.14), (C.27), ¥ < M? and Assumption 1,
[An(z) = Ao(2)] < CIV2on(x) — V2o(z)|| + C(1 + |2])[Vén(x) — Vo()],
so Aj, — Ay uniformly on compact sets, and (3.9) and (E.22) give
An(@)] + [Ao(@) < CL( + |2]), € R%

The function Ay is continuous, since Vg, V2¢o and the derivatives of U are continuous and C(z) is Lipschitz
by (C.26). For every p > 0,

|7_rh(121h) - 7T(A0)| < sup |Ah((£) — Ao(x)‘ + CL’]Trh<(]. + |$|) 1{|x\>p}) + |7_Th(A()) — 7T(A0)|

lz|<p

The bounded continuous function max{—CL(1+ p), min{A, CL(1+p)}} equals Ag on {|z| < p} and differs
from A by at most CL(1 + [2]) 1{j2|>,}, so the weak convergence of 7, to 7, (F.15) and the moments of 7

in Lemma 17 give limsup, ¢ |7 (Ag) — m(Ag)| < CLp~ . With (F.15) for CL 7 ((1+ |2]) 1{js/>p})

lim sup ‘ﬁh(/_lh) — F(Ao)‘ < CLp™ 1Y, p >0,
h—0

and letting p — oo gives ﬁh(ﬁﬁ) — 7m(Ay).
It remains to compute w(Ap). Since ¢ has bounded derivatives of orders 1 to 3 by (E.22), (6.12) with
¥ = ¢o gives

m(Ap) = W(VZQSO(Q:) : (2V2U(x) + C(x))) - W(VQ(bo(x) : VQU(x)) = 7T(V2(Z50<$) : (VZU($> + C(ac))),

which with 7, (A) — 7(Ag) proves (6.10). O

G Proofs for the explicit coefficient in Wasserstein-1 error
Throughout this appendix, the constant C' depends only on m, M, R and d. Let
D:= {w € C*RY) : |[VIw||oo < 00, j = 1,2,374}7 Li(m) = {g € L3 () : m(g) = 0}7 (G.1)

so D is the set of the test functions w of (6.14), and L3(7) is a Hilbert space with the inner product of L?(r).

73



G.1 Proof of Theorem 6: well-posedness of the Riesz representor

Lemma 9 follows from [5]. By (B.1), U is bounded from below, and (z, VU (z)) > 2|z|* — C > |z outside a
ball whose radius depends only on m, M, R and d. Hence U satisfies the drift condition of [5, Corollary 1.6],
and [5, Theorem 1.4] gives (6.13) for smooth g. In the proof of [5, Corollary 1.6], the Lyapunov function is
an exponential of |z| outside a larger ball, whose radius depends only on the previous radius and on d, and
the constants of the inequality [5, (1.3)] that it satisfies depend on U only through VU on that ball. By [5,
Theorem 1.4], Cp depends only on these constants and on the Poincaré constant of 7 restricted to the same
ball, which [5, Section 1] bounds through the oscillation of U on the ball. Since |VU(z)| < M(1 + |z|), Cp
depends only on m, M, R and d. Mollification and dominated convergence, with the moments of Lemma 17,
extend (6.13) to every g € C*(R?%) with a bounded gradient. The next lemma is the identity of Bochner
under 7, used in the proofs of Theorems 6 and 8.

Lemma 22 Let Assumption 1 hold. For every w € D,

m((Lw)?) = 7(V?w : VW) + 7(Vw - V2U Vw). (G.2)

Proof. Differentiating (3.3) gives 0;Lw = LO;w — Z?Zl 0;0;U O;w for each component i. The functions w,
Lw and d;w and their derivatives of orders 1 and 2 grow at most linearly, so (3.4) with ¢1 = Lw, g2 = w,
and then with g1 = g5 = Jjw, gives

d d
Zﬂ' awaﬁw = Zw 8w£81w +7T(Vw V2UVw)
=1 i=1

d
=> 7(|Vow|?) + 7(Vw - VU Vw),
1=1

which is (G.2). 0O

Proof of Theorem 6. The proof bounds |7(V2w : A)| by the norm of Lw in L?(r), through (6.13) and (G.2),
and applies the Riesz representation theorem on the dense set of the functions —Lw, w € D, in LE(m). Let
w € D. Since w grows at most linearly, (3.4) and (6.13) give

m\»—-

7 (|Vwl?) = 7((w — m(w))(—Lw)) < CEr(|Vwl?)? m((Lw)?)?,
so 7(|Vw|?) < Cpn((Lw)?), and (G.2) with V2U = —M 1, gives
7(Viw: V2w) < 7((Lw)?) + M 7(|Vw|?) < (1 4+ MCp) m((Lw)?). (G.3)

