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Abstract

Radiocarbon dating converts a measured isotope ratio into an age through the exponential
decay law N(t) = Noe™*!, a law whose derivation and inversion tacitly assume that time
has the topology of the real line R'. In this paper we ask what becomes of radiocarbon
chronology if time is instead circular, S' = R/T.Z, and in particular if the circle is regarded
as the conformal compactification of linear time, Rl = RP' = S!, obtained by adjoining
the single point t = +o0o. We first show that the pure decay equation N = —AN admits
no non-trivial solution on S, because its Floquet multiplier e=*"¢ differs from unity; a
periodic chronology therefore forces a modification of decay physics. We construct three
mutually consistent periodic-time frameworks. (i) Conformal chronology: pulling the linear
decay law back along the stereographic map t = (T./7) tan(w7/T,) gives an arc-length age
7¢ = (T./7) arctan(nty, /T,.) which is always younger than the linear age ¢;, and saturates at
T./2. (ii) Image-sum (resonant) quantum decay: on a periodic time axis the energy spectrum
is quantised with spacing h/T,, and Poisson summation of the Breit—Wigner amplitude
yields the exact survival probability Fgi(t) = cosh®[A(t — T./2)/2]/ cosh®(A\T./4), which
reproduces the exponential law as T, — oo but gives ages that are older than ¢; and
that cease to exist below a floor Fi, = sech?(\T./4). (iii) Anti-resonant decay, with
F(t) = sinh®[\(T,./2 — t)/2]/ sinh?(\T,./4), which yields younger ages and total depletion
at mid-cycle. We derive closed-form age-inversion formulae, asymptotic expansions, error-
propagation laws, the periodic Green’s function of the atmospheric-reservoir equations, and
the winding-number ambiguity ¢ ~ ¢ + nT, inherited from the covering map R!' — S*.
Numerically, for a sample with F' = 0.01 (linear age 38069 yr) the S ages for T, = 105 yr
are 27833, 45873 and 35121 yr in the three frameworks; for a 5000-year world cycle the
conformal age of every sample, however depleted, is below 2500 yr. Applied to ten well-
known samples, from the Shroud of Turin and the Tyrolean Iceman to the Chauvet cave
paintings and the Lyuba mammoth, a 100 000-year cycle leaves Holocene ages essentially
unchanged but shifts Pleistocene ages by up to 13000 yr, while a 5000-year cycle compresses
linear ages from 709 to 43016 yr into the conformal interval 667—2441 yr. We show that
the discrepancy scales as 72t} /3T2 (conformal) and as (2/\)e~*Te/2(e M+ — 1) (image-sum),
obtain the parameter region in which linear and periodic chronologies are observationally
indistinguishable, and discuss the thermodynamic (Loschmidt—Zermelo) and cosmological
implications of a radiocarbon clock that must run back to its initial state once per cycle.

Keywords: radiocarbon dating; topology of time; cyclic time; conformal compactification;
S1 time; Poincaré recurrence; Poisson summation; Breit-Wigner decay; Floquet theory;
arrow of time.
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1 Introduction

Few measurements have reshaped our picture of the human and geological past as thoroughly
as radiocarbon dating. Following the prediction that cosmic-ray neutrons would maintain a
steady-state inventory of '4C in the biosphere, Libby, Anderson and Arnold demonstrated a
world-wide, nearly uniform specific activity of natural radiocarbon [1] and, in the same year,
confirmed the method against samples of historically known age [2, 3]. In the seven decades
since, the technique has been refined by the introduction of isotopic fractionation corrections and
reporting conventions [4, 5|, by accelerator mass spectrometry [7-9], by the discovery of natural
variations of atmospheric *C [10-13], and by calibration curves anchored in dendrochronology,
varved sediments and U-Th dated speleothems [14-18]. Bayesian statistical machinery now
routinely combines radiocarbon determinations with stratigraphic priors [20]. Comprehensive
accounts are given in [21-23].

Underlying all of this sophistication is a single physical law, the exponential decay law of
Rutherford and Soddy [33],

In2
N(t) = Noe ™, x= 2 (1.1)
Ty9
inverted to give the age
1. Ny
t=—1In—. 1.2
S+ (1.2)

Equation (1.2) is a statement about a function on the time axis. It presupposes that the time
axis is the real line R!, that it is non-compact, that each instant occurs exactly once, and that
e~ is single-valued on it. These are topological assumptions, and they are not dictated by the
local laws of physics. The field equations of general relativity, for example, are local and ad-
mit solutions with closed timelike curves [53-56]; periodic identifications of the time coordinate
appear naturally in thermal quantum field theory [51, 52]; and cyclic cosmologies—from Tol-
man’s oscillating universe [57] to the ekpyrotic/cyclic model [58] and Penrose’s conformal cyclic
cosmology [59]—revive the ancient intuition of an eternal return [60, 61]. The mathematical
structure most directly relevant here is the conformal compactification of spacetime [44-48]: the
conformal group of the time line acts naturally not on R! but on its one-point compactification
RP! =~ S in which the “infinitely distant” past and future are a single point.

In earlier work the author examined how a circular topology of time bears on the Poincaré
recurrence problem in general relativity [70], on rotating and Gédel-type universes with S! time
[71], and on Loschmidt’s reversibility paradox and entropy [72]. The present paper applies the
same point of view to a concrete, quantitative and practically important problem: How would
the time elapsed since the death of an organism, as inferred from its residual radiocarbon, change
if time were periodic rather than linear?

The question has an immediate and somewhat startling answer. On S! with circumference
T., every physical state must return to itself after one cycle. But e *#+7e) £ ¢~ Hence the
exponential law (1.1) cannot hold globally on S!, and the dating formula (1.2) must be replaced.
We show that there is not one replacement but a small family of them, distinguished by what
one takes the physically fundamental object to be—the coordinate map between R! and S, or
the quantum-mechanical decay amplitude, whose spectrum becomes discrete on a periodic time
axis. Each yields an explicit, closed-form age-ratio relation that tends to Eq. (1.2) as T, — oo
and departs from it, sometimes dramatically, when T, is comparable to the radiocarbon dating
horizon of ~5 x 10% yr.



Aims and structure of the paper

Our aims are (a) to formulate precisely what “periodic-time physics” means for a first-order
decay process; (b) to derive the corresponding age equations in closed form; (c) to quantify how
widely linear and periodic ages differ as a function of the cycle period T¢; and (d) to identify
what radiocarbon data, together with independent chronometers, can say about the topology
of time.

Section 2 reviews the linear-time physics of radiocarbon: production, decay, the Bateman
equations, conventional-age conventions, reservoir models and calibration. Section 3 sets out
the topology: the covering map R! — S, the one-point and conformal compactifications, and
the conformal factor. Section 4 develops dynamics on S'—single-valuedness, Floquet theory,
periodic Green’s functions and the quantisation of energy. Section 5 derives the periodic de-
cay laws via Poisson summation of the Breit—-Wigner amplitude. Section 6 obtains the three
S dating formulae and their error propagation. Section 7 treats the atmospheric reservoir
and calibration on S'. Section 8 presents numerical results, tables and the four figures. Sec-
tion 9 discusses thermodynamics, observational constraints and interpretation, and Section 10
concludes. Mathematical details are collected in the Appendices.

2 Radiocarbon Dating in Linear Time R!

2.1 Production and decay

Radiocarbon is produced in the upper atmosphere by the capture of secondary cosmic-ray
neutrons on nitrogen,

UN+n — BC+p, Q ~ +0.626 MeV, (2.1)

at a globally averaged rate that modern models place at P ~ 1.6-2.0 atoms cm~2 s~1 [25-27].
It decays by pure S~ emission back to nitrogen,

BC — UN+e +7,  Qp=~156 keV. (2.2)
For a closed sample containing N radiocarbon atoms the decay law of Rutherford and Soddy

[33] is
AN

o =M. N@O=No e M, (2.3)
with decay constant, half-life and mean life related by
In2 1 Ty
A= — T=—=—" 2.4
T1/2 ’ T )\ In2 ( )

Two values of the half-life are in use. Libby’s value TlL/2 = 5568 4 30 yr (7% = 8033 yr) is
retained by convention for reporting conventional radiocarbon ages [4], whereas the physically
better value, the “Cambridge” half-life TIC/2 = 5730 + 40 yr (7° = 8267 yr), was recommended
at the Fifth Radiocarbon Conference [24]. Throughout this paper physical decay uses

~ In2
5730 yr

=1.2097 x 1074 yr~1. (2.5)

The specific activity A = AN follows the same law, A(t) = Age . For modern carbon
Ap ~ 0.226 Bq per gram of carbon, corresponding to an isotope ratio 4C/2C ~ 1.2 x 10712,



2.2 The linear dating equation

Let R = 4C/™C and define the fraction modern

Ry~

F=FYC=
Ron

, (2.6)
where Rg N is the sample ratio normalised for isotopic fractionation and Roy is the normalised
ratio of the oxalic-acid standard, decay-corrected to AD 1950 [5, 6]. Inverting Eq. (2.3) gives
the linear age

1
tL=—yInF (2.7)

and the conventional radiocarbon age (years BP) is the same expression with Libby’s mean life,

173 5730
t = —8033 In F’ = —— = 1.0291. 2.8
conv n 9 tconv 5568 ( )
Fractionation normalisation to §'3C = —25%y is performed via [4]
A — 4 0.975 2 (2.9)
SN S T4 613C/1000] ‘

the square reflecting the approximately doubled mass-dependence of C relative to '3C. The
quantity AM™C used to describe atmospheric histories is

AlC = (F eM1950-y) _ 1) x 1000 Y%, (2.10)

for a sample whose growth year is y (AD).

