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Abstract

This paper presents three independent and mutually reinforcing
theoretical derivations of the Higgs boson mass within the SU(4)
vacuum-—polarisation framework. Each derivation is physically mo-
tivated, mathematically explicit, and avoids circular reasoning. The
first derivation is the Coulomb—Yukawa vacuum polarization absorbed
energy redistribution method, in which the scalar mass arises from the
curvature of an effective potential generated by fluctuations in the elec-
tromagnetic partition between long-range Coulomb and short-range
Yukawa channels. The second derivation is a two—channel SU(4) bind-
ing analysis in which the Higgs is the lowest scalar eigenmode of a
neutral/charged weak—boson bilinear system. The third derivation is
an SU(2) spectral method based on representation weights of the com-
pressed SU(2) vacuum. All three approaches converge on My ~ 125—
126 GeV. The agreement among these methods strongly supports the
interpretation of the Higgs boson as a composite excitation of the
SU(2) vacuum.

1 Fields as Representations of Symmetry
We postulate a compact gauge group G with Lie algebra g. Physical fields

carry representations of G.
Matter fields:

Y(x) € Vg,



where R is a (possibly reducible) representation of G.
Gauge fields:

AM('I) = A:LL(x)Ta S g,
with generators T% obeying

1
[T, T = if™eTe,  Te(T"T") = 56,

The covariant derivative is
D,=0,+ igAZTa.

For G = SU(4), we take the fundamental representation on C*, with 15
generators T and structure constants .

2 Action from Field Strength and Current

Dynamics is determined by an action functional built from field strength and
gauge—invariant current.
The field strength is

FIW = E[D/MDV] = FEVTG’
g
with components

F, = 0,4, —0,A, + gf“bCAZAf,.
The Yang—Mills—Dirac action is

4=

Local gauge transformations:

S = /d4x {—EF“ F 4+ 4p(iy" D, — m) | .

Y(z) = Ul)p(r),  Auz) = U(@)A (@)U (2) - g(auU(x))Ul(l‘)’

with U(z) € G.
Gauge invariance forbids explicit mass terms
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1 2 fa Aa
ALmuss = 5 MP AL A,

since they are not invariant under local U(x).

3 Vacuum Polarisation Origin of Screening
and Running
The vacuum responds to sources via virtual excitations. For a gauge bo-

son coupled to a Dirac fermion in representation R, the one—loop vacuum
polarisation tensor is

1 (q) = — 20(3)5ab/ LI . !
wAd) = =9 (2m)* %k:—m%k—kq—m ’

where C'(R) is the quadratic Casimir of R.
Gauge invariance implies transversality:

¢ (q) =0 = T2 (q) = (quv — ¢gu) (") 0.

The corrected propagator is

ab —? 4udv ab
D20 = iy (o~ %)

In the Abelian limit G = U(1), the static potential V' (r) and propagator
D(k) are related by a Laplace transform. The Laplace transform using the
Coulomb field potential V,. = 1/r gives a propagator which doesn’t contain
a mass term: Vi = 1/k?. The screened potential V, = (1/r)e™™" gives V}, =
1/(m + k)%, Myacuum = [(a/k?)(k + me)/(k* + m2) d*k = (const) In(A/m.).

Thus:

e Coulomb potential V(r) = 1/r = massless propagator 1/k? non—
running bare mass contribution.

e Screened (Yukawa) potential V(r) = (1/r)e™™" = propagator 1/(k +
m)?, logarithmic running contribution.

This is the mechanistic basis for the field energy split between long-range
Coulomb and short-range screened sectors, originating at the IR cutoff range.



4 Non—Abelian Structure: SU(2), SU(3), SU(4)

For non-Abelian G, gauge bosons self-interact via the f%¢ term in Fg,. Vac-
uum polarisation receives contributions from both fermion loops and gauge
boson loops.

The one-loop f—function for a simple gauge group is

3
g 11 4
= — — — -T(R)N
Bl0) =~ |5 Cal6) - 3TN .

where C3(G) is the quadratic Casimir of the adjoint, T'(R) the trace
normalisation of R, and Ny the number of fermion flavours.

For G = SU(4), we consider a real-form chain

SO(3,3) ~ SU(4) 5 SU(3) x U(1)g D U(2) > SU(2) x U(1)y,
interpreting each subgroup as a vacuum sector:

e SU(3): colour,
e SU(2): weak,
e U(1)y: hypercharge,

e U(1)g: gravitational/cosmological sector.

Each sector has its own vacuum polarisation function I1(¢?) and effective
propagator, but all are projections of a single SU(4) vacuum.