Since A(z) : A(z) < d || A(z)]|?, the Cauchy—Schwarz inequality under 7 gives
|7 (V2w + A)| < VAo (V20 s Vo) ) < VA || Alloo (V2w 1 V20)7,
and inserting the bound on 7(V3w : V2w) in (G.3) gives

|7 (Vi : A)[ < V/d (1+ MCp) [|Alloo 7((£w)*)?,

The functions —Lw, w € D, lie in L2(7) by their linear growth and (3.4) with g; = 1. Every g € C°(R9)
satisfies Assumption 2, so the solution ¢y of the continuous Poisson equation (3.7) with ¢ in place of f
belongs to D by (E.22), and g — 7(g) = —L¢g. Since the functions g — 7(g), g € C°(R%), are dense in
L3(m), so are the functions —Lw, w € D. By (G.4), —Lw — 7(V3w : A) is a well-defined linear functional
on the functions —Lw, w € D, bounded in the norm of L3(7), and linear in A. It extends to L3(7), and
the Riesz representation theorem gives the unique 14 € LZ(7) that satisfies (6.14) for every w € D. By this
uniqueness and the linearity of the functional in 4, the map A +— 14 is linear, and (G.4) gives (6.15). O

M\»—l

weD. (G.4)
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G.2 Auxiliary estimates for Theorem 7

Throughout this subsection and the next, h < hg with hg < A™!, X the rate of Lemma 23. For a signed
measure v on R? with v(R%) =0 and [(1 + |z|) [v|(dz) < oo, such as ¢m with ¢ € L&(n), the Kantorovich—
Rubinstein norm of Section 3.1 satisfies

lV|lkr = sup{/ fdv: f satisfies Assumption 2, ||V f|lec < 1}. (G.5)
Rd

The supremum on the right side of (G.5) is at most ||v|kr, since its functions f are Lipschitz with |V fls <
1, and it is at least ||v|kr, since the mollifications of a Lipschitz function g with [|[Vg|le < 1 satisfy
Assumption 2 with the same bound on the gradient and converge to g uniformly.

In the proofs of Theorems 7 and 8, the test function f satisfies Assumption 2 and ||V f||oc < 1, and
the estimates do not depend on the constant L of Assumption 2. The modified test function (4.1) is
fn=fx N(0,21,), where N(0, £1,) also denotes the density of this Gaussian distribution, so

Vi fy = (Vf) * VHN(O, gld>, /Rd VHN(O, gld) (y)H dy<Ch—3,  j=1,2,34,

and B
IVFilloo <1 V9 il SCR™'T,  j=2,3,4. (G.6)

The semigroup estimates of Appendix A.2 and Lemma 16 combine into one bound for the exact and the
modified dynamics. The proof technique is essentially that of [106, Lemma 10], which splits the times into
0<t<landt>1.

Lemma 23 Let Assumption 1 hold. There is A > 0, depending only on m, M, R and d, such that, for every
h € (0, ho], every g € D of (G.1) and every t > 0,

17 (e 0)lloe + IV (" 9) oo < Cmin(1, )T M [V, j=1.2.3.4 (G.7)
Proof. For j = 1, the bound on e*“g is (A.8). For j =2,3,4and 0 <t <1, (A.9) and (A.14) give

j . izl
IV (e9)loc < Ct~'F [ Vglloo < C*min(1,6)~"% e | Vg|luc,

since min(1,¢) = t and e™* > e, which is (G.7) for e** with Ce* in place of C. For j = 2,3,4 and
t > 1, the semigroup property gives e‘“g = e*(e(!=D%g), and e*~V%g € D, since (A.12) at time ¢ — 1
bounds its derivatives of orders 1 to 4. Hence (A.9) and (A.14) at time 1, with e(*~Y#g in place of g, bound
V7 (e g)|loe by C||V(e®D%g)| o, and (A.8) at time ¢ — 1 bounds this gradient, so that

IV9 (e g)llee < OV (V)| < Ce V|Vl = Cete™ Vgl

Since min(1,t) = 1 for ¢t > 1, this is (G.7) for e'* with Ce* in place of C.
The same argument applies to etfr. Lemmas 12, 15 and 16 use only the bounds of Assumption 1 up
to the order 5 and the convexity outside the ball of radius R, and by Lemma 1, for every h € (0, ho], Uy,
satisfies them with 2 and 4 in place of M and m. These lemmas therefore hold for etr with a rate and
a constant that depend only on m, M, R and d, as in Corollary 1. Since the left side of (G.7) is the sum of
the norms for e** and for e“zh, (C.7) holds with \ the smaller of the rates for U and for Uy, and C' twice
the larger of the constants. O

In the proofs of Theorem 7, the bounds (G.7) at the times t = ih are summed over ¢ > 0 through the
following elementary bounds.