Error propagation. For a measured F' + op the linear age uncertainty is

dtr,
O'tL = @ oF

lop

= —— 2.11
2, (2.11)

which grows without bound as F' — 0. With a typical AMS background Fpys ~ 2 X 1073 the
practical dating horizon is

1
e & = In Fhig & 5 % 104 yr, (2.12)

roughly nine half-lives. This horizon will play a central role below: periodic-time corrections
become large precisely when T, is comparable to it.

2.3 Bateman chains and secular equilibrium

For a linear decay chain 1 — 2 — --- — n the Bateman solution [34] with only N7(0) # 0 reads

Ny ( (HA)ZHW O h) (2.13)

In radiocarbon dating the chain terminates at stable 14N, so only the first term matters; but
Eq. (2.13) illustrates a general feature of linear-time kinetics—every term is a decreasing expo-



nential and no linear combination of them is periodic. When production at rate P is included,

dN P P\ .

and the atmospheric inventory relaxes to secular equilibrium Neq = P/X on the time scale 7.

2.4 Reservoir models

The exchangeable carbon system is conventionally represented by coupled boxes (atmosphere,
biosphere, surface ocean, deep ocean) [28-30]. Writing N = (Ny, ..., Ny,)" for the radiocarbon
inventories,

N
%t ~ _KN—AN+P(), (2.15)
where K is the matrix of first-order exchange coefficients (with columns summing to zero, con-
serving carbon) and P(t) = (P(t),0,...,0)". The formal linear-time solution is
t
N(t) = e~ KFVIN(0) 4 / e~ (KHNE=9) P (4) ds. (2.16)
0

A sinusoidal production modulation P(t) = Py[1 + ecoswt] in a single well-mixed box is atten-

uated and delayed:
ON €A

Neg ~ oz g Wt o)

This is why the 11-yr Schwabe cycle leaves only a per-mil trace in A"C, while centennial and

tw¢:§. (2.17)

millennial solar and geomagnetic variations produce the “wiggles” of the calibration curve [10—
13]. Rapid events such as the AD 774/775 spike [32] and the post-1955 bomb pulse [31] provide
sharp time markers.

2.5 Calibration

Because R, varies in time, a radiocarbon age is mapped to calendar age through a calibration
curve p(6) with uncertainty o.(0) [14-16]. Given a measurement y+o, the calendar-age posterior
is [20]
2
(y — n(9))
—— _exp|—— L
0% + c2(0) 2(02 + 02(9))

IntCal20 is built from continuous tree-ring series back to ~13.9 cal kBP and, beyond that, from
Lake Suigetsu varves [17], U-Th dated speleothems such as Hulu Cave [18], corals and marine
sediments, reaching 55 cal kBP [14]. We will use these independent chronometers in Section 9
to constrain the cycle period.

p(0]y) o p(0). (2.18)

2.6 The implicit topological assumption

Every formula above treats ¢ as a coordinate on R'. In particular (i) e~

is injective, so Eq. (2.7)
has exactly one solution; (ii) the integrals in Eq. (2.16) are over intervals of R, with a unique
past; (iii) the equilibrium in Eq. (2.14) is approached asymptotically as ¢ — oo, a limit that

exists only on a non-compact time axis. Each of these will change on S?.



3 The Topology of Time: R!, S! and Conformal Compactifica-
tion

3.1 Two one-dimensional manifolds

Up to diffeomorphism there are exactly two connected, one-dimensional, second-countable Haus-
dorff manifolds without boundary: the line R! and the circle S! [42, 43]. A time axis is therefore
either linear or circular; there is no third option. The two are related in two distinct ways, and
both will be needed.

The covering map. Fix a period T, > 0. The quotient S* = R/T,Z identifies t ~ t +nT, for
all n € Z. The projection
p:R— S p(t) = 2t/ Te (3.1)

is the universal covering map; its deck transformation group, and the fundamental group of the
circle, is

m(SY) 2 7, (3.2)

generated by the translation ¢ — ¢t + T, [43]. Every t € R is uniquely written as
t=¢+nT,, »€l0,T,), n=|t/T.| €Z, (3.3)

where ¢ is the phase (a point of S') and n the winding number. Physics on S! is physics on
R restricted to functions invariant under ¢t — ¢ + T.. The covering picture is illustrated by the
helix of Fig. 1(b).

The one-point compactification. Alternatively, S! is obtained from R by adjoining a single
point at infinity, S = R U {cc}, with the neighbourhoods of co being complements of compact
sets [42]. Concretely, let the circle have radius ¢, and let § € (—m, 7| be the polar angle
measured from the point of tangency with the time line. Stereographic projection from the
antipodal “north pole” gives

0 t
t = 2t, tan 2’ f = 2arctan TR (3.4)
which is a diffeomorphism of (—m,7) onto R and sends §# = 7 to t = oo (Fig. 1(a)). The
remote past and remote future of linear time are the same point of the circle.

3.2 Conformal structure

The Mobius group. The conformal group of the time line is not the Euclidean group of

translations and dilatations but the projective group PSL(2,R) acting by fractional linear
transformations [49, 50],

t+b

f = 2T ;

ct+d

For ¢ # 0 the point t = —d/c is sent to infinity, so PSL(2,R) does not act on R!; it acts on the

real projective line RP! = R U {oo} =2 S1. The generators

ad — bc = 1. (3.5)

H =0y, D =t0, K =129, (3.6)



close on the algebra s((2,R),
[D,H|=-H, |[D,K|=K, [H K]=2D, (3.7)

which is the conformal algebra of conformal quantum mechanics [50]. In this precise sense
S1 = RP! is the conformal compactification of R'. The combination

L K t2

generates a compact U(1) subgroup. Integrating its flow, dt/ds = t, + t2/4t,, gives t =
2t, tan(s/2): the flow parameter s is exactly the angle 0 of Eq. (3.4), and the flow is peri-
odic with period 2w. The “rotation” Lg is the conformal time-translation of the compactified

line.

The conformal factor. Introduce the arc length on the circle,
T = 1.0, T, = 2mt,, (3.9)
so that the circumference of the time circle is T¢.. Differentiating Eq. (3.4),

9 9 1 1
dt = sec?( = ) d dr? = Q%(t) dt? Qt) = cos® = = = i
see (2) T i (£)de”, () =cos” s = T am ~ 15 e/
(3.10)

The linear metric d¢? and the circular metric d72 are conformally related by 92, which is unity

at t = 0 and vanishes as t~2 at infinity—the standard behaviour of a compactifying conformal
factor [45, 46]. In terms of T,

T t T
T= ?C arctan(%) , t= ?c tan(Z) (3.11)

with 7 € (=1;/2,T¢./2) covering all of R and 7 = £7,/2 the point at infinity.

3.3 Relation to the conformal compactification of spacetime

The one-dimensional statement is the time-like shadow of a four-dimensional one. Penrose’s
construction [44, 45] maps Minkowski space with null coordinates u =t —r, v =t + r via

T - T
u = tan R, v = tan +R, (3.12)
2 2
under which
1 T — T
ds? = —dt? + dr? + r?dQ3 = — sec? r sec? + (—dT2 + dR?* +sin’R dQ%) . (3.13)

4 2 2

The bracket is the metric of the Einstein static universe R x S3 [46]. Minkowski space is
conformal to a bounded diamond in it, and its conformal boundary consists of .#* and °,4%.
Dirac [48] and Segal [47] emphasised that the conformal group SO(4,2) acts globally only on
the compactification

M*' = (8" x $?) /s, (3.14)

in which the time direction is circular; the Einstein universe R x S2 is its universal cover.
Restricted to the world-line » =0 (R = 0), Eq. (3.12) reduces to t = tan(7'/2), i.e. to Eq. (3.4)



with 2¢t, = 1. Thus the circular time of this paper is the time-axis of Segal’s compactified
Minkowski space, and the “compact” and “covering” pictures of Egs. (3.1) and (3.4) correspond,
respectively, to Einstein’s static universe and to the conformal compactification proper.

