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Abstract

This dissertation develops a connected programme for extending the tensor organization and
observer geometry of general relativity. Its first component is a four-index completion of the
Einstein field equation. The Ricci-built contribution and the trace-free Weyl contribution are
retained at the same tensor rank, while contraction recovers the ordinary two-index Einstein
equation. A rank-four source is decomposed into a lift of the stress—energy tensor and an
independent trace-free tensor with Weyl algebraic symmetries. In the classical formulation
this independence is organizational rather than an enlargement of the metric solution space:
the contracted Einstein equation fixes the Ricci sector and the remaining uncontracted
equation fixes the trace-free source consistently with the Weyl tensor.

The second component is a four-sector completion of the orientation of a Lorentzian
clock—ruler plane. The four connected non-null domains share the same null boundary and are
labelled by the phase cycle 1,1, —1, —i. Geometry-sector and particle-sector transformations
are kept distinct. Ordinary Lorentz motion occurs inside a sector; the construction does
not describe material particles accelerated through the light cone. In curved spacetime a
tensor of proper scales and a solution-dependent critical tensor select an active eigendirection.
Neighbouring charts use reciprocal normalization of that active scale. Schwarzschild, Kerr,
Lemaitre-Tolman—Bondi and spatially flat FLRW examples test curvature and geodesic
distance in these charts. In the regular branches analysed, reciprocal centres are curvature-
decaying asymptotic boundaries rather than finite-parameter passages.

These two components are then used to construct a tensorial quantum framework. Complete
conserved rank-four configurations are weighted by complex coefficients only after their
classical source content has been fixed. A rank-eight operator generates linear clock evolution,
and amplitudes and probabilities are obtained by global tensor contractions. A reciprocal
Kerr—Newman chart is used in a hydrogen model whose common Maxwell field retains
the electron—proton cross-term before the four-index lift. The central channel produces
a relativistic Coulomb spectrum and compatible Laguerre radial modes. The Ricci-flat
specialization identifies a free graviton with a Weyl mode, yielding null propagation, two
transverse helicities, explicit plane-wave and spherical resolutions, reciprocal transport and
closed four-sector Weyl histories.

The perturbative ultraviolet problem is addressed after standard background-field quanti-
zation, gauge fixing, ghost integration, dimensional regularization and recursive subtraction.
Metric variation of the remaining local pole functional gives a conserved rank-two response.
Internal sector maps cancel on contracted graviton indices, while the two free covariant indices
retain the character (—1)*. Within the proposed complete-orbit projector, the invariant local
ultraviolet source therefore vanishes order by order. This statement applies to the local pole
response; tree-level Einstein dynamics and finite local and nonlocal loop terms are retained.

Finally, the programme is embedded in a pseudo-Kéhler spacetime with SU (m, n) symmetry.
A real Lorentzian observer is represented by an admissible antiholomorphic involution.
Realification and the Gauss equation show that projection of complex Bochner curvature to
observer Weyl curvature requires explicit extrinsic and Ricci-compatibility conditions. The
resulting synthesis connects the four-index field equation, four-sector observer atlas, null
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perspective, tensor quantum carrier, worked gravitational and atomic sectors, and ultraviolet
projector while making their logical status and outstanding consistency tests explicit.



Central thesis and research
questions

Central thesis. Einsteinian curvature can be represented by a divergence-free rank-four
field equation that preserves the ordinary two-index classical solutions while retaining the
trace-free curvature sector explicitly. When this completion is combined with a four-sector
orientation atlas, the same tensor hierarchy can organize reciprocal regular charts, null and
helicity-two radiative states, a tensorial spectral construction and a four-sector projection of
local ultraviolet pole sources. The entire hierarchy admits a proposed SU(m,n)-symmetric
pseudo-Kahler embedding whose observable sector is a real Lorentzian projection subject to
stated compatibility conditions.

The dissertation addresses five questions. First, can the full Riemann decomposition be
paired with a rank-four source so that contraction recovers Einstein’s equation and the uncon-
tracted equation remains divergence free? Second, can one invariant light cone support four
observer-orientation sectors without introducing physical faster-than-light particle motion?
Third, can reciprocal active-scale charts remove curvature-divergent extrapolations in explicit
general-relativistic geometries while retaining the original field equations? Fourth, can the
complete rank-four carrier support a linear tensor quantum construction reproducing worked
graviton and hydrogen sectors? Fifth, can a complete four-sector projector annihilate the
local ultraviolet pole response after conventional perturbative renormalization steps have
been performed?
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Logical status of the principal claims

Algebraic reformulation.
The real four-index equation and its contraction are presented as a completion of tensor
bookkeeping, not as an additional classical field equation. Its equivalence claim can be
checked directly by contraction and curvature decomposition.

Geometric model prescription.
The four-sector and reciprocal-scale construction adds an atlas and a rule for selecting
active charts. Its regularity claims are conditional on the selected chart, metric domain,
curvature invariants and geodesic analysis.

Physical hypotheses.
The null perspective, coexistence postulate and interpretation of complete tensor states
are hypotheses. They require operational predictions that distinguish them from
standard formulations.

Worked results within the framework.
The hydrogen spectrum, graviton modes, reciprocal black-hole/cosmological geometries
and ultraviolet projection are deductions within the stated assumptions. They are not
independent experimental confirmations of those assumptions.

Unification proposal.
The SU(m,n) construction is a candidate common geometry. The observer projection
is valid only when the real-form, extrinsic-curvature and Ricci-compatibility conditions
stated in the relevant chapter hold.
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Notation and conventions

Greek indices denote spacetime components unless a chapter explicitly introduces complex
holomorphic and antiholomorphic indices. The number of real spacetime dimensions is denoted
by n in the four-index derivations and is set to four in the principal physical applications.
The gravitational coupling is k = 87G/c* unless a perturbative chapter uses /ig = 327G.
The Weyl tensor is Cqpp., the trace-free source is Ty,3,, and the source sign follows the
convention explicitly stated in each incorporated manuscript. Developmental appendices
preserve their original conventions; they are not silently rewritten into a false uniformity.

The sector label belongs to Z4. Geometry and particle labels are distinguished by n, and
sx, with total readout Nx = ng + sx (mod 4). The phase i" records orientation in the
extended coframe; it is not an assertion that measured coordinates or physical proper time
are imaginary. Repeated indices are summed, the metric signature follows the local source
chapter, and all changes of convention are declared where they occur.
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CHAPTER 1

Research Programme and
Dissertation Architecture

1.1 Motivation

The Einstein equation relates a rank-two curvature contraction to a rank-two material source.
This is sufficient to determine the metric dynamics of general relativity, but it hides the
trace-free part of the Riemann tensor when the equation is read only after contraction. The
first aim of this research programme is to retain the Ricci and Weyl sectors together in one
rank-four equation while preserving the established rank-two theory under contraction.

The second aim begins from the invariant null set. A Lorentzian time-space plane has
four connected non-null orientation domains separated by the same two null directions. The
proposed four-sector atlas completes these orientations and treats the active clock direction
as chart data. The extension is expressly separated from superluminal material motion: a
massive particle remains timelike inside its own sector, while the sector label records which
non-null orientation supplies the local clock.

The third aim is constructive. The rank-four source is used as the carrier of a tensor
quantum model; reciprocal charts are tested on black-hole, inhomogeneous and cosmological
metrics; the Ricci-flat trace-free sector supplies a graviton model; and the sector orbit is
applied to the local ultraviolet response obtained after conventional perturbative subtraction.
A pseudo-Kéhler SU(m,n) geometry is then proposed as the common complex arena from
which a real Lorentzian observer projection is obtained.

1.2 Method

The work is analytical. It uses curvature decomposition, differential identities, tensor con-
traction, generalized eigenvalue problems for proper scales, exact coordinate and coframe
transformations, curvature invariants, geodesic and affine-parameter tests, stationary spectral
constructions, null-tetrad decompositions, and background-field effective-action methods.
Worked examples are used as internal consistency tests. They do not replace external empirical
validation.

This dissertation is organized as a thesis by integrated manuscripts. Every scientific
section and displayed formula from the supplied LaTeX sources is retained in a corresponding
chapter or archival appendix. Bridge chapters add a common thesis statement, a hierarchy of
claims, a reconstructed regular four-index FRW example, an integrated discussion and an
explicit record of Al assistance. Repetition is reduced in the synthesis but retained inside
source-derived chapters when needed for a self-contained derivation.
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1.3 Order of argument

Chapter 2 establishes the rank-four formulation. Chapter 3 develops the four-sector Lorentz
atlas and reciprocal normalization. Chapter 4 isolates the null-state interpretation. Chapters 5
and 6 construct the tensor quantum and free-graviton sectors. Chapter 7 applies the
complete sector orbit to local ultraviolet pole responses. Chapter 8 gives the pseudo-Kéhler
SU(m,n) embedding. Chapter 9 supplies the additional regular FRW reduction. Chapter 10
evaluates the combined claims and states the unresolved tests. The appendices preserve early
formulations and thereby document the development of notation and interpretation.



Part 1

Four-Index and Four-Sector
Foundations



CHAPTER 2

Four-Index Completion of the
Einstein Field Equation

Source and status. This chapter incorporates the complete scientific body of Four Index
Formulation of Finstein Field Equations in Real and Complex Spacetime, v9 (2026). Its role
in the dissertation is: Core rank-four construction in real and complex spacetime. Repeated
definitions are retained where they are required for a self-contained derivation; the synthesis
chapters distinguish reformulations, model-dependent results, hypotheses and open claims.

Chapter abstract

Tn this work I present a four index formulation of Einstein field equations [24]. The purpose
of the construction is to keep the Ricci-built and trace-free curvature sectors explicit at the
same tensor rank and to represent the complete curvature information without changing the
classical content of Einstein gravity. The source side contains the ordinary stress—energy
contribution lifted to rank four together with an independent trace-free rank-four field having
the algebraic symmetries and algebraic degrees of freedom of the Weyl tensor. This field is
treated as an independent variable when the rank-four equations are solved. The paper shows
that these tensorial degrees of freedom do not introduce new field equations, new classical
information, or new metric solutions relative to the ordinary two index Einstein theory. The
two index equations determine the Ricci-built rank-four sector, while the Bianchi identities,
local conservation, and the complete four index equation fix the trace-free sector consistently
with the Weyl curvature. The same tensorial construction is also developed for complex
Kahler spacetime [25] [26].