Lemma 24 For every h € (0, ho],

_ C, J=12,
thln (t+1 h) oz _’\Zh< C(1+log,) Jj=3, (G.8)
C’h*E, =4
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Proof. Split the sum at (¢ + 1)k = 1. The terms with (¢ + 1)k > 1, that is, ¢ > |1/h], have the minimum 1,
and since Ah < 1,
. : h 2
—Aih
h) e <y
i=[1/h]

For the terms with (i + 1)h < 1, put n =i + 1 and bound e~**" by 1:

L, J=1
%":J 1 s %":J e j=2
hY (mh)y™ 7 =h= Yy wm < Y
n=1 n=1 1+ llog R J= 37
3h™z, j=4.
Adding the bound 2/X gives (G.8). O

The gradient noise enters a step of (SGLD) with the factor h, but in the next lemma it contributes only
at the order h2: the Gaussian increment of the step smooths the test function, and the noise has mean 0.

Lemma 25 Let Assumptions 1 and 3 hold. Then, for every Lipschitz function f with ||V f|lec <1 and every
h € (0,1], the chain (SGLD) satisfies

’I@o [f(Z0)] = (" F)(Zo)| < Ch? (14 1Z0l). (G.9)

Proof. Write the step from Zy as in (F.1), with Dg, 79 and the solution X of (1.1) from Xy = Zj as in
Appendix F. Then

Eo [f(Z1)] = (" £)(Zo) = Eo [f(Zo + Do — hno) — f(Zo + Do) + E, [f(Zo + Do) — f(X4)]. (G.10)
Since ||V f|loo < 1, the bound on Zy + Dy — X, in (F.5) gives

‘IEIO [f(Zo + Do) — f(Xh)]’ < Bo|Zo + Do — Xu| < Ch3 (1 +|Z0)).

For the expectation of f(Zo + Do — hno) — f(Zo + Do) in (G.10), condition on Fo and 1. Since V2 By, ~
N(0,2h1,) is independent of o(Fo, no),

E[f(Zo + Do — hio) — f(Zo + Do) ’]}o, m] = (" f)(Zo — hVU(Zo) — hno) — ("2 £)(Zo — R VU (Zy)),
with €' f = f % N'(0,2h1Iy), for which [|[V2e"2 f||l.o < Ch™% as in (G.6). Taylor’s formula in hng gives
‘E[f(zo + Do — hno) — f(Zo + Do) ‘]}07770] +h V(" ) (Zo — hVU(Zy)) '770‘ < Ch? |10]?.

Since V(e"2 f) (ZO — hVU(ZO)) is Fo-measurable and Eq [0] = 0, taking [Eq removes the term linear in o,
and Eg|no|> < © < M? by Assumption 3 gives

’EO [f(Zo 4+ Do — hno) — f(Zo + Do)]‘ < Ch? Eo|no|? < Chs.

With the bound Ch2 (1 + |Zo|) on the expectation of f(Zo + Do) — f(Xp), (G.10) then gives (G.9). O

In the proof of (6.19), the integrand of the sum in (G.32) carries V2U VU — VAU, whose gradient grows
linearly, so the integrand satisfies only the bound (G.11) below, and 7, is replaced by 7 in the coefficient of
%2 in (G.32) through the following truncation.

Lemma 26 Let i and v be probability measures on R? with u(|z|'?) + v(|2|*2) < oo and Wy (i,v) < 1, and
let F : R — R satisfy, for some K >0,

|F(z) — F(2')] < K(1+ |z] + [2'])|z — 2], z,z’ € R (G.11)

Then |u(F) = v(F)] < 3K (1+ u(la]'2) + v(|o]2) W ()
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Proof. Tf Wy (1, v) = 0, then p = v. Otherwise let p := Wy (u, )11 > 1, and let T,(x) := z for |z| < p and

T,(x) := pz/|z| for |z| > p, the retraction onto the closed ball of radius p, which is 1-Lipschitz. By (G.11),

F 0T, is Lipschitz with constant K (1 + 2p) < 3Kp, so the Kantorovich-Rubinstein duality gives
\W(FoT,) —v(FoT,)| <3KpWi(u,v).
For |z| > p, |T,(x)| = p < |z| and |z — T, ()| < |z|, so (G.11) and |z]| > p > 1 give
() = P(T, ()| < K (1 + 2fal) o] < 3K]af? < 3Kp~fa| 2
while F' = F o T, on {|z| < p}. Hence
|1(F) = v(F)| < 3KpWi(i,v) + 3Kp~" (u(|2]®) + v(j['?)) = 3K (1 + u(|e]'®) + v(|2?)) Wi (1) 1,
with F integrable under p and v since |F(z)| < |F(0)| + K(1 + |z|)||. O