3.4 Two physical readings of circular time

The distinction just drawn leads to two different physical hypotheses, and it is essential not to
confuse them.

Definition 3.1 (Conformal-chronometric hypothesis). Linear time t and circular arc-length T
are two parametrisations of the same history, related by Eq. (3.11). Local physical laws hold in
t; physical clocks (“chronometric time” in Segal’s language) read T.

Definition 3.2 (Periodic-dynamics hypothesis). Time is S* = R/T.Z with t the proper time
on each cycle, and all physical fields and states are single-valued on S*: U(t 4+ T,) = U(t) (up
to a global phase for quantum states).

Under Definition 3.1 the decay law is kept and only the conversion from decay to clock
time changes. Under Definition 3.2 the dynamics itself is constrained. Section 4 shows that the
constraint is severe: it is incompatible with Eq. (2.3).

4 Dynamics on a Periodic Time Axis

4.1 Single-valuedness and the Floquet obstruction

Under the periodic-dynamics hypothesis (Definition 3.2) a classical state variable z(¢) must
satisfy
x(t+Te) = x(t) Vt. (4.1)

Consider a linear autonomous system x = Ax. Its flow over one period is the monodromy
matrix M = eATe | and by Floquet theory [40] a non-trivial solution satisfies Eq. (4.1) if and only
if M has eigenvalue 1, i.e.

o
Jpu € specA: W= me
C

, meZ. (4.2)

Proposition 4.1 (No radioactive decay on S'). The decay equation N = —AN with A\ > 0 has
no non-zero solution on S* = R/T.Z.

Proof. Here A = —\ and the Floquet multiplier is e Me < 1, so Eq. (4.2) fails. Directly:
N(T.) = N(0)e=*e = N(0) forces N(0) = 0. 2

The same argument extends to every Bateman chain (2.13), whose spectrum {—J\;} is real
and negative, and to the full reservoir system (2.15) without sources, whose matrix —(K + \)
has spectrum in the open left half-plane. It is a special case of a more general statement:

Proposition 4.2 (Monotone functionals are constant on S'). If S(t) is single-valued on S*
and S > 0 everywhere, then S = 0.

Proof. 0= S(T) — S(0) = [,° S dt with a non-negative integrand. O

Taking S = —In N recovers Proposition 4.1; taking S to be the thermodynamic entropy gives
the familiar conflict between a circular time and the second law [63-66, 68, 72]. For carbon
dating the conclusion is sharp: on S' a closed sample cannot lose radiocarbon monotonically



throughout the cycle. Any consistent periodic-time radiocarbon physics must contain either (a)
a source, (b) a phase of the cycle in which the decay is reversed, or (c) a reinterpretation of the
clock. The rest of the paper develops each option.

4.2 Periodic Green’s function: decay with a source

With a periodic production term,
N =-AN+P(t), P{t+T.)=P(t), (4.3)

the Floquet multiplier e~ "¢ # 1 guarantees a unique periodic solution. On the universal cover

t

it is the retarded solution N (t) = [~ e~ M=9) P(s) ds; splitting the integral into periods,

N(t) = i /OTC e M) Pt — ) du = /OTC Gr.(u) P(t — u) du, (4.4)
n=0

with the periodic Green’s function

e*/\u

o
Gr.(u) = Z o~ MutnTe) _ TR 0<u<T,, (4.5)
n=0

extended periodically. This is the method of images on S': the response at phase ¢ is the sum
of responses to all copies of the source lying n windings in the past. Its Fourier series, with
wm, = 2mm/ Ty, is

1 eiwmu
G = — S — 4.6
mMEZ
b ified £ 1 ch G ( ) _iwmud o 1—e— (A tiwm)Te . 1 The G 5
as may be verified from = [° G, (u)e U= T (—e= ) = Tolvriom)” e Green’s
function has a jump discontinuity of unit size at u = 0,
I _ 1—e e
Gr.(07) - Gr(Io) = 1 —=m = L (4.7)

as required by (9, + X\)Gr, = 1, (u), where dr, is the Dirac comb.

4.3 Quantum mechanics on periodic time: quantisation of energy

In quantum mechanics single-valuedness applies to physical states, i.e. to rays. For a state
evolving under a time-independent Hamiltonian, ¢ (t) = > 5 cge /gy periodicity up to a

global phase e~ 278,

Y(t+T.) =e ™ pt),  Be[0,1), (4.8)

requires every occupied energy to lie on the lattice

h
Enzi(n—i-ﬂ), nez (4.9)

This is the real-time analogue of the Matsubara quantisation that follows from periodicity in
imaginary time [51, 52]. The level spacing is

h 10°
AE = o =131 x 10777 eV x < OTyr) . (4.10)

10



It is instructive to compare this with the natural width of the '4C ground state,

I T, T
['=h\=252x 10727 eV — ="t < ). 4.11
PV, RET on 93X<105yr> (411)

When I' > AF the discreteness of the spectrum is washed out within the resonance and decay is
indistinguishable from exponential; when I' < AFE the resonance is resolved into a few lines and
decay must be strongly modified. The cross-over, T, ~ 27, i.e. Te. ~ T /9 X2/ In2 ~ 5x 104 yr,
coincides with the radiocarbon dating horizon (2.12). This is the physical reason why the
topology of time is not invisible to radiocarbon, and it anticipates the quantitative results
below.

4.4 Conformal quantum mechanics

Under the conformal-chronometric hypothesis the natural Hamiltonian is the compact generator
Ly of Eq. (3.8) rather than H. De Alfaro, Fubini and Furlan [50] showed that in conformally
invariant quantum mechanics Ly = %(aH + K/a) has a discrete spectrum even when H has a
continuous one—again a manifestation of compact “time”. We shall not need the details; what
matters is that the change from H (evolution in ¢) to Ly (evolution in 7) corresponds classically
to the reparametrisation (3.11), under which a rate A in ¢ becomes the position-dependent rate

dt of TT
et (T) = )\5 = Asec <Tc> (4.12)

in 7.

5 Radioactive Decay on S': The Image-Sum Law

5.1 Survival amplitude in linear time

The quantum description of a decaying state |1)g) is through its survival amplitude [37, 3§]
A(t) = (ole™ M apo) = /P<E) e P aE, (5.1)

where p(E) = |(E|io)|? is the spectral density, and the survival probability is P(t) = |.A(¢)|?.
In the Weisskopf-Wigner approximation [35, 36] p is the Breit—Wigner (Lorentzian) profile

1 r
E)=— 5.2
pew(E) = o (E — Eg)? +T2/4° (5-2)
whose Fourier transform gives
.AR(t) — e*iEot/h €7F|t‘/2h — e*iEot/h ef}\|t‘/27 A\ = F/h, (53)

and hence the exponential law P(t) = e~ for ¢ > 0. Note that Ar(—t) = Agr(t)*: the survival
amplitude is time-symmetric, a general consequence of Eq. (5.1) for real p. Deviations from
Eq. (5.3) at very short times (the Zeno regime [39]) and very long times (Khalfin’s power-law
tail [37]) arise from the bounded-below spectrum and are negligible for *C; we ignore them.

11



5.2 Poisson summation on the energy lattice

On periodic time the spectrum is restricted to the lattice (4.9), and the integral (5.1) becomes
a sum,

Asi(t) =Y AEp(E,) e Bt/ E, = AE(n+f). (5.4)

neL

Apply the Poisson summation formula [41]

S =S f), fk) = /R f() e g, (5.5)

neL keZ

to f(x) = AEp(AE(z + B)) e #AEE+AY - Changing variable to E = AE(x + ) and using
0mE/AE = ET./h,

f(k) _ e?m‘kﬂ/p(E) e tEHKTe)/h  p — o27ikB Ag(t + kT.). (5.6)

Therefore, relabelling £k — —k,

Agi(t) =) e ™ Ag(t — kT.) (5.7)
kEZ

The survival amplitude on the circle is the sum of the linear-time amplitude over all its images on
the universal cover, weighted by the holonomy phase e 277 of the k-th winding. Equation (5.7)
is exact for any spectral density; it is the time-domain counterpart of spectral quantisation, and
makes manifest the periodicity Agi (t + T.) = e~ 2™P Ag (t).