5 Scalar Modes of the Vacuum: Mass with-
out Ad Hoc Higgs

Gauge invariance forbids explicit gauge boson masses, but vacuum polarisa-
tion modifies the vacuum energy as a functional of the polarisation density.
We define a scalar field h(z) as a collective coordinate for fluctuations of
the SU(2) vacuum polarisation density. Formally, h parametrises a mode in
the functional space of sy (2)(g?).
Integrating out fast modes yields an effective scalar action



Se[h] = /d4x B(aﬂh)2 - V(’l)] :

with

1
V(h) = _E“W + AR 4
Here:

e /2 arises from the second functional derivative of the vacuum energy
with respect to the polarisation density,

e ) is fixed by SU(2) representation geometry and mixing angles.
In the Higgs mass derivation, we write

A\ = cAa sin? by, c=2,

where Aq is the fraction of electromagnetic coupling residing in the short—
range sector:

Aa =1 — agow =~ 0.9927.

The scalar mass is

M3 = 2\0?, v =246 GeV,

SO

My ~ 125 GeV.

Thus the Higgs boson is interpreted as the lowest scalar mode of the com-
pressed SU(2) vacuum, a composite excitation of the vacuum polarisation
structure, not an ad hoc field inserted by symmetry breaking.

6 SU(4) Vacuum as Unifying Principle
We summarise the reconstruction:

1. All fields are representations of SU(4) or its real forms.



2. Dynamics arises from SU(4) connections and curvature.

3. Vacuum polarisation in each sector (SU(3), SU(2), U(1)y, U(1)q) de-
termines effective couplings and masses via I1(¢?).

4. Scalar modes of the vacuum polarisation functional yield composite
Higgs—like excitations with calculable masses.

5. Gravity and cosmology are encoded in the SU(4) — SO(3, 3) real form
and its vacuum energy structure.

This provides an axiomatic, mechanistic gauge field theory in which the
Higgs mass and other observables emerge from SU(4) vacuum polarisation
rather than from arbitrary symmetry breaking potentials.

7 Vacuum Polarisation in the SU(2) Sector

We now compute the vacuum polarisation tensor for the SU(2) gauge bosons,
extract the scalar mode corresponding to fluctuations of the polarisation
density, and derive the effective scalar potential.

7.1 One-Loop Polarisation Tensor

For SU(2) gauge bosons W coupled to fermions in representation R, the
one—loop vacuum polarisation tensor is

ik Tr{ 1 1 O

I4(0) = ~*CR) 8" [ e
Gauge invariance enforces transversality:
¢TI, (q) = 0, (2)
so the tensor decomposes as
1050(@) = (490 — ¢°9r) TL(g%) 6. (3)
The scalar function II(¢?) is obtained by contracting with g":

1

I(q%) = 3 9" ,u(q). (4)
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Evaluating the loop integral gives the standard form

II(¢%) = %; [%OQ(G) 1n(:1—2) — %T(R) 1n<:1—22> + - } : (5)

where C5(G) = 2 for SU(2) and T'(R) = 1/2 for the fundamental representa-
tion.

7.2 Vacuum Polarisation Density

Define the SU(2) vacuum polarisation density
p(q*) = 11(q"). (6)
The vacuum energy functional is
1
Bl = [dag o+ @

where the omitted terms include gauge boson self-interactions and higher—
order corrections.

The weak scale corresponds to strong vacuum compression, so we expand
around the equilibrium polarisation density pq:

p(¢*) = po(q®) + h(q?), (8)

where h is the scalar fluctuation mode.

7.3 Scalar Mode Extraction
The scalar field h(z) is defined by the Fourier transform

ba) = [ ot ). ©

Expanding the vacuum energy functional to quartic order in h gives

1
E[h] = E[po] + §u2 /d4:c h*(x) + )\/d4a: () 4, (10)
where §’E 1 6*E
2
p= = , = 57 (11)
0p% | =y Al opt |,



7.4 Quartic Coupling from SU(2) Geometry

The quartic coupling arises from the SU(2) representation structure. The
scalar mode corresponds to the SU(2) weight ¢ = 2, so the quartic coupling

is
A = cAa sin Oy, (12)

where A« is the fraction of electromagnetic coupling residing in the short—
range screened sector:

Aa =1 — qpw ~ 0.9927. (13)
Thus
A= 2 x 0.9927 x sin? y ~ 0.106. (14)

7.5 Scalar Mass

The effective scalar action is

Selh] = / iz B(aum? _ %Mzhﬁ _nd| (15)

The vacuum expectation value is

12
v =1/ o= 246 GeV, (16)

M3, = 2\0?, (17)

so the scalar mass is

giving
My ~ 125 GeV. (18)

This completes the explicit derivation of the Higgs boson mass as the
lowest scalar excitation of the compressed SU(2) vacuum.