G.3 Proof of Theorem 7: expansions in the Kantorovich—Rubinstein norm

Since C(x) is positive semidefinite, ||C|loc < X < M2 by (5.8), and ||V?U|lec < M. The bound (6.15) of
Theorem 6, the Cauchy—Schwarz inequality and the moments of Lemma 17 then give

(el (L +|2))?) + 7 ([Yvzu + el (1+]2])?) < C. (G.12)

Proof of (6.18) in Theorem 7. Recall that py, is the invariant distribution of (SGLM’) and 7, o e=Un is the
modified target, the invariant distribution of (4.16). The proof writes jup,(fn) — 7n(fn), by the telescoping
formula (G.17), as a series of local errors of Lemma 7 on the functions

V= el fy o i=0,1,2,. .., (G.13)

moves the leading term of each to an integral against 7, and sums the series through (6.14) into 2 5 T(fve).
Let f satisfy Assumption 2 and ||V f]leo < 1. Let Yy ~ pp, mdependent of (By)i>0 and (fk)k>0, so that
Y7 ~ pp. As in the proof of Theorem 4, add Y} to the generators of Fr in (3.2), so that Fy = J(YO) while
Yo and & remain independent of Fy. Then Zy = Yy + /h/2 xo ~ 7. By (E.6), mn(f) = ﬂh(fh)
ma(f) =7 (f) = (un(fn) — ﬁh(fh)) + (7n(fn) = 7(1)), (G.14)

and (4.15) bounds the bracket 7, (fr,) — 7(f) of (G.14) by Ch2.
For i = 0, Vo = f5 and (G.6) bounds its derivatives, and for ¢ > 1, (G.7) at ¢ = ih with min(1,ih) >

L min(1, (i + 1)h) bounds those of V;, so that, for i > 0 and j = 1,2, 3,4,

i—

[VIVi|loo < Cmin(1, (i + 1)h)** —Aih (G.15)

and V; € D. Since Yy(h) solves the modified dynamics (4.16) from Yp, driven by Brownian increments
independent of Fo, Eo[V;(Yo(h))] = Vit1(Yo), and since Yy and Y7 have the law pp,

EVi(Y1) = Vi(Yo(h)] = un(Vi) — pn(Vigr)-

The modified target 7, is invariant under et£r and has a moment of order 1 bounded uniformly in A, as in
the proof of Lemma 2, so (G.15) at j = 1 gives

Vn(y) — 7n(fn)| < IVVN /Rd ly =y | 7n(dy') < Ce (1 +yl), (G.16)

and py,(Vn) = 7n(fn) as N — oo. Summing over 4,

pn(fn) = 7n(fn) = Z]E Vi(Yo(h)]. (G.17)
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By (5.9) at k = 0 with G = V;, the tower property for the Fo-measurable factor V2V;(Y;), and the
moment bound s, (|y|*?) < C of Lemma 8,

’ED}i(Yl) —Vi(Yo(h))] - %QE[VQYG(YO) :C(ZO)]‘ <CP* Y Vi |oo- (G.18)

Jj=1

By (G.15) and (G.8), the remainders of (G.18) satisfy

oo 4
CthZHVj%IIOO < Ch2(1 +1og% +h_%) < Oh.
i=0 j=1

With (G.14), (4.15) and (G.17),

h? &

() =) = = > E[VAVi(Yo) : C(Z0)] ‘ < Ch3. (G.19)
=0

By (C.27), (G.15) and (G.8) at j = 2, the sum in (G.19) satisfies
" i‘]E[VQV(Y) :C(20)]| < Zh inv?f/-n < CTh
27.:0 i\£0) - 0 \2i:0 illoo X .

Hence |75,(f) — 7(f)| < C(Sh+ h?) for every f satisfying Assumption 2 and ||V f]|s < 1, and (G.5) gives

Wi (mh, ) < C(Sh+ h?) < Ch. (G.20)

In the coefficient of %2 in (G.19), the expectation can be replaced by an integral against m. Since
Zo — YO = 4/ h/2X0, (CQ?) giVGS

[E[V2Di(¥o) : C(Z0)] = 7 (V2 1 C)| = [E[(V2Vil¥o) = V2VilZ0) : C(Z0)] | < CVR Vi (G-21)
By (C.27), (C.26) and |A : B| < d||A]|||B| for A, B € R¥*9, the function V2V : C is Lipschitz,
[V2Vi(e) - Cx) — V2u(a') - C(&')] < (SIV*Pilloe + 4aM V2o — ],
so the Kantorovich-Rubinstein duality and (G.20) give
(V2D : C) — m(V2V; : €)| < Ch(|V*Vil|oo + [|V* Vi o0)- (G.22)