5.3 Closed form for the Breit—Wigner resonance

ont/h ik(EoTe/h— 271'/3)

Insert Eq. (5.3). The k-th term carries the phase e define the detuning

0= AL S (mod 1), © = 270, (5.8)

which measures how far the resonance centre lies from the nearest allowed level. With
g=e /2, (5.9)

and 0 <t <7T,, the terms with k£ <0 and k > 1 are geometric series:

0o
eiEot/hAsl (t) _ Z ] —)\t/Q + Z qe )\t/2
7=0
e—)\t/Q qezgo 6>\t/2

= . — . 5.10

1 —qe™ + 1 — qgew ( )

Bringing to a common denominator |1 — ¢e?|? and normalising to P(0) = 1 yields the general
periodic survival law

(e /2 — g e’\t/2) + 4¢%sinh®4! + 4q (e7M/2 — q26>‘t/2) sinh4! cos ¢
Fs(t) = oy . (5.11)
—q

Two cases are distinguished.
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Resonant case (§ = 0). The resonance centre sits on an allowed level. The numerator of
Eq. (5.10) becomes (e=*/2 4 geM/?) /(1 — ¢) and

2
—Xt/2 At/2 (2 (+ — L
e +qe COos
Fo(t) = = {22( Y ) (5.12)
1+gq cosh?(21¢)
Anti-resonant case (0 = %) The resonance centre lies midway between levels; then e’ = —1
and
2
—At/2 _ o o At/2 inh?[2 (L — ¢
e ge sin
Fyjp(t) = = [22( e ) (5.13)
1—-¢q sinh?(2<)
5.4 Properties of the periodic decay laws
Proposition 5.1. For 0 <t < T, the functions (5.12), (5.13) satisfy:
(a) Periodicity and recurrence: F(0) = F(T,) = 1.
(b) Reflection symmetry: F(T. —t) = F(t).
(¢) Extremum at mid-cycle: Fy attains its minimum
AT,
Fonin = Fo(T,/2) = sech? (4) (5.14)

while Fl/Q(TC/Q) = 0.
(d) Linear limit: limy, oo F5(t) = e for every & and fized t.

(
(e) Bracketing: Fy(t) < Fs(t) < Fo(t) for all § and 0 < t < T,; moreover e™* < Fy(t) on
the whole cycle and Fy j5(t) < e on the first half-cycle 0 < t < T,./2.

Proof. (a)—(c) follow by inspection of the hyperbolic forms. (d): ¢ — 0. (e): The first chain
holds because Eq. (5.11) is linear in cos ¢ with coefficient 4q(e=*/2 — ¢2eM/2) sinh(\t/2), which
is non-negative precisely when e > ¢? = e« i.e. for t < T,.. Next, Foe™ = [(14qeM) /(1 +
@))? > 1 for all t > 0. Finally Fy e = [(1 - qeM)/(1 — ¢)]> < 1 whenever ¢ < geM < 2 — g,
which certainly holds for ¢ < T./2, where ge* < 1. In the second half-cycle F} /2 regrows and
eventually exceeds e, reaching 1 at t = T,. O

Instantaneous decay rate. The logarithmic derivative v(t) = —dIn F/dt is

Y ) R Y ) B

In the resonant case the effective decay rate starts below the linear value, 1(0) = A tanh(A\T./4) <
A, falls to zero at mid-cycle and becomes negative in the second half-cycle: radiocarbon is regen-
erated. In the anti-resonant case the rate starts above A and diverges at mid-cycle, where the
sample is totally depleted; thereafter it regrows. Both behaviours are forced by Proposition 4.2.

Interpretation of the images. The k = 0 term of Eq. (5.7) is the ordinary decaying ampli-
tude. The k = 1 term, Ar(t — T,) o< e MTe=D/2 grows with t: it is the amplitude of the same
initial state one cycle in the future, propagated backward by the time-symmetric kernel. On S*
the future preparation of the sample s its past preparation, and the two interfere. The relative

13



phase of the images is the holonomy e =27

of the circle, which decides whether the interference
is constructive (resonant, slower apparent decay) or destructive (anti-resonant, faster apparent

decay).
Asymptotic expansion. For ¢ < 1, from In Fy = —\t + 2In(1 + ge) — 21In(1 + ¢),
In Fy(t) = =AMt + 2¢ (eM - 1) —q° (e”‘t - 1) + 0(q?), (5.16)

and similarly In Fy j5(t) = =t — 2q(e? — 1) — ¢*(e** — 1) + O(¢?). The leading correction is of
order geM = e~MTe/2-1). exponentially small unless the sample age is within a few mean lives

of mid-cycle.
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(a) One-point conformal compactification: ¢ =2t, tan(0/2)

0=m + t=4+

(b) Covering map p(t) = e>™/": all t + n1, project to one point

universal cover R!

n=2
|
|
i -
n=1 ~
~
!
<
)]
n=>0 E
T
g
2
n=-—1

Figure 1: Topology of linear and circular time. (a) One-point conformal compactification of the
time line: stereographic projection from the antipodal point § = 7 maps each instant ¢t € R! to a point
of S! via t = 2t,tan(0/2), Eq. (3.4). Points equally spaced in t crowd towards the antipode, which
represents both ¢ = +00 and t = —oco. (b) The covering map p : R* — S, Eq. (3.1): linear time is
drawn as a helix over the circle, and the instants ¢ + nT, for every winding number n € Z = m;(S)
project to a single point. The conformal-chronometric hypothesis (Definition 3.1) uses map (a); the

periodic-dynamics hypothesis (Definition 3.2) uses map (b).
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6 Radiocarbon Dating on S': Three Age Equations

We now invert the periodic laws. Throughout, F' is the measured fraction of initial radiocarbon
remaining (after fractionation and reservoir corrections), t;, = —A~!In F is the linear age, and
T, is the circumference of the time circle.

6.1 Framework I: conformal chronology

Under Definition 3.1, the linear decay law holds in ¢ and the sample’s clock age is the arc length
7. Substituting Eq. (3.11) into F = e~ gives the decay law in chronometric time,

AT, T.
F(7) = exp [— tan(?)] , 0<7< oL (6.1)
™ c

which reaches F' = 0 at the finite chronometric age 7 = T,/2, the image of ¢ = co. The age
equation is

T t T InF
TC = ?C arctan(ﬂT(f) = ?C arctan<7r)\1;c ) (6.2)
Using arctanz = z — 23/3 + 25/5 — - - for |z| < 1,

2 13 4 45
i S
. 6.3

while for ¢z, > T¢, using arctanz =7/2 —1/x + - - -,

T.  T¢ 3

Conformal ages are always younger than linear ages, 7¢ < t for ¢, > 0, and every sample,
however depleted, has 7¢ < T./2. The age discrepancy is, to leading order,
7T2t:z
312"

AcEtL—TCZ (65)

The effective chronometric decay rate is Eq. (4.12): decay accelerates as the antipode is ap-
proached.

Error propagation. Since dr¢/dty = Q(t1),

=T _ or . (6.6)
L+ 723 /T2 AF (1+ n2In® F/A2T2)

Orc

The conformal factor compresses both ages and their uncertainties; a sample at the linear
horizon (t; = 5 x 10* yr) with oy, = 1000 yr has, for T, = 10° yr, Orp = 288 yr.

6.2 Framework II: resonant image-sum chronology

Under Definition 3.2 with 6 = 0, inverting Eq. (5.12) on the first half-cycle 0 <t < T,/2:

T. 2 PV 2T,
t§3) =35 73 arccosh [ﬁcosh( 1 )] , F > Fom = sech2( : > (6.7)
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together with the reflected root T, — tgg) on the second half-cycle. For F' < Fy, there is no
solution: such a ratio cannot occur on a circle of circumference T.. Equivalently, the largest
linear age that has a periodic counterpart is

T, . T. 2In2 1T,
tL,max—)\lnCOSh< 4C> % ?c— )I\l :50—2T1/2- (6.8)

From Eq. (5.16), with eM. = 1/F,

5 2 1 F
) =t + L (M = 1) +0(¢) = tr + 5 e 2 = + O(¢?), (6.9)

so resonant periodic ages are older than linear ones, with discrepancy
2
Ap=t0) —t ~ T (> ). (6.10)

Error propagation. Differentiating Eq. (6.7) with ¢ = cosh(A\T./4),

0 -
dtp) _ ¢ Ite _ (1 - Fmi”) v (6.11)
dF MWFEVER -1’ o F

The uncertainty of a periodic age diverges as F' — Fiuin: near mid-cycle the decay curve is flat
(Eq. (5.15), 70 — 0) and the ratio carries no age information.