2.1 Einstein field equations

2.1.1 Einstein tensor

Einstein tensor is basis of General Relativity [24], from it arises left side of field equations
that connects matter field represented by stress momentum tensor [24] with geometry part.
That geometry part is just Einstein tensor that comes from Bianachi identities [24]. It can
be written as:

1
G/,LV = R/,LV - §g,ul/R (21)

It’s most important property is that is divergence free [24] so that:

VHG =0 (2.2)
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It connects to left side of equations where stress momentum tensor [24] is present.

2.1.2 Stress momentum tensor

Matter sources in General Relativity [24] are all coming from right side of equation that is
stress momentum tensor [24] T},,. Units of stress momentum tensor are energy density so
from it follows that on left side of equation I have units of curvature that is length to power
minus two, thats why if field equations [24] I need to use Einstein constant that is equal to:

_8nG

K= (2.3)

Another crucial property of stress momentum tensor is that as on left side I have divergence
free tensor , stress momentum tensor is divergence free meaning that matter fields are
conserved locally. It means that divergence of stress momentum tensor is zero [24]:

VAT =0 (2.4)

2.1.3 Field equation

That finally leads to field equation that I will call in this work a two index field equation,
that is just ordinary Einstein field equation [24]:

G = KTy, (2.5)

The idea behind this work is to write the same gravitational content at rank four so that
the part constructed from the Ricci tensor and the trace-free Weyl part remain explicit in
one equation. On the source side, the tensor constructed from 7}, is supplemented by an
independent trace-free field Twﬁy. This field is not defined as the Weyl tensor divided by
the Einstein constant. It is introduced with the algebraic symmetries of the Weyl tensor
and is treated as an independent rank-four unknown when the equations are solved. The
construction will show that the ordinary two index Einstein equation determines the Ricci-
built rank-four sector and that the remaining trace-free part of the complete equation then
fixes Twﬂy. Therefore the four index form contains the same classical information and the
same metric solutions as the two index Einstein equation, while preserving the trace-free
curvature information explicitly.

2.1.4 Cosmological constant

Two index equations used today have additional term [24], that term is cosmological constant
or energy of empty space A it modifies field equations by adding term with it to field
equations [24]:

G,ul/ + Ag,uu = /fT,uu (26)
In vacuum it will lead to:

Guw = —Agu (2.7)
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That solutions will be either de Sitter or anti-de Sitter [24] spacetime depending on sign of
cosmological constant.

2.2 Four index Einstein tensor

2.2.1 Ricci part

Riemann tensor [24] can be decomposed into Ricci and Weyl parts:

1
Rappy = Cappy + —— (Rapguw = Ravgpu + Ruwvgap — Rugav)

2

1

D m-2) (9aBIuw — Javgpu) R (2.8)

This decomposition gives after contraction exactly Ricci tensor as part with Weyl vanishes

when contracted as it’s trace free for all indexes combinations. So isolating Ricci part but

adding part that will after contraction reduce exactly to one half of Ricci scalar times metric
tensor I will arrive at:

1

m (Raﬁguu - Raugﬁu + Ruugaﬁ - R,Bugau)

) (ga,@gul/ - gaz/gﬁu) R (2.9)

1 1
) (gaﬁg,uzl - gaugﬁu) R — m

" (n=1)(n—2

I can sum terms with Ricci scalar and will arrive at final expression for first component of
four index Einstein tensor:

- 1
Rauﬁu = j (Raﬂgm/ - Raugﬁu + Ruugaﬁ - R,Bugal/)
n
- « v — Yav R 2.10

2.2.2 Divergence of Ricci part

From it follows that I can write divergence of this component with respect to first index
where I will use Bianachi identities for same indexes of Ricci tensor and divergence index so
index a to make equations simpler:

Vo Roup = VRapguw — V*Ravgpu + VR — VuRg,)

1
n—2(

2(n—1)(n—2) (9 V5 = 95uVv) R (2.11)

o 1
V@ Rappy = —— (VR — Vi Rgp)

(guuvﬂ - g,B,uvl/) R+ (g;wvﬁ - g,@uvu) R (2'12)

2(n—2)
1
2(n—1)(n—2)

" 2(n—1)(n—2)

o 1
\Y% Raﬂﬁy = m (VIBRMV — VVRB#) — (gWVB — gguvl,) R (2.13)
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Taking out common denominator I will arrive at final expression:

- 1 1
a _ V. Rs) — gV — , 2.14
v Ra,uﬁl/ n—2 ((vﬁRu V Rﬁ,u) 2 (n o 1) (gM VIB gﬁuv )R) ( )
2.2.3 Weyl part
Weyl [24] part divergence is equal to:
Voo —”_3((VR Yy Rp) - —— (g — V)R) (2.15)
aufy = Ty Blouy vitgy, 2(n—1) GuvVp — 9u Vv .

This means that they differ only by a constant n — 3, from it follows to create a field equation
I need first to take that constant and divide Weyl tensor by it. Then whole tensor has to be
divergence free, from it follows that I will take Ricci part and subtract Weyl dived by that
constant:

~ 1

Ra#ﬂy - mcauﬂy (216)

2.2.4 Four index Einstein tensor

Last expression is just four index Einstein tensor, it all properties of being divergence free
and it’s contractions lead to two index equations. This tensor can be written:

1

Gy = Ry — ——
apfy apfy n

— Coysi (2.17)

2.3 Four index energy tensor

2.3.1 Matter part

I can use same form as in Riemann decomposition into matter part of total energy tensor.
This tensor will reduce to stress momentum tensor so I can write it:

(Taﬁguu - Tal/gﬁu + T,Lu/gocﬁ - Tﬂugaz/)

1

NCERICED)] (9apguv — Gawgpu) T (2.18)

Tau,Bu = i

Now key property is to calculate divergence of this tensor with respect to first index as before,
I can use property that stress momentum tensor is divergence free:

1

~ 1
T, = — Tw—Vi,15,) — ————F—— (Vs — )T 2.1
VToppy = 5 (VT = ViTpu) 1) (n=2) (90 Vs — 91V v) (2.19)
Taking out common denominator:
- 1 1
AV Tauﬂu = m ((nguy — VZ’TBM) — m (gw,V5 - gguv,,) T> (220)

That is exactly propagation equation [24] from two index equations, where it does differ by
same constant.
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2.3.2 Trace-free energy part

The second part of the four index source is an independent tensor field T appy- It is introduced
independently of C,,3, and has the same algebraic symmetries as the Weyl tensor:

Ta,uﬂu = _Tyaﬁua Tauﬁzx = _Ta,ulzﬁa (221)
Ta,u,Bu = Tﬁua,uy Ta[u[o’u] =0, (2'22)
9 Ty = 0. (2.23)

Consequently it has the same independent algebraic components as a Weyl tensor. In n
dimensions their number is

N, = n(n + 1)(n1—2|— 2)(n — 3) ’

(2.24)

which gives ten independent algebraic components in four dimensional spacetime. These
are the tensorial degrees of freedom of ngy used when solving the rank-four field equation.
They are not additional physical degrees of freedom beyond the two index Einstein theory,
because the complete equations determine them from the same Einstein solution, as shown
in Sec. 2.4.7.

Its divergence is fixed by the matter sector with the same dimensional factor that relates

the Ricci-built tensor to the Weyl divergence:

I n—3 1
V Tauﬁu = n — 2 ((ng’uV - V,,Tgu) - m (g,ng - gﬁuvy) T) . (225)

This equation is an equation for the independent field ng,,; it is not a definition in terms of
curvature. Together with the Weyl symmetries it specifies how the trace-free source sector
enters the four index system. The complete field equation then removes any additional
divergence-free contribution and gives the unique trace-free sector compatible with the two
index Einstein equations.

2.3.3 Four index energy tensor

Putting this all in one equation and one tensor I will use same logic from before so I arrive at
total energy tensor:

A

~ 1
Ta,uﬂv = Ta,u,Bz/ - mTauﬁu (226)

This tensor is divergence free together with the geometric side. It contains the lifted stress—
energy part and a trace-free part that is paired with the Weyl sector of curvature.

2.4 Four index field equations

2.4.1 Equation

Combining the geometric and source tensors gives the four index field equation:

Gappr = KL oupy- (2.27)



2.4. Four index field equations 9

The equation is divergence free:
VaGa#g,, = KVO‘T&#BV = 0. (2.28)
Its contraction gives the ordinary two index Einstein equation [24]:

gaﬁGaHﬂV = K'gaBTozpﬂl/a (229)
G/u/ = /iT[,LV’ (230)

The rank-four equation contains two complementary algebraic sectors. The Ricci-built part

gives

Ropupy = KT oupu, (2.31)
and the trace-free part gives

Coppr = KT uppy (2.32)

The second equation is not the definition of T appv- The field is introduced independently in
Sec. 2.3.2 and is one of the rank-four unknowns. The equality is obtained when the complete
field equation is solved. Sec. 2.4.7 shows explicitly that the two index Einstein equation fixes
the entire Ricci-built rank-four sector and therefore leaves no additional classical information
for the independent trace-free source field beyond the Weyl sector of the same Einstein
solution.