By (G.21), (G.22), (G.15) and (G.8) at j = 2,3, the replacements of Y; by Z and of 7, by 7 in the coefficient
of h—; in (G.19) introduce an additional error of at most

2 B B B
S (OVRIT Vi + ORIVl + Vi)
=0
3 1 2 1 3 1
< Ch (1+1ogﬁ) +Ch (1+logﬁ) < Ch (1+1ogﬁ),
and (G.19) gives
h? & e 3 1
m(f) = 7(f) = 5 D (Vi C) <Ch2<1+1ogg). (G.23)
=0
Since V; € D, (6.14) with A = C and w = V; gives

m(V2V; : C) = (e (—LV))). (G.24)
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The generators (3.3) and (4.17) differ only in the drift, so
—LV; = —LyV; — (VU, — VU) - YV,
and (4.14) bounds the drift term of (G.25):
|(VU(2) — VU(2)) - VV;(2)| < Ch(1+ [2])[|[VVilloe, 2 €R%
Inserting (G.25) into (G.24) and using the bound on 7 (|¢e| (1 + |z])?) in (G.12) gives
[7(92::€) = m(ve (~£aP)| < Chan(|el (L+ [2]) [VVillow < CIVY o

y (G.15) and (G.8) at j =1, h 325° [|[VVilleo < C, 50

Z‘ (V2V; : C) — m (e (—L£aVy)) ]<Ch32||w oo < CH2,
1=0
and (G.23) gives
h? & s - s 1
) = 7(1) =y e (EiT)| < Ond (1w ).

(G.25)

(G.26)

_ It remains to sum h(—ﬁh]}i) over i in (G.26). For this sum, Yy € RY is a deterministic initial point of
Yo(s), in place of Yy ~ up. By (E.17), with V; and £V in place of ¢, and gp,, which applies since VV; is

bounded, and ehln f}l = f/H.l,

5 5 h
Dy(Yo) = Virr (Yo) = / E[(~ £ V1) (V(s))]ds,

hence

h
h (=LrVi)(Yo) = (Vi(Yo) = Vi1 (Yo)) =/ E[(LnVi)(Yo(s)) — (LrVi)(Yo)] ds.

0

Differentiating (4.17) gives o } o o

V(LyVi) = VAV, — V32U, VV; — V2V; VU,
and (4.13) gives ) )
IV20u(2) <2M,  [VOA(2)| <2M(1+|2]), 2 €Re
Hence, for z € R and 0 < s < A,

3
|V(ﬁh1>z)( 1+|Z‘ Z|ij)i”oo7
j=1

[(LhVi)(Yo(s)) = (£aVi) (Yo)| < C(1+ [Yo| + [Yo(s) — Yol ) [Yo(s) YO|Z||VJV||OO.

j=1
The bound on Yy(s) — Y in (C.1) with p = 2 gives

E[(1+|Yo| + [Yo(s) — Yo)) [Yo(s) = Yol] SCVR(L+[Yo])?,  0<s

N

h,

so integrating over s € [0, h] in (G.27) gives, for every Yy € R?,

w

‘h (—E;JZ)(YO) - (]}Z(YO) - ]}7,+1(Y0))’ X % 1 + |Y0 Z |V]]>Z||OO

Integrating this bound in Yy against |¢¢|m, with (G.12), (G.15) and (G.8) at j = 1,2, 3,

g 2‘77(% (h(=LnVs) = Vi + Vi+1)) ‘ < Ch? (1 +log %)
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The partial sums of the telescoping series are

N-1
Z (e (Vi — Vis1)) = m(vefn) — 7 (¥eVn),
i=0
and 7(ic) = 0, (G.16) and (G.12) give 7r(1/chN) — 0 as N — oo. The series of m(¢c (—L,V;)) converges
absolutely: by |£hV ()] < C(1+ [2))(|[VVilloo + [[VPVillso), (G.12) and (G.15),
Z\w(wc (—ZM))\ <O (IVVilloe + IVVilloe) < Ch72 D" e < 00
i=0 =0 i=0
Therefore
h? & c - h = 3 1
T Yo w(ve (=LaV) — 5 w(vefi)| < Ch¥ (1 +1og ). (G.28)
i=0

Finally, (4.1) and ||V fllo < 1 give |fa — f| < V/R/2 Elx| < \/d1/2, 50 & [w (e (fn — [))] < Ch2 by (G.12).
With (G.26) and (G.28),