6.3 Framework III: anti-resonant image-sum chronology

With § = 3, Eq. (5.13) is invertible for every F' € (0, 1]:

. 2 T,
tggl/Q) = — — Zarcsinh |V Fsinh A (6.12)
2 A 4
with expansion
2 1—-F
tggl/2) =t — X 6_>\Tc/2 Fi + O(qQ)’ (613)

and error law, with s = sinh(\7./4),

0,(1/2) 1\ 1/2
—L— =14+ = <1 6.14
Otr, ( - F52> ( )
Anti-resonant ages are younger than linear ages and bounded by T./2; as F' — 0, tg/ 2,

T./2 —2V/F s/\.
By Proposition 5.1(e), for a general detuning 0 the periodic age lies between the anti-resonant
and resonant values,

tp/2(F) < 1 (F) < 6(F), (6.15)

and the linear age 7, lies inside the same bracket. The detuning is a property of the C nucleus
and of T, that is not accessible to present experiment, so Eq. (6.15) is the honest statement of
the periodic-time age.
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6.4 The winding and reflection ambiguity

On the universal cover every solution of the dating equation comes with its images. In Frame-
work II the full solution set is

S(F)={tp+nT., To—tp+nl. : n €L}, (6.16)

the orbit of tp under the infinite dihedral group Do = (t — t + T, t — —t), which is the
symmetry group of the periodic survival law (Proposition 5.1(a,b)). Radiocarbon alone cannot
determine n or distinguish ¢p from its reflection. In linear time the convention is implicitly
n = 0 and “the root on the decaying branch”; on S', under Definition 3.2, all elements of
S(F) label the same event, and the question “how many cycles ago?” has no physical meaning.
Only the phase ¢ € S! is observable. This is the chronological counterpart of the statement
m (S 2 Z.

6.5 Summary of the age equations

Framework Survival law Age formula vs. tr,

Linear R! e M A 'lnF —

I. Conformal exp[—2L= tan 77| L arctan Ti- younger; < T,./2
h?[\(t —T./2)/2

II. Resonant cosh| (2 /2)/2 % — %arccosh[\/F cosh ’\4TC] older; none if F' < Fiuin
cosh”(AT./4)

sinh®[\(T./2 —1)/2]

ITI. Anti-resonant ° Lo _ 2 yresinh[VF sinh 2L ounger; < T./2

sinhZ(\T./4) 275 [ ¢l youne /

Table 1: Survival laws and age equations in linear and periodic time. All three periodic frameworks
reduce to the linear one as T, — oo.
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(a) Image-sum decay law on S!; dots mark F,;, at t =7./2

= Linear R!: e
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10-104 == 8!, T.=100 kyr
= S' T.=200 kyr
St, T, =400 kyr
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(b) Linear decay law pulled back by the conformal map
0 i | ;
10 : — T.=50 kyr
— = T,=100 kyr
— T, =200 kyr
-2
10 T. = 400 kyr
= Linear g!
= 4
gﬁ 107* 1 \
g \
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Figure 2: Decay laws in linear and periodic time. (a) Fraction remaining F versus time since
closure for the linear law e~*' (black) and the resonant image-sum law Fy(t) of Eq. (5.12) for T, =
50, 100, 200 and 400 kyr. Each periodic curve follows the exponential initially, flattens, reaches its floor
Fiin = sech?(\T,./4) at mid-cycle (dots) and regrows to unity at ¢t = T, as required by Proposition 4.2.
(b) The same linear law expressed in conformal chronometric time 7, Eq. (6.1): complete depletion

is reached at the
In2/5730 yr—1.

finite time 7 = T,./2 (dotted verticals), the image of ¢ = oo on the circle. A =
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7 The Carbon Reservoir and Calibration on S!

A radiocarbon age depends not only on the decay law of the sample but on the initial ratio
Ry inherited from the atmosphere at the moment of closure. We therefore extend the periodic
formalism to the production—exchange system.

7.1 Periodic reservoir with classical (retarded) kinetics

If the atoms in the exchangeable reservoir decay classically, the atmospheric inventory obeys
Eq. (4.3) and its unique periodic solution is Eq. (4.4). Expanding the production rate in
harmonics of the cycle,

. 2mm
P(t) — Z pm elw'mt’ Wy, = T , (71)
meEZ ¢
Eq. (4.6) gives
p i v _ Po
OESY ﬁ emt N = T (7.2)
meZ m

Two remarks are in order. First, the secular equilibrium N = pg/), which in linear time is only
approached as t — oo (Eq. (2.14)), is on S! simply the zero mode of the periodic solution; no
infinite past is required. Second, the transfer function (A +iw)~?
frequencies wy,. For the multi-box system (2.15),

is sampled only at the discrete

Te -1
N(1) = / (1 e KVE) o () (7.3)
0

which exists because every eigenvalue of K + X has positive real part, so that 1 — e~ (K+MTe jg

invertible.

A spectral test. Equation (7.2) implies that on S' the atmospheric A'C record can contain
only frequencies that are integer multiples of 1/T:

VE{;Z:mEZ}. (7.4)
The quasi-periodicities identified in the Holocene record—the ~11-yr Schwabe, ~88-yr Gleiss-
berg, ~208-yr de Vries—Suess and ~2300-yr Hallstatt cycles [10-13, 27]—must all be harmonics
of the fundamental. With a record of length L < T, frequencies are only resolved to ~ 1/L, so
for T, > L this condition is weak; it becomes a real test only if T, is comparable to the length
of the calibration record (~ 5 x 10% yr).

7.2 Periodic reservoir with image-sum kinetics

If instead every radiocarbon atom obeys the periodic survival law of Section 5, the probability
that an atom produced at phase s is present at phase ¢ is F5(t — s), already periodic; no further
sum over windings is needed:

Te
N(t) = /0 Fs(u) P(t — u) du. (7.5)
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For constant production Py in the resonant case,

O _ A /Tc cosh? Au—T./2)/2] du = Py T./2 + A1 sinh(AT./2)  AT.>1 27130 (7.6)
0 cosh?(\T../4) cosh?(\T../4) A
and in the anti-resonant case
_1 .

sinh?(\T,/4) A

The factor of two is not an artefact. Near u = T, the survival probability returns to unity
(Proposition 5.1(a)): an atom produced at phase s has a non-zero probability of being present
before s, through the advanced (k = 1) image. The limit T, — oo at fixed t recovers e, but the
limit of the integral over a full cycle does not recover Py/\; the two limits do not commute. The
inventory therefore discriminates between retarded (Eq. (7.2)) and time-symmetric (Eq. (7.5))
periodic kinetics. Since the global *C inventory and independently modelled production rates
[25, 26] agree to within a few tens of per cent, the unrestricted image-sum reservoir appears
disfavoured, whereas an image-sum law applied only to closed samples (with the reservoir itself
retarded) remains possible. We regard this as one of the sharper qualitative predictions of the
periodic framework.

7.3 The periodic dating equation

Let a sample close (die) at phase s and be measured at phase t. Its normalised ratio is

Fuaslt) = O F(lt =sln), C(s) = Tl (7.)

where [z]1, € [0,7.) denotes reduction modulo 7. and F is the survival law of whichever
framework is adopted. The calibration function C' is itself periodic, C(s+T¢) = C(s). Defining
the radiocarbon age of the calibration curve as in linear time, x(s) = —A; * In[C(s)F([to — s7.)]
with o the reference epoch, the Bayesian calibration (2.18) carries over with 6 € S*:

(y — n(9))?

Y-
p(9\y)0<02+0§(9)exl’[_2(02+02(9))

} p(#), 6est, (7.9)

but the posterior is now a density on the circle, normalised by ¢ p(f|y)dé = 1, and multi-
modality from the reflection symmetry of Section 6 is generic. Circular statistics (e.g. the von
Mises family) replace Gaussian summaries: the calendar “mean” of a set of dates {6;} is

o’

<

J
_ : T 1 .
9 — argZeQﬂ"La]‘/Tc ¢ R _ E eZTI’lGj/TC , (710)
J Jj=1

with 1 — R serving as the circular variance.
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8 Numerical Results: How Widely Do Linear and Periodic Ages
Differ?