8 SU(4) — SU(2) Projection and Scalar Spec-
trum

We now embed the SU(2) vacuum polarisation scalar mode into the full
SU(4) gauge structure and derive the scalar spectrum as projections of SU(4)
representation content.



8.1 SU(4) Lie Algebra and Decomposition
The Lie algebra su(4) has 15 generators T4, A =1,...,15, with

(T4, TP) = ifAPCTC  To(TATP) = %5/43. (19)
We choose a subgroup chain
SUM4) D SUB)xU(l)g D SU(2) x U(1)y, (20)
and decompose the adjoint representation 15 under SU(2) x U(1)y:
15 —-30P92,1P2 1D 1D 39D 1. (21)

The 3y component corresponds to the SU(2) weak triplet (W, W~ Z),
while the singlets 1o correspond to neutral U(1) sectors.

8.2 Vacuum Polarisation in SU(4)

The SU(4) vacuum polarisation tensor is

1127 (q) = (quav — ¢ gw) TP (¢%), (22)
with
AB 2) _ gﬁ% C (G) 5ABI A_2 + (23>

where g4 is the SU(4) coupling and Cy(G) = 4 for SU(4).
Projecting onto the SU(2) subalgebra generated by 7% a = 1,2,3, we
obtain

I5(9) = (9u9r — 4 G) Usui)(a°) 0%, (24)
with
su(2)(¢%) = P§he 1°(¢7), (25)
where Pgp 2y is the projector onto the SU(2) subspace.



8.3 Scalar Modes from SU(4) Representation Content

Scalar excitations correspond to gauge—invariant combinations of bilinears in
the gauge fields. For SU(4), the simplest Lorentz scalars are

By~ Te(F) F*), By~ Te(F, ), (26)
and bilinears of vector fields
Sap ~ ALAPH, (27)
Projecting onto the SU(2) sector, the relevant scalar combinations are
Sw ~ WIW=*, Sy~ 2,7", (28)
and mixed SU(4)-SU(2) combinations
Sz ~ A PGl AP, (29)

The scalar spectrum is obtained by diagonalising the effective mass matrix
in the space spanned by {Sw, Sz, Si2, ... }.

8.4 Effective Scalar Hamiltonian

Define the scalar basis
1Sw), 1Sz), [S4), ... (30)
with effective energies
Ew = 2My — Eping(WW), E; =2My — Eyina(Z22), (31)
and SU(4)-induced mixing
Awz ~ (Sw|Hin|Sz), Agw ~ (Sy|Hing|Sw), ete. (32)
The scalar Hamiltonian in this basis is

Ew Awz Aw
Awz Ez Asyz -
Ha= | Ay Ay By - |- (33)
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Diagonalising H.g yields eigenvalues
Mg, i=12,..., (34)

corresponding to scalar masses.
The lowest eigenvalue Mg, is identified with the Higgs mass

Mg, = My ~ 125 GeV, (35)

while higher eigenvalues correspond to heavier composite scalar modes of the
SU(4) vacuum.

8.5 Counsistency with SU(2) Scalar Mode

The SU(2) scalar mode h(z) derived in Section 2 corresponds to the projec-
tion of the lowest SU(4) scalar eigenvector onto the SU(2) sector:

h(z) ~ (Ssu()|Sh), (36)

where |Sgy(2)) is the SU(2) scalar basis vector.
Thus the Higgs boson is simultaneously:

e the lowest scalar excitation of the compressed SU(2) vacuum (Sec-
tion 2),

e the lowest scalar eigenmode of the full SU(4) scalar Hamiltonian pro-
jected onto SU(2).

This embeds the Higgs mass derivation into the SU(4) vacuum—polarisation
framework and predicts a tower of heavier scalar composites associated with
higher SU(4) scalar eigenmodes.

9 Two—Channel SU(4) Binding Hamiltonian

We now construct the explicit two—channel SU(4) scalar binding Hamilto-
nian, in which the Higgs boson appears as the lowest scalar eigenmode of a
neutral /charged weak—boson bilinear system.
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9.1 Scalar Channels from Weak Boson Bilinears

In the SU(4) vacuum—polarisation framework, the weak bosons Wj and Z,
are excitations of a compressed SU(2) vacuum. The only Lorentz—scalar
bilinears of spin—1 fields are

Sy~ Z,20, Sy~ WEW (37)

These are automatically spin—0 because they contract vector indices. We
define the two scalar channels

1S5) ~ Z 2 |Sw) ~ W, (38)

Each channel has an effective scalar energy
E; =2My — Eyina(Z22), Ew = 2My — Eping(WW), (39)
where Fuina(ZZ) and Eyina(WW) are binding energies induced by SU(4)

vacuum polarisation.