2.4.2 Adding cosmological constant

I can add back to equations part with cosmological constant [24] it will be term with metric
tensors and scalar, I can write that term:

1
n—1

(guugaﬁ - gﬁ,u,gow) A (233)

So final field equations are:

1
Gauﬁl/ + m (g,ul/goz/ﬁ - Q,Bugcw) A= “Tauﬁu (2'34)

If cosmological constant [24] is just a fixed number it’s divergence vanishes but if not, it has
to fulfill this equations:

(g,ulza,b’ - gﬁuau) A=0 (2.35)
And from two index equations it needs to vanish when contracted so it leads to:
OA=0 (2.36)

It shows that it has to be a constant number that does not change with any spatial or a
temporal direction. Otherwise equations will be not divergence free in both four index and
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two index [24]. After contraction it will just lead to standard form two index equation [24]:

G + guw = KT}, (2.37)

2.4.3 Action formulation of equations

I can formulate field equations in as action [28] , derivation was already done in this paper [28§],
where there is same structure of field equations used. After adding tensors I will arrive at
starting with gravity field:

2I<LC / \/79&/89 ( oapBy T Aauﬁu) dPx (2.38)

Where those tensors are defined as before so:

- 1
/\/ gaﬁg,ul/( apfyv —

C _ -
apfr + n

— (9uw9ap = 9pugor) A) dPx (2.39)

n—3

2/<cc

Now matter field part behaves same way but without term with Einstein constant [28]:

1
M= / V=99°% " T o5, dPx (2.40)

That can be expanded:

~ 1 .
= —— / A\/ — gaﬁ Ky ( Q}Lﬁlj — HTaﬂﬁy) dDX (241)

Adding them both into one integral [28]:
1 v
/\/ 99°° 9" (Gapsy + Aappy) d°x — E/\/—ggaﬁg“ Toppnd®x (2.42)

L

2/10

(Gauﬂu + )\auﬁu) - auﬁu} dPx (2'43)

That can be written in whole expanded form as:
1 1 /= 1 1
= E/ V _ggaﬁg/u/ |:2FL (Ra,uﬂu - mcauﬁu + m (guugaﬁ - gﬁugau) A)
~ 1 ~ D
- (Tauﬁu - n— 3Tauﬁy)] d~x (244)

Since both C,,, and 1 appyv are trace free, their double contractions with the metric vanish.
The trace-free source field nevertheless remains an independent rank-four field in the four
index formulation. The field equations obtained from the complete construction determine
this sector without introducing additional classical dynamics relative to the two index Einstein
equations.

2.4.4 Meaning of four index field equation

The four index equation is a different tensorial organization of the Einstein field equation, not
an additional gravitational equation placed beside it. Its geometric side retains both parts of
the curvature decomposition at rank four. The tensor ngy contains the Ricci information
that survives contraction, while Cy,s, contains the trace-free part that disappears under
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contraction. The source side is organized in the same way. The tensor Taugy is constructed
completely from the ordinary stress—energy tensor, while Tamgy is an independent trace-free
field with Weyl algebraic symmetries.

The word independent refers to the role of Tauﬂy in solving the four index system. Its
components are not replaced by curvature before the equations are solved. They are treated as
independent rank-four field components subject to the Weyl symmetries, trace-free condition,
divergence equation, and the complete field equation. In four spacetime dimensions this
gives the same ten independent algebraic components as the Weyl tensor. These components
are therefore genuine unknown components of the rank-four formulation during the solution
procedure.

This independence does not create a second gravitational dynamics. Contracting the four
index equation removes both trace-free tensors and gives exactly the ordinary two index
Einstein equation. The trace-reversed two index equation then fixes the Ricci tensor and
Ricci scalar, so it fixes the complete tensor Rauﬁy. Since T, appy is already fixed by T),,, the
Ricci-built part of the four index equation contains exactly the same information as the two
index equation. After this part is satisfied, the remaining part of the same rank-four equation
is the trace-free relation between C,,3, and T By

Therefore Twﬂy is an independent field variable but it does not introduce new field equations
or new classical information relative to the two index Einstein solution. Its algebraic degrees
of freedom are required to write and solve the uncontracted rank-four equation, while the
equations force those degrees of freedom to reproduce the Weyl sector of the same spacetime.
The four index formulation consequently keeps information that is hidden by contraction
without enlarging the physical solution content of General Relativity.

The complete equation including the cosmological constant is

1
Goppy + —— (9uwgap = 9pugar) A = £Tappy, (2.45)

~ 1 1 - N
Roppy = - —5Cappy + —— (Guwas — 9pugar) A = & (Tauﬁv - HTauﬁu) . (246)
The relative sign and dimensional factors follow from the divergence-free construction of the
two rank-four tensors. The explicit tensor proof that the two index equation determines the
rank-four sectors is given in Sec. 2.4.7.

2.4.5 Trace-reversed field equation

I can arrive at trace reversed field equations, first I take field equation:

- 1

~ 1 -
Rauﬁl/ - f?)

1
Coppy + ——7 (Guwgap = 9pugar) A = K (Tauﬁv - _3Tauﬁu> (2.47)

Expand left side and move cosmological constant part to right side of equations:

1
n—_2 (Raﬁg,uu - Ral/gﬁu + R,ul/gaﬁ - Rﬂugcw)
- o ( - VR—- ¢ (2.48)
9 (n — 1) (n — 2) Jap9uv — Gav9pu n_3 apBy .



12 Chapter 2. Four-Index Completion of the Einstein Field Equation

Compare it with Riemann tensor expression:

1
Rappy = Cappy + —— (Rapguw — Ravgpu + Ruvgas — Rppgav)
1

BCEICE)] (9aB9pr — Jar9pu) R (2.49)

I can express now it in terms of Riemann tensor:

1 1
Ga,uﬁu = Ra,uﬂu - 1) (gaﬁg;u/ - goa/gﬁu) R — (1 + H) Coz,u,@’l/ (2'50)

2(n—

Use the two index equation [24] together with the trace-free field equation obtained from the
complete four index equation, and move all terms other than the Riemann tensor to the right
side:

1 1 A
R0 = Tougy — ——————— (9aBGur — Gav T 1+— )T\ .50 2.51
B /i( B (n—l) (n_2) (g 5gﬂ Yo gﬁ#) + ( +n_3> B ) ( )

Expand components of total energy tensor:

~ 1 A 1
Rauﬂu =R (Tauﬁu - mTauﬁu - m (gab’guu - gaugﬂu) T)
e <1 +—= 3) T (2.52)

First collect the components of the trace-free source tensor:

- N 1
Ra,uﬁu =K (Tauﬁzx + Ta,uﬁu - m (ga,Bg/u/ - gaugﬁ,u) T) (253)

Then matter energy tensor and will arrive at final expression and add cosmological constant

again:
. . 1
Rapsy = 0\ Towpw + Towse = 0y =gy eI = 9av9p) T
2
_ A 2.54
+/€ (n — 1) (n — 2) (gul/gaﬁ gﬂugau) ) ( )

2.4.6 Geodesic deviation and geodesic equation

From fact that I can write Riemann tensor in terms of energy tensors I can go one step
forward and write whole equation as a geodesic deviation equation [29] , where V is vector
tangent to geodesic curve [29]:

Vv VvE® = RS, VIV (2.55)

Now I can switch right side of equation into energy instead of curvature parts:

a o el 1 « «
VvVveE® =k <Tu61/ R T ey o (9005 — 95,02 ) T
2

T ICED) (90008 — 951,07 A) VeV Per (2.56)




2.4. Four index field equations 13

This gives a direct geometric interpretation of the rank-four formulation because the Riemann
tensor itself controls geodesic deviation [30]. Geodesic deviation describes the relative
acceleration of neighboring geodesics [29], including their focusing or defocusing. Rewriting
the Riemann tensor in terms of the four index source makes both the Ricci-built and Weyl
contributions visible in this equation, but it does not by itself change the singularity structure
of General Relativity, because the full four index field equation is classically equivalent to the
two index Einstein equation. The geodesic equation [29] can be written as:

Azt " dx® dzP
_|_ -
ds? B ds ds

=0 (2.57)

The geodesic equation describes the motion of individual freely falling trajectories, while
geodesic deviation contains the full local tidal information encoded by the Riemann tensor
[29] [30]. In the four index notation the same tidal information can be separated into its
matter-related Ricci sector and its trace-free Weyl sector without losing either part by
contraction. This is an interpretive advantage of the notation, not an additional classical
force law.

2.4.7 Field equations as connection with two index equations

The relation between the two index Einstein equation and the four index equation can be
shown directly while keeping ngy as an independent field. The starting point is the ordinary
two index Einstein equation [24], here written without the cosmological term:

1

R;uz - iguuR = ’iTuu- (258)

Contracting the ordinary Einstein equation gives its trace,

2K
=— T 2.59
R n—2" (2:59)

and substituting this trace back into the same two index Einstein equation gives the trace-
reversed Einstein equation,

1
RMV =K (TNV — ngyT> . (260)

Thus the ordinary two index Einstein equation, together with its trace-reversed form, fixes
every Ricci tensor and Ricci scalar term entering the Ricci-built part of the four index
equation. Substituting these two index relations directly into the complete rank-four field
equation gives

1 1 1
o o ()

1 1
+ K (T;w - n_2.gw/T> Gap — K <T,Bu - n—Q'gBMT> gau]

n 2K 1
- - S ) N
2(1’L — 1)(n — 2) (gaﬂg;w gal/gﬂu) ( n—9 > n—3 apf




14 Chapter 2. Four-Index Completion of the Einstein Field Equation

1
=k n—_9 (Taﬂg,uu - Tozugﬂu + T,Wgag — Tﬂuga,j)
1 ( pga— (2.61)
(n — 1)(n _ 2) 9aB9ur — Gav9pu n_3 auby | - .

After collecting the terms proportional to T, the complete matter-built rank-four combination
on the left is exactly the same as the matter-built combination on the right. It therefore
cancels inside the full four index equation as a direct consequence of the ordinary two index
Einstein equation and the trace-reversed Einstein equation. The remaining trace-free equation
is

Cocuﬂl/ = K'Tapﬂu- (262)

This equality is not used to define Taug,,. The field enters the four index equations indepen-
dently, with the Weyl algebraic symmetries and its own tensor components used when solving
the rank-four system. The two index Einstein equation already fixes the complete Ricci-built
part of that system. Once the two index equation is satisfied, the remaining trace-free part of
the same four index equation fixes the independent field to the Weyl sector. Consequently the
rank-four field supplies the tensorial components required to solve the uncontracted equation,
but it adds no new field equation and no new classical information relative to the complete
two index Einstein solution.