8.1 Parameters

We use A = In2/5730 yr~! (Eq. (2.5)) and report physical ages; conventional ages are smaller
by the factor 5568/5730 (Eq. (2.8)). We consider five cycle periods chosen to span the relevant
range: T, = 5 x 103 yr, the period of the world cycle in some cyclic cosmologies and comparable
to recorded history; T, = 5 x 10* yr, comparable to the radiocarbon horizon (2.12); T. = 10° and
2 x 10° yr, comparable to the glacial cycles of the late Pleistocene; and T, = 4.32 x 10° yr, the
mahayuga of Indian cosmology, representative of cycles much longer than the dating horizon.
All computations use the closed-form expressions of Table 1; the logarithmic form of Eq. (6.7),
obtained from arccoshz = Inx + In(1 + v/1 —2~2) and Incoshy = y + In(1 + e"2Y) — In2, is
used to avoid overflow at large AT..

8.2 Age tables

Table 2 lists, for six representative values of F' spanning the dating range, the linear age and
the three periodic ages.
Several features stand out.

1. Short cycles (7. = 5000 yr). The differences are enormous. A sample with half its
radiocarbon left, conventionally 5730 yr old, has conformal age 2069 yr and anti-resonant
age 729 yr; a sample at the detection limit (F' = 0.002, linear age 51 374 yr) has conformal
age 2451 yr. Every sample, however old in linear reckoning, is compressed into the half-
cycle 7 < 2500 yr. In the resonant framework the floor is Fi,i, = 0.977, so any sample
that has lost more than 2.3% of its radiocarbon—i.e. any sample with ¢; > 188 yr—is
inconsistent with the cycle.

2. Cycles comparable to the horizon (7, = 5 x 10*-10° yr). Differences are of order
10-50%. For T, = 10° yr and F' = 0.01 (¢t = 38069 yr) the three periodic ages are 27 833,
45873 and 35121 yr: a spread of 18 000 yr from a single measurement, depending only on
the choice of periodic physics.

3. Long cycles (T, > 2 x 105 yr). The image-sum corrections become exponentially small

(oc e=*Te/2) | but the conformal correction decays only as a power, oc T 2 (Eq. (6.5)). For
T. =2 x 10° yr and F = 0.002 the conformal age is still 8 149 yr younger than the linear
one.

4. Cosmological cycles (T, = 4.32 x 10% yr). All frameworks agree with linear time to
better than 25 yr throughout the dating range: radiocarbon is blind to a cycle this long.

8.3 Case studies: well-known samples from archaeology, biology and geology

To make the comparison concrete, Table 3 applies the age equations of Table 1 to ten well-
known radiocarbon-dated samples: four from archaeology, three from biology and three from
geology. For each sample we take the published conventional radiocarbon age t.ony, recover the
measured fraction remaining from Eq. (2.8),

tCOnV
F=exp(— 8.1
eXp( 8033 yr> ’ (8:1)
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F ooty ()  1e () £ (yr) t5/% (yr)
linear I. conformal II. resonant III. anti-resonant
T.=5x10%yr  (Fpn = 0.977)

0.9 871 797 — 127
0.5 5730 2069 — 729
0.25 11460 2280 — 1246
0.1 19035 2367 — 1707
0.01 38069 2434 — 2249
0.002 51374 2451 — 2388

T.=5x%x10* yr  (Fpin = 0.177)
0.9 871 870 966 786
0.5 5730 5500 6651 5011
0.25 11460 9932 14984 9523
0.1 19035 13917 — 14 449
0.01 38069 18 698 — 21459
0.002 51374 20219 — 23407
T.=10% yr  (Fnin = 0.0094)

0.9 871 871 875 867
0.5 5730 5669 5769 5691
0.25 11460 11000 11579 11344
0.1 19035 17155 19399 18 695
0.01 38069 27833 45873 35121
0.002 51374 32343 — 42655

T.=2x10° yr  (Fpin = 2.23 x 1079)

0.9 871 871 871 871
0.5 5730 5715 5730 5730
0.25 11460 11339 11460 11460

0.1 19035 18496 19035 19034
0.01 38069 34310 38078 38060
0.002 51374 43225 51420 51328
T.=4.32x 105 yr  (Fpin = 1.33 x 107113)

0.9 871 871 871 871
0.5 5730 5730 5730 5730
0.25 11460 11460 11460 11460
0.1 19035 19033 19035 19035
0.01 38069 38060 38069 38069
0.002 51374 51 350 51374 51374

Table 2: Linear and periodic radiocarbon ages for representative fractions remaining F'. A dash denotes
F < Flin, for which the resonant periodic law has no solution. Ages are physical (Cambridge half-life)
and rounded to the nearest year.
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and compute from this single number the physical linear age 7, (Eq. (2.7)) and the three periodic
ages for cycle periods T, = 10° yr and 7, = 5000 yr. All ages are uncalibrated radiocarbon
ages, in years before AD 1950, computed with the Cambridge half-life. Calendar calibration
(Section 2) is deliberately not applied: the calibration curve is itself a product of linear-time
chronology, and its periodic counterpart (Eq. (7.9)) is unknown. The comparison is therefore
between the ages that each topology of time assigns to the same measured isotope ratio.

Four points emerge from Table 3.

1. Historical and Holocene samples, T, = 10° yr. For the Shroud of Turin, the Iceman,
Kennewick Man and the Mazama eruption, the three periodic frameworks agree with
linear time to within about 2.5%. For example, the Iceman is 4659 yr old linearly and
4626—4688 yr old periodically. A 100 000-year cycle is effectively invisible in the Holocene.

2. Late-glacial samples, 7, = 10° yr. Clovis, Two Crecks and Laacher See lie near
11500-12 200 yr. Here the conformal ages are already 450-550 yr younger, comparable to
or larger than typical calibrated uncertainties.

3. Pleistocene samples, 7. = 10° yr. The frameworks diverge sharply. The Chauvet
rhinoceros drawing (t7, = 31840 yr) is 25004 yr old conformally, 34 040 yr resonantly and
30282 yr anti-resonantly, a spread of 9000 yr. For the Lyuba mammoth (t; = 43016 yr)
the conformal age is 29722 yr, 13300 yr younger, and the resonant framework gives no
age at all because F' = 0.0055 lies below Fi,i, = 0.0094.

4. A 5000-year cycle. Every age is compressed into less than half a cycle. In the conformal
framework the ten samples, spanning linear ages from 709 to 43016 yr, occupy only
the interval 667-2441 yr. The Iceman becomes 1976 yr old and the Chauvet drawing
2421 yr. In the anti-resonant framework the compression is stronger still: the Shroud
becomes 104 yr old and the Iceman 611 yr. In the resonant framework no sample has
an age, because every one has lost more than the 2.3% of its radiocarbon permitted by
Finin = 0.977.

The last point is the quantitative form of the observation in Section 9: under a 5000-year
cycle, radiocarbon ages of samples that span the whole of the late Pleistocene and Holocene in
linear time collapse into a band of about two millennia. Their order is preserved, because all
three age maps are monotonic in F', but the intervals between them are drastically shortened.
Thus the Iceman (4659 — 1976 yr) and the Chauvet drawing (31840 — 2421 yr), separated by
27000 linear years, are separated by only 445 conformal years.

8.4 Discrepancy maps and scaling laws

The analytic approximations (6.5) and (6.10) summarise the dependence on T¢:

w23 2

The conformal discrepancy is a power law in both variables, while the image-sum discrepancy
switches on abruptly as T, falls towards 2¢t; + (2/)\) In(2/Ao). Setting each equal to a tolerance
o defines the indistinguishability boundary,

[t 2. [2(eMr—1)
T (¢ — L T(P) (¢ — = ]
c (L’U) ™ 30’ c (Lva) B\ n o ) (83)
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above which linear and periodic chronologies agree to within ¢. These boundaries are the
labelled contours of Fig. 4; Table 4 gives exact values obtained by solving the full equations
numerically. For instance, with ¢;, = 5 x 10* yr and ¢ = 100 yr, Eq. (8.3) gives 79 =

2.03 x 10° yr and TC(P) = 1.84 x 10° yr, in agreement with the exact values.