7u7) ~7(7) ~ Sr(rve)| < oW (141087,

Since 7 (f) — 7 (f) — 5 (fye) = [ fd(m, — 7 — §¢C 7), the supremum over the functions f satisfying
Assumption 2 and |V f]l« < 1, with (G.5), proves (6.18). O

Proof of (6.19) in Theorem 7. The proof follows that of (6.18), with the local error (F.2) in place of (5.9),
Lemma 25 for the term ¢ = 0, and Lemma 26 for the move from 7, to w. Let f satisfy Assumption 2 and
IV flleo <1, and let

Vi=ehtr i=0,1,2,... (G.29)

so that Vo = f and V; € D by (A.12). By (G.7) at t = ih, as for (G 5),fori>1and j =1,2,3,4,
IV Villoo < Cmin(1, (i + 1)h) 2 e=ih, (G.30)

With the transition kernel Py, of (SGLD), as in Appendix F, (Prg)(Zy) = Eo [g(Zl)} for a given Zy. Since
7, is invariant under Pj, and e"“V; = Vi1,

(Vi) — n(Vig1) = 7 (PaVi — €"°V3),

and |Vy(x) — 7(f)| < Ce (1 + |z|) by (G.7) at j = 1 and the invariance of = under e**, as in (G.16).
Summing over 1,

7n( i (PrV; — e"V). (G.31)

=0

For the term i = 0 of (G.31), averaging (G.9) over Zy ~ 7p,, with 7, (|z|) < C from Lemma 20, gives
|7 (Phf — e"“ )| < Ch2 (1 + 7, (|2])) < ChE.
For i > 1, averaging (F.2) at k = 0, with G = V;, over Zy ~ 7j,, with 7, (|z[*?) < C, gives
h? R
T (PrVi — "5V;) — = T (vm : (2VPU +C) = VY, - (VU VU — VAU)) ‘ < CE* Y IV Villoo,
j=1
and, by (G.30) and (G.8),
oo 4 1
3 V|0 < Ch2 — 4+ hT3) < Ch?,
Ch? SN V9V < Ch (1+log Sh ) < Ch

i=1 j=1
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Hence

2 o0

mn(f) — ? doa (v2v (2V?U +C) = VV; - (VU VU — VAU)) ‘ < Cht. (G.32)
i=1
By Assumption 1 and (C.27), for every # € R? and every symmetric matrix A,
|V2U(2) VU (z) — VAU (z)| < M*(1 + |z]) + dM < C(1 + |x]),
|A: (2V?U(z) + C(2))| < (2dM + X)||A].
Hence the integrand in (G.32) satisfies
V215 (292U +€) = VWi (V2U YU = VAU)| < C(1+ fo) (19 Vil + 92Vl ),

and the moment bound 7 (|z|) < C of Lemma 20, (G.30) and (G.8) at j = 1,2 give

h? &

Th (VZVZ. L (2VPU +C) = VV; - (VU VU — VAU))’ < CR*Y ([VVilloo + [VVillos) < Ch.

i=1

i=1

With (G.32), |7,(f) — 7(f)| < C(h 4+ h2) < Ch for every f satisfying Assumption 2 and ||V f]|o < 1, and
(G.5) gives
W1(77’h,77) < Ch. (G33)

In the coefficient of %2 in (G.32), the measure 7, can be replaced by w. By Assumption 1, the derivatives

of U of orders 2 to 4 are bounded, so V2U and VAU are bounded and Lipschitz, and
|(V2U VU = VAU)(z) — (VPUVU = VAU)(2')| < C(1 + || + |2/|) |z — 2|,  z,2/ eR. (G.34)

With (G.34), (C.27), (C.26) and |A : B| < d||A||||B]|, for each 4, the integrand in the 7, bracket of (G.32)
satisfies (G.11) with K = Czjzlnvivinoo. Lemma 26, with u = 75, v = 7, the moments of Lemmas 20
and 17, and Wy (7, m) < Ch < 1 by (G.33) with Chg < 1, gives, for i > 1,

|70 =) (V2Vi: 2V2U +C) = VWi (V2U VU - VAU) )|

w

(G.35)