The same connection is visible at the differential level. Starting from the differential
Bianchi identity written as the divergence of the Weyl tensor,
n—3

VCausy = ——5 [(VBR/W - VuRg,) —

1
2(n—1)

we again use the ordinary two index Einstein equation. Substituting its trace-reversed form
and its trace directly into the Bianchi identity gives

n—3 1
vaCauﬁy = n_9 {I‘{ |:VBT/LZ/ - VVTﬁu — m (g'uVV5 — gﬁuvu) T]
1 2K
T 9l _ 1) v - v) | — T
2n 1) 9V gﬁ“v)( n—2 )}
n—3 1
=K {(VﬁTm/ -V, p,) - o1 (9wVs —98.Vy) T]
=V Lopa (2.64)

The differential equation of the independent trace-free source field is therefore the Weyl
divergence equation after the ordinary two index Einstein equation has been used. The Ricci
tensor and Ricci scalar appearing in the Bianchi identity are fixed by the two index Einstein
equation, and the same Ricci information fixes the differential behaviour of Tau[g,,. Thus the
four index propagation law does not add a second independent dynamics to the Einstein
system; it is the uncontracted trace-free form of the same information.

The divergence equation alone permits a divergence-free homogeneous tensor with Weyl
symmetries. To show explicitly why this does not generate an additional solution of the
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complete four index field equation, write

. 1
Ta,u,ﬁy = Eca,uﬁy + Ha,uﬁu? vaHauﬁu =0. (265)

Such a tensor leaves the divergence relation unchanged. The complete rank-four equation,
after its Ricci-built part has been fixed by the two index Einstein equation as shown above,
requires

Coppy = KT nupy (2.66)
Substitution of the possible homogeneous contribution gives
Copsr = Cappy + £Hoppy, (2.67)
and therefore
Hapupy = 0. (2.68)

The independent field Taugy therefore retains the Weyl tensorial degrees of freedom required
in the rank-four solution procedure, while the two index Einstein equation and the complete
four index equation together ensure that those degrees of freedom contain no additional
classical information beyond Einstein gravity.

For a constant cosmological term the same argument is unchanged in structure. The
cosmological contribution is proportional to the metric and belongs entirely to the Ricci-built
sector, while its covariant derivative vanishes. The remaining trace-free relation is therefore
again Cyp, = /@Taugy.

2.5 Extensions to complex spacetime

2.5.1 Flat complex spacetime and SU(1,n) symmetry

Motivation behind complex spacetime is mostly here a more general symmetry that is fulfilled
with flat spacetime. That symmetry will be in general case with one complex time dimension
and n spatial dimensions [27] SU(1,n) symmetry. Most important case is four dimensional
complex spacetime that fulfills SU(1, 3) symmetry. This symmetry is of quarks in standard
model [27]. T will write a flat spacetime metric in four dimensional case as:

ds® = npdztdz” (2.69)
That can be expanded:
ds? = dz2°dz° — dz'dz' — d2?dz* — d23dz? (2.70)

Where I did use mostly minus metric signature [24], this transforms under SU(1,3) [27]
transformations that I will denote U. This means that metric is invariant under those
transformations:

ds® = ds” (2.71)
Nupd2'dz" = 0 UL dz0 UG dz° (2.72)
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2.5.2 [Einstein tensor
In complex Kéhler geometry [25] Einstein tensor will be defined as:
Guo = Rup — gun R (2.73)

It is divergence free as normal Einstein tensor [25]:

VEG =0 (2.74)
I will pair it with a complex energy tensor that is defined as divergence free:

VET = (2.75)
Now from it I can write a field equation for a complex spacetime [25]:

G/.u_/ = /{Tp,l_/ (276)

2.5.3 Four index Einstein tensor
From using equations [26] [25] in complex geometry I can write a four index Einstein tensor
as:
1
GO!B'}/S =T—n {Rag,ﬂg — (RCYBQWS + R,Yggag> + gaggng} (2.77)
Now I can check its four contractions:

1

gaﬁGaﬁwg = 1—n {R,YS - (nR7$ + Rg'yg) + nRg'yg} = R’yg - Rg'yg (278)
3 1
97 Gopys = — (Ras — Ros ) (2.79)
G = (R ;- Ry, 2.80
9°Goprs = — (B3~ Roy5 ) (2.80)
5 1

g o _ _ _ I _ _

g’y Gaﬁ'y5 - m [Raﬁ - (nRaﬂ + Rgaﬁ) + nRgaﬁi| - Raﬁ - Rgaﬁ (281)

Two of contractions will always give constants that can’t be removed so this tensor is not
fully reduced to Einstein tensor but still it is proportional to it. Only change is in dimensions
two where those are equal to Einstein tensor as two minus one gives one. From fact that it is
proportional to it it will be still divergence free.

2.5.4 Decomposition of Riemann tensor

I can decompose Riemann tensor in complex spacetime as [25] [26]:

1
Rapys = Bapys + 05 (Raptys + Rosos + Rosto + Ro90s)

1
(n+1)(n+2) (

90395 + 905975) R (2.82)
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Now I can plug it into definition of four index Einstein tensor:

1 n+1 1
Gaprs =17, [Bagfys ieeny} (Raggys + nggag) T (Rasgwg + Ryggag)

n®+3n + 1 1
I 1 Eep—— A . 2.83
* <(n+1)(n+2)ga59’v5 (nt D)(n + 2) 098 (2:83)
This tensor is divergence free [26]:

o 1
\Y% Gag,yg =1_n [VgR,YB — <(VBR)9’Y$ + VBR,Y(§> + (VBR)Q,YS} =0 (2.84)

2.5.5 Four index energy tensor

The same algebraic organization can be used in complex spacetime. The trace-free source

A

T _
afy
trace-free Bochner sector [25], while the remaining terms are constructed from 7),;. As in

5 is introduced as an independent rank-four field with the algebraic symmetries of the

the real case, independence means that its tensor components are variables of the rank-four
equation during the solution procedure; it is not defined by the Bochner tensor before the
equation is solved. The final result is:

1 - n—+1 1
Taéyg = 1—n [Tcxﬂ'yé - n+ 2 (Ta,ég'yg + T'yggaﬁ) + n+ 2 (Tagg'yﬁ + T')/Bga5>
1 2
— 1 205 2 g 9.5 T 2.85
+ (1 _ n) (n + 1)(n + 2) [ (TL +n+ )ga,Bg'yé + ( n+ )ga(sg'yﬁ} :| ( )

This gives final field equations in complex spacetime:

Gopys = K055 (2.86)

The contractions reproduce the complex two index equations, and those equations determine
the Ricci-built rank-four sector. The remaining trace-free part of the complete rank-four
equation then fixes the independent field Ta575 to carry the same information as the Bochner
curvature. Thus the complex four index formulation has the same relation to its two index
equation as the real construction: the trace-free field is independent while solving the tensor
system, but it adds no new classical equations or information to the complete two index
solution. Both the four index tensor and its contractions are divergence free:

VoG o505 = KV T5.5 = 0 (2.87)

2.5.6 Kahler geometry geodesic equation and its deviation

In Kéhler geometry [25] geodesic equation takes form of two equations:

d? 2+ dz% dzP
- 4T, == =0 2.88
ds? thas ds ds ( )
d2 - i dz% dzP
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Geodesic deviation takes form of:

D2[/ a 6 S ﬁ g
a (67 —
g T R TVOTT 4 Ry TOVOTY =0 (2.90)

2.5.7 Trace reversed field equations

I can use definition of Riemann tensor to change it into trace reversed field equations. I will
start by writing normal two index [24] [25] trace reversed field equations:

9" (Rup — 9w R) = rg"" Ty (2.91)
(I—n)R=xT (2.92)
KR
= T 2.
R 1—n (2.93)
1
Ry = & <Tw7 + l—ngw_/T) (2.94)

Then I can use the decomposition of the Riemann tensor and replace its Ricci-built part by
the corresponding stress—energy expression. The trace-free field Ta s Femains an independent
variable of the rank-four equation, and the complete equation fixes it to the Bochner sector
in the same way that Taugy is fixed to the Weyl sector in real spacetime:

A 1
Raﬁ’yg =k (Taﬁ'yé + n+2 (Taﬁg'yg + nggaﬁ + Taggyﬁ + Tyégag)

2n +1
M ICEDICE) (gaﬁgwé + gasgyg) T ) (2.95)

From it follows that I can write geodesic deviation in terms of only energy tensor parts:

D2 Vo _ -
S F T TV T TV =0 (299

N 1
Taprs =Taprs + 525 (Tag95 + Ty5905 + Taitys + Ty3903)

2n+1
T+ (nr 1) (gasgvs T gasg—yé) T (2.97)
T %65 = 9° Tppos (2.98)
U5y = 9" Tosp (2.99)

This only lacks cosmological constant to make equations complete.

2.5.8 Adding cosmological constant

Let me start with two index field equations [25] and add cosmological constant to them:
R.s — gy R+ guoA = kT3 (2.100)

Now solve for Ricci scalar with contractions of field equations:

(1—n)R+nA =T (2.101)
(1-n)R=krT —nA (2.102)
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R=———T——"—A (2.103)

Rup = 5T + g (1 - T - - ZLHA> — gur (2.104)
RW;:/@TM—,+gw—,<1/_€nT— (1fn+1> A) (2.105)
Ryp = kT + guw (1 f nT — 1 i nA> (2.106)

This will lead plugging it into part with Ricci scalar of trace reversed field equations:

2 n
<_ A—mm+2) A-—mm+)mt 2)) (903945 + 9a59,5) A (2.107)
_(1—71)1(n+1) (gaggys + gasgfyg) A (2.108)

So whole trace reversed field equations take final form:

1
Rapys = #Taprs — A—n)(nt1) (gaﬁgwg T gasgw‘) A (2.109)

2.6 Summary

In this work I presented a four index formulation of Einstein field equations [24] and its
complex spacetime analog [25]. The construction keeps the complete rank-four curvature
structure explicit instead of contracting it immediately to the Ricci tensor. On the geometric
side this separates the Ricci-built and trace-free curvature sectors. On the source side the
ordinary stress—energy tensor is lifted to rank four and supplemented by an independent
trace-free field 7 appy With the algebraic symmetries and algebraic degrees of freedom of the
Weyl tensor.

The independence of ngy is a property of the formulation and of the solution procedure.
Its components are independent unknown components of the rank-four source and satisfy the
Weyl symmetries, trace-free condition, divergence equation, and complete field equation. In
four dimensional spacetime it therefore has the same ten independent algebraic components
as the Weyl tensor. It is not introduced by defining it as curvature.