9.2 Neutral Binding: Pure SU(2)

The neutral channel couples only to the SU(2) vacuum. Its binding energy

1S
Ebind(ZZ) = kZ gg Mweaka (4())

where kz is an SU(2) Casimir/overlap coefficient and M is the weak scale.
Using independently postulated SU(4) binding energies, we have

Eyma(Z2) ~ 57 GeV, (41)

which yields
kz ~ O(1), (42)

consistent with SU(2) geometry.

9.3 Charged Binding: SU(2) + U(1)
The charged channel couples to both SU(2) and U(1). Its binding energy is

EoindaWW) = Eyina(ZZ) — AER), (43)
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where the electromagnetic correction is

A-E’EM = kEM Qem(MZ) Mweak-

Using
Ebind(WW) ~ 35.7 GeV,

we obtain

kgn ~ O(10),

consistent with U(1) charge/mixing traces.

9.4 Two—Channel Scalar Hamiltonian

In the basis {|Sz),|Sw)}, the effective scalar Hamiltonian is

_(Ez A
Heff - <A EW> )
where A is the mixing induced by SU(4) geometry:
A ~ (Sz|Hpnt|Sw)-

The eigenvalues are

_ Ez+Ew

My 5

1
+ 5\/(EZ — Ey)? + 4A2,
The lower eigenvalue M_ is identified with the Higgs mass:

MH =M_.

9.5 Numerical Evaluation

Using
Ey; ~2My; — 57 GeV, Eyw ~ 2My, — 35.7 GeV,
with
My, = 80.379 GeV, My = 91.1876 GeV,
we obtain

E7 =~ 1254 GeV, Eyw ~ 125.1 GeV.
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For modest mixing A, the lower eigenvalue is
My =~ 125 GeV. (54)

Thus, in the SU(4) vacuum—polarisation framework, the Higgs boson is
the lowest scalar eigenmode of a two—channel neutral/charged weak—boson
bilinear system, with its mass fixed by SU(2) and U(1) binding energies and
SU(4) mixing.

10 Spectral SU(2) Weight Derivation of the
Higgs Mass

We now derive the Higgs mass from SU(2) representation weights of the
compressed weak vacuum, using a purely spectral argument.

10.1 SU(2) Vacuum Modes and Weights

Above the weak infrared cutoff, the SU(2) vacuum supports three massive
vector modes:

Wt oW, Z (55)
We assign SU(2) spectral weights

wW)=2,  w(Z)=3, (56)

reflecting their effective coupling to the compressed vacuum.
Masses scale with a common vacuum—compression scale A:

MW = G,A, MZ = bA, (57)

with a, b determined by the observed My, M.

10.2 Scalar Weight and Mass Relation

The scalar Higgs mode corresponds to a two—boson state with total weight
w(H) =2a+0, (58)
and we identify the scalar weight as

c=w(H)=2. (59)
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The simplest linear spectral relation consistent with SU(2) geometry is
2Mpy = 2Mw + M. (60)

This can be viewed as the statement that the scalar mode sits at the
centre of the SU(2) spectral distribution of the vector modes.

10.3 Numerical Prediction

Using the measured values

My = 80.379 GeV, My =91.1876 GeV, (61)
we obtain
OMy = 2My + My = My = w (62)
Numerically,
My — 2 x 80.379 +91.1876 GV ~ 126 GoV. (63)

2
10.4 Consistency with Vacuum Polarisation and Bind-
ing
This spectral SU(2) weight derivation yields
My ~ 126 CeV, (64)
in close agreement with the vacuum-—polarisation scalar mode result
My ~ 125 GeV, (65)

and with the two—channel SU(4) binding Hamiltonian.
Thus, three independent methods:

1. SU(2) vacuum polarisation scalar mode,
2. SU(4) two—channel weak—boson binding,
3. SU(2) spectral weight relation,

all converge on My ~ 125-126 GeV, supporting the interpretation of the
Higgs boson as a composite scalar excitation of the SU(2) vacuum in the

SU(4) framework.
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11 Conclusion

Three independent derivations—energetic, two—channel SU(4) binding, and
spectral—all converge on My ~ 125-126 GeV. Each derivation is physically
motivated, mathematically explicit, and avoids circular reasoning. The agree-
ment among these methods strongly supports the interpretation of the Higgs
boson as a composite excitation of the SU(2) vacuum.
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