3
CWl 7Th7 %Z|v]vz”oo S %ZHVJV’LHOO

By (G.30) and (G.8) at j =1,2,3, h> o, zﬁzlnvjvinm < C(1+1log}), so, by (G.35), replacing 7, by =

in the coefficient of %2 in (G.32) introduces an additional error of at most

h? &

5 Chit ZHWMIIOO < Cpitr (1 + log %) < Ch2.

=1 j=1

Under , (6.12) with V; in place of ¢ and (6.14) give
(V2 (2V2U +C) = WV - (VU VU = VAD) ) = (V2 : (V2U +0)) = m((twau + ) (—£V),

so we obtain
oo

h? 5
-5 > w((Wveu + te) (LVi)| < Ch2. (G.36)
=1

7n(f) —

The sum in (G.36) telescopes as in the proof of (6.18), with £, V; of (G.29), the solution X, of (1.1)
and its initial value Xy in place of Ly, V; of (G.13), Yy(s) and Yy, with ¢g2y + t¢ in place of ¢, and with
(G.30) and Assumption 1 in place of (G.15) and (4.13). The identity (G.27) holds in this form, and so does
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the bound on its left side by Ch# (1 +|Xo|)2 Z?.’:lHVjViHOO. Since the sum starts at ¢ = 1, the partial sums
of the telescoping series are 7((Yv2y + ¥c) Vlg — 7((Yv2y + Ye) Vn). By m(¥vzy + e) = 0, the bound
[V (z) —7(f)| < Ce (1 4 |z]) and (G.12), 7((v2y + Ye) V) — 0 as N — oo. Hence

h? 3 1
o < Ch? =),
5 < Ch (l—i-log )

ZW((¢V2U+¢C)(—CVi)) - ﬁ7T((¢V2U+¢C)V1) 5

2
1

7

Finally, the bound on X, — X in (C.1) for (1.1) gives V1 (z) — f(x)| = [E*[f(Xr) — f(X0)]| < E*| X} — Xo| <
CVR(1+|z]), s0 & |7((hg2r +e) V1 — f))] < ChE by (G.12). With (G.36),

oo

[#0(7) = ()~ B (f (Wmo + )| < OnE (14 1og 7).

and the supremum over the functions f satisfying Assumption 2 and ||V f]|. < 1, with (G.5), proves (6.19).
]

G.4 Proof of Corollary 4: limits of the Wasserstein-1 errors

Proof of Corollary 4. Both limits of Corollary 4 follow from (6.20) as in Section 6.4, since 7y, 7, and 7
have finite first moments by Lemmas 8, 20 and 17.

For the positivity, a function v € L3(w) with ||t 7|[xkr = 0 has 7(gy)) = 0 for every g € C®(R?),
hence ¢ = 0 w-almost everywhere. By (6.17), ¥g2y is continuous and unbounded, since |AU| < dM while
[VU(x)| = (x,VU(z))/|z| — oo as |z| — oo by (B.1). Hence t¢y2y is nonzero on a nonempty open set,
which has positive m-measure since 7(x) > 0 for every z € R?, and |[1yv2y 7||kr > 0. For ¢, let » > 0 and

or(z) = (2 + o),  zeR (G.37)

so that ¢, € D and

2 2
QD,,,Id —rQ®x rlg 1
‘v¢r| < ]-a v2§0r = 3 = 3 ||V2QOTH < T
QO,,. ()07- ()07‘
Ao - -1 2 Aol — (d—1)|z|  3r%z| _d+1 (G.38)
R S A

Since |VU(z)] < M(1 + |z|) < V2 Mg (), the gradient of Lo = Apy — VU - Vpy satisfies, by (G.38),
IV(Le1)| < BL+ M +V2M < d+ 3M. With (6.14) for w = ¢; and C(z) positive semidefinite,

m(e (~Ler) _w(Vier:€) 1 ( Tr[C()] )

[Ye 7llxr =

d+3M  d+3M ~ d+3M" (1+|z[2)2

The trace Tr[C(z)] is nonnegative and continuous by (C.26); if C(z) does not vanish identically, the trace is

positive on a nonempty open set, and 7T(TI‘ [C(m)] 1+ |m|2)_%) > 0, so ||¢e 7||lxr > 0. |

G.5 Proof of Lemma 10: failure of the comparison

Proof of Lemma 10. The proof checks the assumptions, writes the Kantorovich—Rubinstein norm in dimen-
sion 1 as the integral (G.39), computes ¢¢ explicitly, and evaluates both norms of Lemma 10 by quadrature.
Assumption 1 holds with m = 1, R = 0 and every M > 1. The estimator is unbiased, |VU (z;&)| < || + 10,
its Hessian 1 + 10 a/(x) is bounded by 1 + 10||a’||«, and its variance is 100 a(z)? < 100, so Assumption 3
holds for M large enough.