At the same time, the field does not add new classical information to Einstein gravity.
Contraction of the four index equation gives exactly the ordinary two index Einstein equation.
Its trace-reversed form determines the Ricci tensor and Ricci scalar and therefore determines
the entire Ricci-built rank-four sector. Once this sector is substituted back into the complete
four index equation, the remaining trace-free equation fixes the independent source field to
the Weyl sector. The differential form gives the same result: the two index Einstein equation
inserted into the Bianchi identity produces exactly the divergence equation of the trace-free
source field. A possible additional divergence-free tensor with Weyl symmetries is removed
by the complete rank-four equation.

The four index equations are therefore the same classical Einstein dynamics written without
discarding the trace-free rank-four information by contraction. The field ngy supplies the
tensorial degrees of freedom required to represent and solve the trace-free source sector, but it
introduces no additional field equations, no additional classical information, and no additional
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metric solutions relative to the complete two index Einstein theory. The complex Kéhler
construction has the same structure, with the trace-free Bochner sector replacing the Weyl
sector.



CHAPTER 3

Four-Sector Lorentz Geometry

Source and status. This chapter incorporates the complete scientific body of Fxtension of
Lorentz Spacetime Symmetry to Four Sectors of Flat and Curved Spacetime, v1.13 (15 August
2026). TIts role in the dissertation is: Flat and curved four-sector atlas with Schwarzschild,
LTB, Kerr and FLRW examples. Repeated definitions are retained where they are required for
a self-contained derivation; the synthesis chapters distinguish reformulations, model-dependent
results, hypotheses and open claims.

Chapter abstract

This paper develops a four-sector extension of Lorentz spacetime symmetry on a four-
dimensional Lorentzian manifold with an invariant null set. Ordinary Lorentz transformations
act inside a chosen causal orientation, whereas the sector extension completes the orientation
of a clock—ruler plane through the four non-null domains separated by the common lightlike
directions. Every active observer retains one real time axis, a three-dimensional rest space
and the same locally measured light speed c. The sector label therefore records which non-null
direction carries the clock; it does not represent ordinary matter accelerated through the
light boundary.

The flat-space construction is written with a geometry coframe and a separate particle
transformation. This keeps the active geometry sector, the particle’s relative sector and
its ordinary within-sector Lorentz motion as distinct data. The same structure is then
extended to curved spacetime on the observer’s rest bundle. A positive spatial tensor L*,
encodes proper deformation scales, a solution-dependent tensor G*, fixes their critical values,
and their generalized eigenproblem selects the clock—ruler plane that reaches a null chart
boundary. The neighbouring chart uses the reciprocal eigenvalue of that same proper scale
while retaining the metric, matter fields and Einstein equations of the general-relativistic
solution.

Schwarzschild, Lemaitre-Tolman—Bondi, Kerr and spatially flat FLRW geometries provide
explicit tests. The Schwarzschild and Kerr reciprocal black-hole domains replace the zero-
radius extrapolation by increasing areal radius with decaying curvature. LTB demonstrates
why longitudinal shell separation and transverse areal collapse must be treated as distinct
tensor modes; explicit reciprocal dust solutions are obtained for both a shell-crossing profile
and a homogeneous shell-focusing profile. For the regular FLRW fluids analysed here, the
reciprocal scale grows while density and Riemann curvature decay. The corresponding proper-
time and affine parameter calculations show that the regular reciprocal centres reached in
the analysed black-hole, homogeneous LTB and FLRW branches are asymptotic boundaries
rather than finite-parameter passages.

21



22 Chapter 3. Four-Sector Lorentz Geometry

3.1 Physical starting point: one invariant light cone

Special relativity begins with the empirical statement that every inertial observer measures
the same vacuum light speed ¢ [13]. The statement is not only about a number obtained by
dividing distance by time. It says that all observers agree on the null boundary separating
timelike and spacelike directions. Without that common boundary they would disagree on
the causal type of the same displacement, and there would be no single causal spacetime
shared by them.

The construction takes this geometrical content as its physical starting point. On a
four-dimensional Lorentzian manifold with a local null set, the four sectors are defined by
following the complete orientation of a clock—ruler plane around the common null directions.

Physical principle 3.1 (Observer-independent local light speed). Every local observer
measures the same null speed c, independently of the observer’s worldline and of which
admissible sector orientation supplies the local clock.

3.1.1 The light cone precedes a numerical velocity

A light cone is a property of the Lorentzian geometry before any observer assigns coordinate
slopes to it. An observer chooses a unit timelike clock axis and three orthogonal ruler axes;
only after this choice is the cone read numerically as propagation at c. A different observer
uses tilted axes, but an ordinary Lorentz transformation preserves the same null directions.
In a spacetime diagram the clock and the corresponding ruler tilt together. The cone is not
deformed by the observer’s motion.

This order prevents a common misinterpretation. A tangent may have an infinite or
apparently superluminal slope when divided by the time coordinate of a sector whose clock it
does not use. That quotient is not automatically a locally measured speed. Physical velocity
is defined only after the tangent has been resolved in its active real clock—ruler frame.

An ordinary Lorentz boost explores one connected orientation domain. As its clock
approaches a null ray, the normalisation of a unit timelike vector diverges because a null
vector cannot carry a massive observer’s proper time. No finite boost crosses that boundary.
The four-sector extension therefore does not permit ordinary matter to pass through c. It
asks instead how the neighbouring orientation domain is described when the old clock itself
has reached the edge of its valid chart.

3.1.2 Why one Lorentz plane has four sectors

An ordinary observer has one time axis and three spatial axes. A side observer has exactly
the same local structure: one time axis and three spatial axes. There are not several times
attached to one side particle. The difference is only the orientation of its frame relative to
ours. Its single time axis points along one direction that our observer calls spatial. If that
direction is denoted by n*, then n* is the side observer’s clock direction, while our old clock
direction becomes one of the side observer’s spatial directions. The two directions orthogonal
to this clock-ruler plane remain spatial.

The direction of the side clock must not be confused with the direction of the particle’s
spatial velocity. A side particle is not forced to travel only along n*. Just as an ordinary
particle can move in any direction of our three-dimensional rest space while its time axis
remains our time axis, a side particle can move in any direction of its own three-dimensional
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rest space while its single time axis remains the side-clock axis. Its complete material
trajectory lies inside one side Lorentz cone. That cone looks rotated by a quarter turn in our
inherited diagram, but for the side observer it is an ordinary future cone with the usual local
light boundary and ordinary subluminal motion inside it.

Different possible side observers may have their one clock axis oriented along different
directions of our three-space. The unit possibilities form the sphere S2, or equivalently
all nonzero directions of the old R? before normalisation. Thus S? describes the possible
orientations of one time axis across the family of side frames. It does not describe many
simultaneous time axes of one particle. For a particular particle the realised direction follows
from its actual tangent and Lorentz transformation.

Choose the ordinary clock direction and one realised side-clock direction n*. Their two null
lines divide the corresponding oriented Lorentz plane into four connected non-null domains.
Their centres are the future clock +t, the first side clock +n*, the opposite clock —t, and the
reflected side clock —n#:

+t — 40t — —t — —nt' — +t.

Each domain contains its own ordinary Lorentz boosts. Such boosts change the spatial
motion inside one cone but do not create a new sector and do not carry a massive observer
across the null boundary. The fourfold cycle therefore completes the orientation atlas; it is
not by itself a journey completed by one worldline.

3.1.3 Geometry orientation and particle orientation are different data

The same fourfold structure has two uses which must not be conflated. The geometry has
an active sector ng, telling us which orientation and which regular chart currently represent
the common field. A particle X has a relative sector sx, telling us which extended Lorentz
transformation acts on the local geometric coframe. Its ordinary Lorentz tensor Ax)",
then describes motion inside that fixed particle sector, including the boost direction and
the orientation of its spatial triad. No additional unit vector on the side-direction sphere is
required as independent particle data.

These operations occur in a definite order. The geometry first supplies its sector coframe.
The particle then applies its own sector phase and ordinary Lorentz motion to the components
read from that coframe. The sum Ny = ngy + sx (mod 4) appears only after those two
independent operations have been composed. A geometry-chart transition changes n, and
hence the total phase Nx, but it changes neither sx nor the particle’s local boost. Conversely,
ordinary acceleration changes A(x) but not the two sector labels.

This separation allows ordinary, side-oriented and oppositely oriented particle transforma-
tions to be represented in the same flat or curved calculation while retaining the common
null set.

3.1.4 Why curvature and geodesic distance must be tested

In flat spacetime the four sectors concern orientation alone. Curvature adds a second problem:
the proper separations between neighbouring worldlines can focus, stretch or rotate. A sector
continuation must therefore identify which physical scale reaches the null chart boundary and
whether the neighbouring chart remains a regular representation of the same gravitational
field.
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This requirement cannot be replaced by a tetrad choice. A freely falling frame can remove
the connection at one event, but it cannot remove a nonzero Riemann tensor. If invariant
curvature diverges, the relative acceleration of nearby geodesics becomes unbounded and no
regular neighbourhood remains in which the universal cone structure can be transported.
A different particle sector also cannot cure this failure: it only changes the particle’s local
reading of the common tensor.

The curved construction below consequently has three tests. Proper scale tensors determine
the direction whose inherited chart is failing and select the reciprocal scale of the neighbouring
sector. Curvature invariants are then evaluated on that active domain. Finally, timelike
proper time and null affine parameter determine whether the reciprocal centre is crossed,
reached asymptotically, or not reached at all. Finite curvature is not assumed from the phase
19, and finite curvature alone does not establish geodesic completeness. These separate tests
decide whether a Schwarzschild, LTB, Kerr or FLRW continuation succeeds.

3.2 Four-sector Lorentz kinematics in flat spacetime

The sectors must first be defined in flat spacetime. Otherwise their meaning would depend
on a particular gravitational solution and regularisation would be built into the notation. In
inertial coordinates the common starting point is

ds?y, = nudatde’ = —Adt? + da?. 3.1
(0) = Mp

Light follows the common null set defined by ds%o) = 0.