Age range tested  Independent chronometer o (yr) TP (yr) T () (yr)

14000 yr tree rings [14] 100 1.09 x 10°  2.99 x 10°
14000 yr tree rings 300 9.1 x 10* 1.70 x 10°
30000 yr varves, speleothems [17, 18] 300  1.26 x 10°  5.39 x 10°
30000 yr varves, speleothems 1000  1.08 x 10> 2.89 x 10°
50000 yr speleothems [18] 300  1.67 x 105 1.16 x 106
50000 yr speleothems 1000 1.48 x 10° 6.30 x 10°

Table 4: Cycle periods above which the image-sum (TC(P), resonant case) and conformal (TC(C)) chronolo-
gies agree with linear chronology to within o at the stated age. The anti-resonant case gives the same
T to leading order, since its leading correction (6.13) has the same magnitude. If the independent
chronometers are accepted as measuring the same time as the decay law, these are lower bounds on T..

8.5 Propagation of measurement error

Equations (6.6), (6.11) and (6.14) show that the three frameworks treat measurement error very
differently. In the conformal and anti-resonant frameworks the age uncertainty is smaller than
the linear one, because ages are compressed into a finite interval. In the resonant framework
it is larger, and diverges at F = F,. For T. = 10° yr (Fuim = 0.0094), the inflation factor
(1 — Fuin/F)™'/?is 1.01 at F = 0.5, 1.05 at F = 0.1, 1.37 at F' = 0.02 and 4.1 at F = 0.01. A
resonant periodic chronology therefore not only shifts old ages but renders them imprecise.
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(a) Image-sum model: S! ages run older, then terminate at F,
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(b) Conformal model: S! ages run younger, saturating at 7,/2
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Figure 3: Periodic ages versus linear ages. (a) Resonant image-sum age tg))7 Eq. (6.7), as a
function of the linear age t;, = —A~'In F of the same sample, for 7. = 50, 100, 200, 400 kyr. Periodic
ages are older and each curve terminates (dots) where F' reaches Fyi, and tp = T../2; beyond this point
the measured ratio has no periodic interpretation. For T, > 200 kyr the curves are indistinguishable
from the diagonal. (b) Conformal age 7, Eq. (6.2): periodic ages are younger and saturate at T,/2
(dotted horizontals), with the discrepancy growing as t3 /T72.
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(a) |tp —t;|, image-sum model (grey: no S! solution, F< Fpy,)
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Figure 4: Where does the topology of time matter? Absolute age discrepancy between periodic
and linear chronologies as a function of linear age t;, (horizontal) and cycle period T, (vertical, logarith-
mic). (a) Resonant image-sum framework, |t§;(.)) — tr|; the grey region is excluded because F' < Fiip.
The discrepancy switches on abruptly as T, decreases, reflecting the e=*7¢/2 scaling of Eq. (8.2). (b)
Conformal framework, |t;, — 7¢|; the discrepancy falls off only as 7,72, so conformal compactification
remains detectable for cycles of order 10% yr. Contours mark 100 yr, 1 kyr and 10 kyr.
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9 Discussion

9.1 Which time does a clock measure?

The three periodic frameworks differ not only in their formulae but in what they claim to be
observable, and this must be made explicit before any comparison with data.

In the conformal framework (Definition 3.1) the laws of physics hold in linear time ¢, and
T is a second, compactified parametrisation of the same history. If every physical process—
radioactive decay, tree growth, sediment deposition, the Earth’s orbit—runs in ¢, then all local
chronometers agree with one another and with 7, and the conformal age 7¢ is an unobservable
relabelling. The framework acquires empirical content only if some class of clocks reads 7
while radioactive decay proceeds in t (or vice versa). This is precisely the structure of Segal’s
chronometric cosmology [47], in which cosmological redshift arises from the difference between
the chronometric (compact) and local (linear) time generators. The bounds T of Table 4
should therefore be read conditionally: if dendrochronological years are chronometric while
decay is linear, then T, > 10° yr.

In the image-sum frameworks (Definition 3.2) the modification is dynamical. Tree rings
and varves are counted by processes whose own time scales (one year) are negligible compared
with T, so local counting is unaffected, while the radiocarbon survival law is changed at order
e~MTe/2=t)  The comparison of radiocarbon with counted chronologies is then a genuine test,
and the bounds T C(P) of Table 4 (T, 2> 1.5x10° yr) apply directly, modulo the unknown detuning
d which only moves the result within the bracket (6.15).

9.2 A multi-isotope concordance test

A universal reparametrisation of time cannot be detected by comparing clocks that all transform

in the same way. What can be detected is a relative effect between clocks that transform

differently. In the image-sum frameworks the correction depends on the decay constant through

AT.. For a set of isotopes {i} with decay constants \; measured on the same sample of true
periodic age t, the apparent linear ages are

1 2 14 geMt

_ = n o 4iC

= ——mFPM) =t — =1

_ T2

which differ from isotope to isotope. For long-lived chronometers with A\;T, < 1, such as 23°Th
(T2 = 75.6 kyr) or 10Be (1.39 Myr), ¢; — 1 and the periodic law is far from exponential
over the whole cycle, whereas for 'C the correction is exponentially small when T, > 2t. The
observed concordance of 14C and U-Th ages in speleothems and corals [14, 18] is therefore a
sensitive probe of periodic dynamics, sharper than any single-isotope measurement. Carrying
out this test quantitatively requires a treatment of the U-series disequilibrium chain on S! via
the periodic Bateman problem (Appendix B), which we leave for future work.

9.3 Short cycles and the continuity of the tree-ring record

A cycle of T, = 5000 yr, as posited in some cyclic cosmologies, produces the most dramatic
differences in Table 2: all conformal ages below 2500 yr, and all resonant periodic ages undefined
beyond t7 &~ 188 yr. It is important to state clearly what such a cycle would require of other
evidence. Under Definition 3.2, a continuous annual record longer than T, is impossible without
repetition: the ring-width sequence of year y must coincide with that of year y + T.. The
central European oak-pine chronology extends continuously over 12460 years [19], and the
IntCal20 tree-ring data reach ~13.9 cal kBP [14]; an exact 5000-yr repetition of ring-width

29



and AMC patterns within these records would be striking and, to our knowledge, has not
been reported. Under Definition 3.1 the conflict is avoided only if annual layers are counted
in chronometric time, in which case at most T./2 layers could be observed in any archive. A
short world cycle therefore implies not merely a reinterpretation of radiocarbon ages but a
correlated reinterpretation of every counted chronology. The equations of this paper make that
reinterpretation quantitative; whether it is tenable is an empirical question on which the present
evidence weighs heavily.

9.4 Thermodynamics and the arrow of time

Proposition 4.2 is the one-dimensional core of Loschmidt’s and Zermelo’s objections [63—-65]: a
monotone quantity cannot be periodic. Radioactive decay is an entropy-producing process—
each decay converts a nuclear excitation into kinetic energy of the recoil and leptons—and
radiocarbon “remembers” elapsed time precisely because this process is irreversible. On S*
the memory must be erased once per cycle. The image-sum law does this in a specific way:
by Eq. (5.15) the effective decay rate reverses sign at mid-cycle, and in the second half-cycle
radiocarbon is regenerated along the time-reverse of its decay curve (Fig. 2(a)). This is a reali-
sation, for a single observable, of the two-time boundary-value problems studied by Schulman
[66] and of the time-symmetric cosmologies discussed in [67-69]. In the author’s earlier analysis
of Loschmidt’s paradox on spacetimes with S' time [72], a periodic entropy with a reversal
of the thermodynamic arrow at mid-cycle was found to be the generic consequence of circular
time; the survival laws (5.12)—(5.13) are the radiocarbon expression of the same structure, with
t = T./2 the “turning point” of the arrow. An observer in the second half-cycle would measure
radiocarbon increasing in closed samples; the absence of any such observation places us, on this
view, in a first half-cycle—or, more conservatively, constrains 7, as in Table 4.

It is instructive to compare the Poincaré recurrence time of a macroscopic sample [62], which
is of order exp(N) for N ~ 109 radiocarbon atoms, with 7. In the image-sum framework re-
currence is enforced by the topology of time rather than achieved by ergodic wandering in
phase space, and occurs after exactly one period for every system simultaneously. This distin-
guishes topological recurrence from the dynamical (Poincaré) recurrence that is the subject of
Tipler’s no-go theorem for recurrence in general relativity [61]; see [70] for a treatment of exact
recurrence in general relativity and its relation to that theorem.