Here 7 is the standard Gaussian distribution, with /() = —x7(x). For ¢ € L3(w) and s € R, the
Cauchy—Schwarz inequality on (—oo, s] for s < 0, and on [s,00) for s > 0 since 7(¢)) = 0, gives

1.2

’/_; P(y) T(y) dy‘ < n(w?)re 1o,
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so for f Lipschitz with |f’| < 1 an integration by parts gives

/f / D(y) mly) dyds < dy‘ ds,
with equality for f(s) = — [ sign([*_ 4(y) m(y) dy)ds’. Hence
o wlher = [ ‘ | v dy‘ds. (G.39)
By (6.17), ¢y2p(z) = 5(2* — 1), and
/ ; Vo) rly)dy = ~3 s7(s),  seR (G.40)
For A = a2, let J(z j (y)?dy and ¢ := 7(a?) — 7(J). The function J — a® + ¢ is smooth and

bounded, satisfies 7T(J —a?+ C) = 0, and has the derivative z a® — (a?)’, so for w € D, (3.4) gives
m((J = a® + () (—Lw)) = 7((xa® — (a®)) ) = — / W' (x) (a(x)Qw(x))/ dz = 7 (w" a?),
R
which is (6.14) for A = a®. By the uniqueness in Theorem 6,

Vo2 = J —a* + (. (G.41)

Since C = 100 a?, the linearity in Theorem 6 gives 1)c = 1001),2. Quadrature in (G.39), with (G.40) and
(G.41), then gives the values in Lemma 10, so (6.21) fails. O

G.6 Proof of Theorem 8: threshold on the batch size

Proof of Theorem 8. The proof bounds [|(Yv2r + ¢hc) 7||kr from below by testing (6.14) with a function
of the distance to the minimizer of U, bounds |[¢¢ 7||kr from above through (G.2), and compares the 2
bounds. Let x, be the minimizer of U, and let o, be the function of (G.37) with r?2 = d/m and = — z, in
place of z. The gradient of Ly, = Ay, — VU - Vi, satisfies

d—|—1

<2V |
IV(Lor)| < 2[IVPUlloe + =5 5

3HV2UH<X>; (G.42)

since (G.38) bounds [VAg,| by % = (dH)m <m < ||[V2U|lw, and, by [Ve,| < 1, [[V2p,| < ¢, and
VU@)| = VU (@) - VU (@.)] < [V2U]l 61 (@),

IV(VU - V,)| < IV2U | [Ver| + V20, ]| VU] < 2| V2U | o
By (G.42), the function —Lep, /(3 || V2U| ) is 1-Lipschitz, and (6.14) with w = ¢, gives 7((—Lp,) 1) =
7(V2¢p, : A) for A = V2U and A = C. As V2¢, and C(x) are positive semidefinite, 7(V2p, : C) > 0, and as
V2U = mly, VZp, : V2U > m Ag,. Hence

m((—Ler) (Yy2u + 1be)) < mm(Apy)
3[V2Ul 73V

|(v2v +ve) Tllkr = (G.43)

The identity (3.4) with gy = 1 and go = 3| —a.|? gives 7(VU-(z—x,)) = d, and VU (z)-(z—x,) > m|z—x.|?,

so m(|x — x,]?) < d/m. As functions of |z — z, |2, (12 + |z — 2,|2)" 2 and (2 + |z — 2,|?)" 2 are convex and
decreasing, so Jensen’s inequality and r? = d/m give

)2 Gt * agmt ~ ) (43> (5)
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and (G.43) gives

rln > — VL _miVd
V2 VU e T 9NV e

For ||1pe 7||kr in (6.21), let f satisfy Assumption 2 and ||V f|le < 1, and let ¢ solve (3.7). By (G.2)
with w = ¢9 € D and V2U = mly, and (3.4),

(Y2 + the) (G.44)

7 (V20 : V260) +mm(|Vé0l*) < w((f — 7(£))*) = w(Vf - Vo) < n(|Veo[?)*. (G.45)

By (G.45), 7(|V¢o|?)2 < m~' and then m(V2¢ : V2¢) < m~'. As for (G.4), (6.14) with w = ¢ and the
Cauchy-Schwarz inequality give |x(fibe)| = [1(V2¢ : C)| < Vd|C|lso m™ 2, and the supremum over f with
(G.5) gives

VALl

m?2

Ve m|xr (G.46)

Hence, whenever ||Cl|co < m?/(9(V2U||s), (G.46) and (G.44) give

\/&HCHOO m3vd
< < <

Yy2y + Ye) T||kR,

which is (6.21). For SGLM and SGLD with a batch of P independent stochastic gradients, the averaged
estimator satisfies Assumption 3 with /P in place of ¥ (Section 6.1), so Corollary 4 applies with its
covariance C(z)/P, and [|C|ls/P < m?/(9]|V2U||s) exactly when P satisfies (6.23). The representor of
C(x)/P is ¢¢/P by the linearity in Theorem 6, and (6.21) with ¢ /P in place of 1)¢ is (6.24). O
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