3.2.1 Notation and tensor conventions

Greek indices i, v, p, o, ... denote spacetime indices in both abstract tensor equations and
coordinate-component expressions. Lower-case Latin indices ¢, j, k, . . . denote purely spatial
directions or principal spatial modes. The antisymmetric pair on a metric-derived orientation
angle is spacetime-valued: @,, = —w,, with p,c = 0,...,n — 1. It may therefore label a
time—space plane as well as a spatial plane. Upper-case Latin indices A, B, C, ... label an
orthonormal Lorentz coframe with the orthonormal-frame metric has signature (— + ++);
its spatial slots may be labelled by i, j, k. Labels in parentheses enumerate principal spatial
modes but are not additional tensor indices. Sector labels take values in Z4 and are never
summed.

The symbol  denotes one selected direction in the old spatial R3. It can later be represented
by a spherical radial ray r, but the side sector contains every possible spatial ray rather than
one preferred axis.

Let

ot =etudat, gl = napct el (3.2)

be a real reference coframe and its metric. The coefficients £4 () may already contain the
local deformation of a curved solution; the sector construction will not multiply them by an
additional physical strain.

Three pieces of information must remain distinct. The active geometry sector is ng(x). A
particle X carries a sector sx relative to that geometry. Its ordinary Lorentz transformation
A(x)"v describes continuous motion inside the fixed particle sector, including the directional
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information of the trajectory relative to the reference coframe. A separate side-time direction
is therefore not added to the particle state. Only after the geometry and particle operations
are composed do we use the total label Nx = ny + sx (mod 4) relative to the reference
coframe.

The geometric variables are the metric g,,, its null set and the curvature tensor R*,,,
together with their sector-frame representatives. Particle transformations modify tetrad-
component readouts, whereas geometric flatness is determined by the Riemann tensor. Particle
rest is therefore a separate kinematic statement.

3.2.2 The ordinary Lorentz transformation and the tilt of the axes

Before extending the set of orientations, consider what an ordinary boost does inside an
already fixed sector. Let u* be the unit clock of the reference observer,

guutu’ = —1, ht, = 6", + utu,, (3.3)
and let n* be the unit direction of the particle trajectory in the old rest space,
u,nt =0, nynt = 1. (3.4)

The vector n* is not an additional clock label. It is the direction already contained in the
particle tangent and in the directional part of its Lorentz transformation relative to u*.

The active time—space plane and its hyperbolic exchange tensor are
P*, = —utu, + ntn,, B*, = u*n, — nfu,, B*,B?, = P",. (3.5)

For vx = (1 — ﬁg()_l/ 2 the ordinary boost in the selected clock-ruler plane is the mixed
tensor

A" = 8 + (rx — P", +vxBx B, |8x| < 1. (3.6)

It acts on the clock and the selected ruler as
uy = Axy*ou” = yx (ut + Bxnt), nf = Axyfon” = yx (n* + Bxu),  (3.7)

and leaves the two-dimensional screen orthogonal to u* and n* unchanged. Equation (3.6)
displays the boost part. A general within-sector frame may additionally contain an ordinary
spatial triad rotation; throughout the within-sector Lorentz factor belongs to the proper-
orthochronous component SO™(1,3). Such a spatial rotation does not change the particle’s
state of rest. The tensor formula is four-dimensional; a 2 x 2 array is only its component
display in the selected plane and is not used as a second notation.

The transformation preserves the metric and the null set:

ngA(X)puA(X)UV = Guv- (38)

At Bx = 0 the transformed and reference axes coincide. As |Sx| approaches unity, the clock
and its paired ruler approach one of the common null directions, while vx diverges because a
null vector cannot be normalised as the clock of a massive observer. No finite ordinary boost
crosses that boundary.

A side observer should now be read in exactly the same physical way as an ordinary
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observer. It has one clock axis, not a sphere of simultaneous clock axes. Relative to the
ordinary reference frame, that single clock points along one direction of the ordinary spatial
rest space. Across the family of all possible side observers this direction may be any

nt e 8% cut. (3.9)

Before normalisation the same family is represented by the nonzero vectors of the old R3.
For one particular particle the realised direction is not chosen as extra data: it is already
fixed by the particle tangent and by the directional content of A x\/,.

The fact that this one side clock points along one of our spatial directions does not
mean that the particle can move only along that direction. The side observer has its own
three-dimensional rest space, orthogonal to its clock, just as we do. Its tangent can therefore
be written as

UL = cyx (u* + vl /o), u, vy =0, gﬁ)v’;(vg( < (3.10)

where u# is its one future-directed time axis and v’ may point in any direction of its own
spatial rest space. The whole worldline remains inside the single Lorentz cone centred on u*.
In our inherited diagram that cone is quarter-turned, but for the side observer it is simply its
ordinary future cone. A spatial turn changes v’y ; it does not rotate the particle into another
time orientation or another sector.

3.2.3 Four orientation sectors of one Lorentz plane

The ordinary boost has so far explored only the domain centred on +t. To see the missing
orientations, keep the same two null lines and follow an oriented axis around the complete
time-space plane. The null rays divide that plane into four open connected domains. Starting
from +t, one meets a domain centred on a selected positive spatial direction, then the domain
centred on —t, then the reflected spatial domain, and finally returns to +¢. The complete

cycle is
n i | clock orientation | sector
0 1 +t ordinary
1 i +nt first side
2 -1 —t opposite ordinary
3 —i —nH reflected side
4=0| 1 +t closed orientation cycle

Thus the ordinary flat reference has its future cone centred on +t. The first side reference
is the family of equally admissible flat cones centred on directions that were spatial in the
ordinary projection. For a particular side trajectory, one direction +n* is determined by its
tangent and by the directional content of A(y) relative to the reference coframe; it is not
selected as an additional independent clock variable. The opposite sector has clock centre —t,
and the second side sector is the reflected family —n*.

The entries in the table are the centres of the four domains, not the only directions allowed
inside them. Every sector has its own finite |Sx| < 1 Lorentz boosts, and none of those
boosts creates another sector. In the first side class a complete material trajectory lies inside
one cone whose clock centre is +n* relative to the ordinary observer. The cone appears
quarter-turned in the inherited diagram, but it is an ordinary Lorentz cone for the side
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observer and has the same null boundary. Across all possible trajectories its centre may
point along any unit direction of S?, or equivalently along any nonzero direction of the old
R? before normalisation. One trajectory realises one such direction through its Lorentz and
tangent data; it does not carry the whole sphere as simultaneous time axes.

The discrete label records the connected orientation component, whereas A(x)*,, including
its boost direction and spatial rotation, records continuous particle motion inside that
component. The geometric ratio ¢; introduced in Section 3.3.4 instead tracks the orientation
of an active proper scale; it is not a particle velocity.

The table records the four orientation centres. What changes from one entry to the next
is the direction chosen to bisect the null cone and to carry the observer’s clock. In sector
0 this direction is the usual +¢ axis. At the neighbouring null boundary that axis can no
longer be normalised as timelike; sector 1 then reads one of the old spatial directions as its
real clock direction. Repeating the same construction produces the reflected —t and —n#
orientations and finally returns to the starting frame.

The null rays are boundaries of the four descriptions, not additional sectors. At such a ray
the old unit clock is undefined because its norm is zero. The neighbouring sector begins by
assigning a new timelike centre on the other side of that boundary. This change concerns the
frame used to read the geometry. It does not say that a massive tangent has crossed the null
ray or changed from timelike to spacelike.

Only one old spatial direction supplies the clock of a given side observer at one event. If it
is denoted by the unit vector n*, the old clock becomes one direction in the new rest space,
n* becomes the new clock, and the two directions orthogonal to their plane remain spatial.
The two-sphere parametrises all possible directions relative to the reference observer, but the
direction of a particular particle is derived from its actual tangent U and A(x) rather than
appended as a new label. For inertial motion in flat spacetime it is constant because the
tangent is constant; if the trajectory is physically accelerated, it changes continuously only
with that trajectory while sx remains fixed. In spherical language (0, ) label this family of
possible directions; they are not two additional times on one worldline.

3.2.4 Geometry sector, particle transformation, and total orientation

The sector factors enter in two successive operations. First the geometry chooses its active
coframe:

196)) — tag9d = jnggAu dz?, 9;([159) = nABﬁé])uﬁg)y — i2nggl(3/)' (3.11)

The phase i belongs to the geometry coframe, while its square appears in the sector
representation of the metric. Odd sectors reverse the sign convention of the quadratic form
and even sectors preserve it. Because multiplication by a nonzero constant leaves the null
set unchanged, all four representations describe the same local light boundary. The full
orientation still resides in the coframe: the metric alone cannot distinguish sectors 0 and 2,
or sectors 1 and 3.

Only after the geometry has supplied 29&) does particle X apply its own extended Lorentz
transformation
Gy B =1 Ay s, dX(x) =Gt BYG) = X A 6P dat (3.12)

This is the central composition law. The factor i*X belongs to the particle transformation, not
to a second geometric coframe. The ordinary Lorentz tensor A(x)*, describes motion inside
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that particle sector. In three spatial dimensions its boost and rotation data also determine
which member of the side-direction family is realised relative to the reference coframe; no
independent ry is added to Eq. (3.12). The total label Nx = ny + sy (mod 4) records the
final phase relative to the reference coframe, but it does not replace the two independent
sources of that phase.

The four relative classes are

sx | relative orientation | terminology

0 | ordinary ordinary particle

1 | first side side particle I

2 | opposite anti-sector particle
3 | reflected side side particle II

The values sx = 1,3 denote the two side orientations, while sx = 2 denotes the opposite
orientation.

When the geometry advances by k charts, both n, and the total readout Nx advance by k,
while sx and A(x) remain unchanged. By contrast, ordinary acceleration changes A(x) while
leaving sx fixed. Ordinary matter, a side particle and an opposite-sector particle therefore

retain their class when the geometry changes sector.

Equation (3.12) may be used to form the local quadratic readout n4pdX &)dX (B;(). The

metric entering the field equations remains g,,,; the particle sector changes the frame through
which its components are resolved.