9.5 Cosmological cycles

For the cycles of relativistic cosmology—Tolman’s oscillating models [57], the cyclic ekpyrotic
model [58], or conformal cyclic cosmology [59]—the period is at least of order 10'° yr. Table 2
and Eq. (8.2) show that radiocarbon is completely insensitive to such cycles: the image-sum
—ATe/2 —6x10° and the conformal correction of order (t7/T,)% ~

10711, Moreover, in conformal cyclic cosmology successive aeons are joined by a conformal
M

corrections are of order e ~ e
rescaling at which massive particles, and hence radioactive clocks, do not survive, so the question
of a radiocarbon clock spanning aeons does not arise. Radiocarbon is a probe of short time-
cycles only; for long cycles one must turn to long-lived chronometers (233U, 232Th, 187Re), where
the same formalism applies with A — A;.

9.6 Limitations

Several simplifications should be recorded. (i) We have used the Breit—Wigner spectral density;
realistic densities, bounded below, produce Khalfin tails [37] which the image sum (5.7) would
also periodise, but these are utterly negligible for **C. (ii) The detuning d is unknown, and we
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have presented its extreme values; the physical age lies in the bracket (6.15). (iii) We treated a
single global period T,; a spacetime with S' time may have a period that varies between world-
lines, as in Godel-type solutions [53, 71]. (iv) Closed timelike curves raise consistency issues (the
Novikov self-consistency principle [55]) and may be forbidden by quantum effects (chronology
protection [56]); we have not addressed these, assuming only that a consistent periodic history
exists. (v) The reservoir analysis of Section 7 used a single-box or linear multi-box model; real
carbon-cycle dynamics are non-linear on glacial time scales.

10 Conclusions

We have examined radiocarbon dating on the two possible topologies of a one-dimensional time,
the line R! and the circle S*, where the circle is understood both as the quotient R/7.Z and as
the conformal compactification RP! of the time line. The main results are as follows.

1. The exponential decay law is topologically forbidden on S'. Its Floquet multi-

~ATe differs from unity, so N = —AN has no non-trivial periodic solution (Propo-

plier e
sition 4.1); more generally no strictly monotone quantity can be single-valued on a circle

(Proposition 4.2). Periodic time forces new decay physics.

2. Conformal compactification gives a chronometric age 7c = (7./7) arctan(ntr,/T.),
always younger than the linear age, saturating at 7./2, and differing from it by ~
72t3 /372, The underlying geometry is that of the PSL(2,R) action on RP! and of
Segal’s compactified Minkowski space (S x S3)/Z,.

3. Quantum decay on periodic time is an image sum. Quantisation of energy in
units of h/T, and Poisson summation turn the Breit-Wigner amplitude into Ag (t) =
S, e kB AR (t—kT,), giving the exact survival laws Fy = cosh?[\(t—T./2)/2]/ cosh?(\T../4)
(resonant) and F}jp = sinh*[A(T./2 — t)/2]/sinh*(AT,/4) (anti-resonant), which bracket
all other cases and reduce to e~ as T, — oc.

4. Closed-form periodic age equations (Table 1) show that resonant ages are older
than linear ones and do not exist below Fi, = sechz()\Tc/ll), while anti-resonant and
conformal ages are younger and bounded by T./2. The discrepancy with linear ages scales
as e~ MTe/27t0) in the image-sum frameworks and as T2 in the conformal one.

5. The difference is wide exactly when 7, is comparable to the dating horizon.
The natural width of '4C equals the level spacing h/T,. when T, ~ 27/\ ~ 5 x 10* yr. For
T. = 10° yr a single sample of linear age 38069 yr has periodic ages between 27 833 and
45873 yr; for T, = 5000 yr every conformal age is below 2500 yr; for T, > 4 x 10° yr all
chronologies agree to within decades.

6. Well-known samples. For ten iconic archaeological, biological and geological samples
(Table 3), a 100000-year cycle changes Holocene ages by at most a few per cent but
Pleistocene ages by up to 13000 yr (Lyuba mammoth: 43016 — 29722 yr conformally).
A 5000-year cycle maps the whole set into 667-2441 yr (conformal) or 104-2314 yr (anti-
resonant), with the order of the samples preserved.

7. Periodic chronology is intrinsically ambiguous and circular. Ages are defined only
up to the infinite dihedral group generated by ¢t — t+7, and ¢t — T,.—t; calibration becomes
a problem in circular statistics; and the atmospheric reservoir admits an equilibrium
without an infinite past, though time-symmetric kinetics would double the steady-state
inventory.
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8. The topology of time is testable. Agreement between radiocarbon and counted
chronologies bounds 7, > 1.5 x 10° yr in the image-sum frameworks, and 7, > 10° yr in

the conformal framework if counted years are chronometric. A multi-isotope concordance
test, exploiting the A-dependence of the periodic correction, offers a sharper probe.

Linear-time radiocarbon chronology is therefore not a theorem but a hypothesis about the
global structure of time, and one that can be tested. The formulae derived here show precisely
how, and by how much, the ages of the past would change if time were a circle.
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A Image Sums for Classical and Quantum Kernels

The two periodic constructions of the main text—the classical Green’s function (4.5) and the
quantum image sum (5.7)—are instances of one principle: a kernel k(¢) on the universal cover
R descends to S! as

ksi(t) = X" k(t —nT), (A1)
neEL

where y € U(1) is a character of 71(S') = Z. For the retarded classical kernel k(t) = O(t)e~
and trivial character y = 1,

Z Ot — nT,) e Mt=nTe) — Z e~ AtmnTe) — 1ol = Gr.(t), (A2)

nez n< I_t/TcJ

recovering Eq. (4.5). Only past images contribute, because the kernel is retarded. For the
time-symmetric quantum kernel k(t) = e~*Fot/h=Alt/2 hoth past (n < 0) and future (n > 1)
images contribute, and Eq. (A.1) with x = e~2™ reproduces Eq. (5.7). The difference between
retarded and symmetric kernels is the origin of the factor of two in Eq. (7.6).

The equivalence of Eq. (A.1) with spectral quantisation follows from the distributional Pois-

S 6(t— nTy) = Ti 3 emimt/T., (A.3)

nez ¢ mez

son formula

Convolving k with the Dirac comb and taking Fourier transforms, kg1 has Fourier coefficients
T k(wm) at wy, = 2m(m + B)/T., i.e. it is supported on the energy lattice (4.9). For the
Breit—Wigner kernel k(w) < ppw(Aw), so

27Th h m + 6 —omi(m
Aslt) = 2T ZpBw<< - )>e 2 /T, (A1)
C mEZ C

which is Eq. (5.4) with AE = h/T.. The normalisation Ag:1(0) = ) AFE p(E,,) differs from
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unity by terms of order g; this is why the survival probabilities of Section 5 are normalised by

[ Ag1(0)[.

B The Periodic Bateman Problem

For a decay chain 1 — 2 — --- — m with sources, write N = —AN + P () with

A0 0

M Ao 0
A= (B.1)

0 - —Am-1 Am

The spectrum of A is {\; }, so for distinct positive A; the monodromy e~Ae has no unit eigenvalue
and the unique periodic solution is

T. .
N(t) = / (1 — e_ATC)71 e M P(t—u)du = Z (A + iwm)_l P et (B.2)
0 mEZ

Using the spectral decomposition e % = % j et I1;, with II; the eigenprojectors, the kernel
is
—AT N1 —Au eiAju
(1—e o) e :Zmnj, 0<u<T, (B.3)
j=1

a sum of scalar periodic Green’s functions (4.5), one per mode. For constant production of the
parent only, the zero mode gives secular equilibrium ANy = ANy = --- = Py, exactly as in
linear time. For long-lived members with A\; 7. < 1 the factor (1 — e %7Te)=t &~ (\;T.) 7! is large
and the periodic solution departs strongly from its linear-time counterpart; this is the regime
relevant to U-series dating and to the concordance test of Section 9.

C Numerically Stable Evaluation

For AT, > 1 the direct evaluation of cosh(AT./4) overflows and arccosh loses precision. Writing
y = AT, /4 and using

Incoshy =y + ln(l + e_2y) —In2, (C.1)
arccoshz = Inz + ln(l +v1- :1:_2) , (C.2)

Eq. (6.7) becomes, with Inz = %lnF + In cosh y,

tgg) =15 — % {ln<1 + e_)‘TC/Q) —In2+ ln<1 +v1- x—Qﬂ , (C.3)

which involves only bounded quantities and makes the limit tgg) — tr, as T, — oo manifest

(the bracket tends to —In2 4 In2 = 0). Analogous expressions hold for tg/ %) with sinh and
arcsinh. The values in Tables 2 and 4 and in Figs. 2-4 were obtained in double precision with
these formulae; the bounds of Table 4 were found by Brent’s root-finding method applied to

‘tP(Tc) - tL| =o and t; — TC(TC) =0.
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