3.2.5 Particle rest and geometric flatness

Particle rest is defined from the readout in Eq. (3.12), not from the value of a coordinate
slope. If U% is its tangent, its local components are obtained by applying 9 X)A 319@) . o
that tangent. The particle is at rest relative to the local geometry inside its own sector when
its three spatial components vanish. In the adapted representative this is equivalently

Ulxy =0 — Bx = 0. (3.13)

In the canonical adapted representative with no independent spatial triad rotation this is
represented by Ax)*, = é/,. A purely spatial rotation of the particle frame may remain
without changing Eq. (3.13). For sx = 0 this is ordinary rest relative to the geometric
coframe. For sx = 1 or 3 the clock axis is side-oriented, so an inherited ordinary chart can
assign the particle an infinite or superluminal-looking slope even though its boost parameter
vanishes. For sx = 2 the particle transformation has the opposite orientation. There is no
absolute rest common to all four readouts.

The sector coframe changes the decomposition of the tangent, not the tangent itself.
Relative to the future clock u’(‘ X) of the particle’s sector, write only

Uk = VX(CU(X) + ), ux)uVyx =0, vx > 0. (3.14)

An ordinary spatial rotation acts on vk inside ué() and leaves u’(L X) fixed. It may reverse
radial, angular, or inherited-X = ¢t motion, but it cannot reverse the positive temporal
component of U§. Thus a side particle may turn around in its own space without turning
around in proper time.
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Geometric sector rest is a different statement. Let uf be the clock of the active geometry
chart and hy*, = 0", + ufug, its rest projector. A reference congruence is aligned with that
chart when U" = cuj. It defines a flat sector centre only when the alignment extends through
a neighbourhood without tidal deviation: Geometric sector rest is the pointwise alignment

Ut =cuy <= h',U”"=0. (3.15)
A flat geometric centre is the stronger neighbourhood condition
Vyuly =0, R, 6 = 0. (3.16)

The first line is pointwise and can hold in curved spacetime. The second is a property of the
curvature field. Hence a side-oriented particle can be at particle-sector rest in a curved region,
and an ordinary particle can move through a flat geometric centre. Neither fact changes the
Riemann tensor. Regularisation below relies on the second line, not on setting Sx = 0 for
one particle.

The particle phase must be removed when its components are compared with the geometry
norm. From Eq. (3.12),

TnapUUly = =< nask{xk(x) = 0. (8.17)

The first expression is the geometry norm written through the particle transformation; it
is not a particle metric. The null equation needs no compensating factor because zero is
unchanged. The numerical value ¢ and the null boundary are identical in all four orientations.
A sector-0 observer may assign a side particle a formal coordinate slope greater than ¢, but
that quotient is not the velocity Sxc appearing in its own A(xy.

3.2.6 Cone orientation and the uncrossed null boundary

The four sector domains share their null boundary. For a particle with fixed sector class, A(x)
tilts its clock and ruler axes inside that domain and Eq. (3.17) places light on its boundary.
The boost can approach the boundary but cannot cross it. Hence ordinary matter cannot
become a side particle by acceleration, a side particle cannot be slowed into ordinary matter,
and an anti-sector particle cannot be converted into ordinary matter by changing observer.

This statement is local and independent of ny. In flat geometry with n, = 0, particles
with sx = 0,1,2,3 may coexist at the same event and use the same null set. A side particle
is already centred on +n* or —n* before any gravitational sector transition occurs, with the
actual direction fixed by its tangent and A(y) relative to the reference observer. Its apparent
ordinary-sector quantity dz/d¢ can be infinite or formally exceed ¢, but this is a projection
on a clock it does not use. Its measured velocity is the finite Sxc¢ obtained from its own
sector-transformed components.

A geometry-sector transition is different. When the active field chart moves from n,
to ng + 1, the geometry coframe acquires the next phase before each unchanged particle
transformation acts on it. Every Nx shifts together, while sx and A(x) are preserved. Thus
an ordinary particle inside side-oriented black-hole geometry has a side-looking total phase
Nx =1, but it is still ordinary relative to the local field because sx = 0.

The global speed limit is therefore the conjunction of two facts. Every ordinary Lorentz
motion remains inside its own sector domain, and all four domains possess the same null set.
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No physical process described here moves a particle through that set. What can change is the
active geometry chart or the observer used to project the tangent; neither is a measurement
of a particle outrunning light in its own sector.

This also fixes the meaning of the inherited coordinate X = ct. The clock—ruler exchange
does not erase the real differential dX = cdt and does not redirect the physical tangent.
It changes the role assigned to that component by the active coframe. In a side sector X
belongs to the spatial decomposition, so dt < 0 can describe motion toward decreasing X
while the particle’s own proper time still increases. Neither the sign of d¢, a spatial turn in
X, nor a relabelling of the axes reverses the future orientation of U¥.

3.2.7 The sector continuation and the role of i"

The extended Lorentz transformation is the mixed tensor
g(n)“l,[A] =i"A¥,, n=20,1,2,3. (3.18)

The phase labels the orientation component and A*, is the ordinary Lorentz transformation
acting inside it. Composition and inversion are written without suppressing tensor indices:

g(m)MP[Aﬂg(n)pV[Al] = g(ern)HV[AZ oA]
= 1M (Ag)Hy(A1)P, (3.19)
(Go) v IA] = Gt (A7) (3.20)

Sector addition is understood modulo four. The metric contraction is
gpag(n)pug(n)gu = i2ng,w- (3.21)

Thus the quadratic sign alternates, but the null equation is unchanged. All compositions are
written as contractions of explicitly indexed tensors.

For a particle, Eq. (3.18) is used with n = sx and A = A(x). For the geometry, the sector
factor appears separately in its coframe as in Eq. (3.11). These must not be collapsed into
one unexplained . Only their ordered composition in Eq. (3.12) has the total phase i"Vx.

Once a sector is fixed, the derivation in Section 3.2.2 applies without modification:
9po NP A%, = g, preserves the null rays and the measured relative speed remains be-
low ¢. The four sectors therefore do not carry four different Lorentz laws. They are four
orientation components on which the same Lorentz law acts.

The continuous orbit and the discrete operator label must also be distinguished. An
oriented axis can approach a null boundary in one chart and recede from it in the next, so
its geometric trajectory is continuous. The algebraic factors 1,4, —1, —¢ only label the four
normalisation branches used along that trajectory; the operator " is not itself a continuous
rotation parameter. Section 3.3.4 gives the single angle and the projective coordinates that
cover this orbit without identifying them with a particle speed. This continuity belongs to
the space of oriented frames. It does not assert that one timelike or null worldline completes
the orbit at finite physical parameter.
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3.2.8 The interval cycle and its physical meaning

For the geometry sector n, € Z4, successive multiplication by the sector phase gives dx*,
ide#, —dz*, —idx*, and again dz*. The corresponding sector metric is

ds,,,) = i2"ds(y) = (—1)"7dsy. (3.22)

Applying a particle transformation adds the independent phase sx, so its final local quadratic
readout carries the total phase Nx = ny + sx. That readout does not define a particle-
dependent metric. The four steps have a direct reading. Sector 0 uses the original differential
and the clock +t¢. The first factor i selects the side normalisation and makes the old positive
spatial direction the active clock. The second turn gives —dz* and reverses both inherited
axes, producing the —t orientation. The third gives the reflected side clock —n*; the fourth
returns the orientation and the differential to their starting values. The phase is therefore a
compact account of the complete axis cycle already listed in the orientation table in Sec. 3.2.3.
In one selected plane, ds%o) = —c2dt? + dz?, while the inherited sector-1 components
give ds(21) = c?dt? — da?. The sign change is the algebraic record that the old spatial
direction occupies the active time slot and the old time direction belongs to the active spatial
decomposition. The same exchange with reversed orientation occurs in sector 3.

Equation (3.22) records the sector sign in inherited components. In every active sector the
line element has one clock direction and three ruler directions, while the common null set is
unchanged by the factor i2%s = (—1)"9.

3.2.9 What flat spacetime means in every sector

A cone does not make a region curved merely because it appears tilted or sideways in
an inherited coordinate diagram. Flatness means that one active clock-ruler tetrad can
be extended throughout a neighbourhood without path-dependent rotation and that the
corresponding reference geodesics have no tidal acceleration. Equivalently, the second line of
Eq. (3.15) holds there. A constant Lorentz tilt applied to every cone changes the observer,
but it does not change this property and therefore does not create curvature.

For geometry sector ny = 0, the flat reference congruence follows the 4t axes of a family of
parallel cones. Geometry sector ng = 1 uses the same flat construction after the time-space
roles have been exchanged, so the old spatial direction identified by the active plane supplies
its reference clock. Curvature vanishes in both descriptions because the coframes remain
parallel throughout the neighbourhood.

Particle sectors are superposed on this geometric choice. Even when ngy = 0 everywhere,
a particle with sx = 1 can have a side-oriented transformation and be at rest in its own
side frame. Relative to the reference coframe, the realised side direction is contained in the
rotation and boost-direction data of A(x). At particle rest the boost parameter vanishes;
Axy#'y = oFy is the canonical non-rotated representative rather than a missing direction.
A sector-0 chart may draw its clock horizontally and assign it an infinite slope, but this is
neither a divergent physical speed nor a change of the background geometry. Particles with
all four values of sx can therefore coexist in one flat region.

Geometry sectors 2 and 3 repeat the two flat references with opposite orientation. The
reversal changes the clock orientation but not the vanishing of curvature or the null boundary.

The sign cycle in Eq. (3.22) is consistent with this statement. Multiplying an interval by
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—1 leaves its zero set unchanged, so the null rays that separate the sectors are common. Each
active geometry coframe places its selected clock in the A = 0 slot. The sign change records
the exchange of inherited temporal and spatial roles.

This also clarifies why particle rest is not a curvature criterion. The condition Sx = 0
concerns one particle transformation, whereas a flat geometric centre requires a whole
neighbouring congruence with no relative turning and no geodesic deviation. The latter is
a property of an extended region and cannot be inferred from the sector or velocity of one

body.

3.2.10 Null boundaries and continuity

Neighbouring orientation charts meet only at a null direction. Ordinary Lorentz motion
remains inside the particle’s chosen sector; only light lies on the common boundary. The
geometry can reach that boundary and require a neighbouring chart, but this shifts n, and
Nx together rather than changing the relative label sx.

The geometry orientation itself is nevertheless continuous. Starting at one sector centre,
the clock—ruler plane tilts toward a common null ray. The old unit clock ceases to exist
exactly at that ray; the neighbouring chart begins at the same oriented limit and follows
the plane away from it toward its own centre. The discrete value n, therefore records which
finite chart is being used, not an impulse delivered to an object and not a discontinuity of
the oriented-frame atlas.

No single projective coordinate covers the complete cycle. The explicit relation between
the continuous angle, the scale ratio ¢;, and the reciprocal rule is derived in Section 3.3.4. The
important distinction is that ¢; locates the field orientation, whereas Sx is the within-sector
velocity contained in A(x). A side particle can exist without traversing the geometry orbit.
Ordinary matter may also enter a neighbouring geometry chart without becoming a side
particle, but whether it reaches that chart’s centre is decided by its proper-time equation
rather than by the orientation diagram.

3.2.11 From a uniform cone field to curvature

Up to this point every statement concerns one flat geometry. The cone axis may be boosted,
exchanged with an inherited spatial direction, or reflected, yet the same choice can be repeated
uniformly at neighbouring events. All these operations change the projection of the cone field
without changing the fact that its axes can be made parallel throughout the region. Sector
orientation alone therefore cannot be a source of gravity.

The passage to curved spacetime begins only when the local construction can no longer be
extended uniformly. Each individual event still admits the four orientations and the same
null boundary, but the active axes selected at neighbouring events need not remain parallel
under transport. If their variation can be removed by one coordinate change or one Lorentz
transformation over the whole neighbourhood, the geometry is still flat. If transport along
different paths gives different relative orientations and neighbouring geodesics acquire tidal
acceleration, the cone field is curved.

This is the precise bridge to general relativity. The sector construction supplies the possible
local clock axes and the flat rest configuration against which their variation is compared.
The connection describes how the axes change from event to event, and the Riemann tensor
decides whether that change is merely a frame choice or genuine curvature. The next section
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therefore does not add gravity to four separate spaces. It projects one curved metric and one
curvature tensor onto the four local orientations already derived in flat spacetime. Particles
with different sx perform different tetrad projections of that same tensor; none of them
creates a separate curvature field.

The same bridge explains why regularity is required rather than merely hoped for. If
the active curvature diverged, neighbouring timelike geodesics could acquire unbounded
relative acceleration and no regular sector-rest neighbourhood would remain in which the
universal null limit could be applied to arbitrary objects. A sector continuation is therefore
physically complete only when its active metric and invariant curvature stay finite. The
causal construction identifies the necessary chart; the tensor calculation in the next sections
decides whether that chart actually satisfies the requirement.

3.3 Curved spacetime: active scales and sector charts

The flat orbit determines which local clock orientations must remain available. Curvature adds
a new question: which proper spatial mode is being focused toward a null chart boundary?
No choice of coordinate components can answer this invariantly. The construction must live
on the observer’s spatial rest bundle and must then be embedded back into the full tangent
bundle.

This section concerns the sector ny of the geometry. A particle’s sx does not choose the
metric domain and does not alter the tensors used to regularise it. Once the active geometric
coframe has been found, particle readouts are obtained from Eq. (3.12); all of them resolve
the same curvature.

The order of the construction is fixed. A congruence determines its proper deformation
scales; the solution determines the corresponding critical scales; a tensorial eigenproblem
selects the active direction; and that direction is paired with the local clock. Only after this
geometric identification is the reciprocal chart of the same GR solution selected. No operator
introduced below is an extra metric deformation.

3.3.1 The rest bundle and the tensor of proper scales

Let u* be the unit clock field of the active geometry sector. Its local rest space and projector
are

wuy, = —1, ht, = o, + ufu,, hyw = guw + upuy, Y = g +utu¥. (3.23)

All scale tensors below are endomorphisms of ut: contraction with u# on either index vanishes.
This makes their eigenvalues proper spatial scales rather than coordinate coefficients.

Let & and " be spatial separation vectors between neighbouring worldlines of a reference
congruence. A spatial Jacobi tensor D*, relates them,

¢ =Dr,Y, DM, =R, DR, (3.24)

Its positive spatial Cauchy—Green tensor is defined without reference to a component array
by
Cuw = hpeD?, D%, Ct, = ht'rC,,. (3.25)
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The proper-scale tensor L#, is the unique positive, h,-self-adjoint spatial tensor satisfying
Lr,L*, =Cc*,, L*, = h',LPsh7,, hupL?y = hy,LP,,. (3.26)
Let n( ) be an orthonormal spatial eigenframe and define its rank-one spectral projectors by

My =g, Tl = 0let, D Tehy =k (3.27)

Then the proper scales are the scalar eigenvalues obtained by contraction,

Li=n{LFnfy, LM, = > Lillpty,  Li>0. (3.28)

Rigid rotation carried by D*, is therefore separated from the invariant linear scales encoded
by the positive tensor L*,.

The orientation of the clock and of the principal eigendirections is part of the metric data
rather than an additional sector variable. Relative to any regular reference Lorentz frame
{u#, 7}, write locally

u(w) = OF ) (wpe) U, n’(‘i) (@) = Oy (@po) Ny,
i 3.29
(@) =y @), Dy = 3Ll (). (3.29)
Here @y, = —ws, and 0 < p < 0 < n — 1, so the full orientation contains n(n — 1)/2

spacetime-plane angles. The subsets wg; and w;; respectively locate time-space and spatial
planes. They are obtained from the decomposition of the original metric and may vary with
position, as in Kerr or an inhomogeneous LTB model, but they do not themselves perform
the four-sector turn. The sector angle introduced below acts only in the single time—principal
plane selected by the active eigenvalue ratio.

3.3.2 Critical scales and the active tensor mode

The deformation tensor alone does not say where a sector chart ends. The given GR. solution
must also provide a positive, h,,-self-adjoint spatial critical-scale tensor G*, with the same
dimensions as L*,,

G", = h",G’h%,, hupG?y = hy,G? . (3.30)

The active modes are defined by the covariant generalised eigenproblem
G“an(’i) = qiL“,,nl(’i). (3.31)

When L¥, and G*, possess a common orthonormal spatial eigenframe, define

GZ' = nl(f)G“,,n(Vi), Guy = ZGiH(i)uva q; = % (3.32)

Thus every scalar scale used later is obtained by contraction of a spatial tensor with its
spectral projector. The tensors themselves, rather than a choice of components, identify
which ruler direction becomes critical. The next subsection pairs that tensorially selected
direction with the clock.
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The number g; is a geometric scale ratio, not a material velocity. The active chart contains
¢; < 1; g; = 1 is its null boundary; and a formal value ¢; > 1 must be represented from the
neighbouring sector centre. Schwarzschild reduces this construction to one areal scale, LTB
separates longitudinal and transverse modes, FLRW makes all three modes degenerate, and
Kerr selects a position-dependent principal plane.

3.3.3 Covariant embedding in the active time—space plane

Let n’(‘k) (@) be the unit eigenvector of the mode that reaches ¢ = 1. Its dependence on w,,
is fixed by the decomposition of the original metric in Eq. (3.29). The projector onto the
active plane generated by u(w) and n)(w@) is
k

Py (@) = —u (@), (@) + nfyy (@)n (). (3.33)
For readability the labels (k) and (w) are suppressed in the next two equations. No angle
Wy is inverted or advanced by a quarter turn; it only locates the principal plane on which
the sector construction acts. Its complement 6#,, — P#, is the transverse two-dimensional
screen. The projector makes explicit which old ruler is paired with the clock and which two
directions remain spectators.

The covariant quarter-turn generator on that plane is
J*, = ufny, + nfuy, Jeouf = —nt,  J,nf =t JH,JP, =—-PF,. (3.34)

It vanishes on the transverse screen. Let ¢ denote the local orientation parameter measured
inside this selected plane. Its orientation tensor is

R(p)H, = o*, — P*, 4+ cos¢p P*, +sing JH,. (3.35)

At ¢ = 0 it is the identity on the active plane. At ¢ = 7/2, u* is carried to —n* and n* to
u*; the local clock and active ruler exchange roles while the transverse screen is unchanged.
The parameter ¢ defines only the local action of the tensor. Its value in each sector chart is
fixed by the single global angle introduced below.

Equations (3.33)—(3.35) are already four-dimensional tensor statements; no separate com-
ponent representation is needed. The active geometric mode identifies one n* in the old rest
space as the new clock direction. This geometric eigenvector must not be confused with an
additional particle label. The remaining two-dimensional screen stays spatial, so changing its
angular coordinates cannot reverse the active time direction.

The tensor R(¢)*, records orientation and the selected plane. It is not an ordinary Lorentz
boost and is not multiplied into a completed GR coframe to create a new metric. Such an
operation would alter the Einstein tensor and manufacture an effective source even in a
vacuum solution. Ordinary particle motion inside each active sector remains described by
A(x) from Section 3.2.2.

3.3.4 One continuous angle and four finite projective charts

A single global angle
© € R/(277Z) (3.36)
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follows the selected clock—ruler plane through the complete four-sector orbit. Away from a
null boundary, the active geometry sector is the sector whose rest centre is nearest to the
current value of ©: Choose a real lift of © on each traversal of the orbit and define

20 1

7(0) = { + 2J €7, ny(©)=7(O) (mod 4). (3.37)
T

The integer n records the chosen lift, whereas ngy is only the physical Z, sector label. At a null

boundary either one-sided chart may be used. They describe the same limiting orientation.

The local parameter appearing in Eq. (3.35) is the value of this one angle measured from

the active rest centre,

6(0) =6 - Zi(0),  [9(0)| <

Thus R(O)*, = R(¢(©))",. The finite projective variable of the active principal mode is

. (3.38)

NE

%(0) = [tan¢(©), 0 <qr(©) < 1. (3.39)

It vanishes at every sector rest centre and reaches one at every common null boundary. After
the boundary, Eq. (3.37) selects the neighbouring chart, so the same global function decreases
from one back toward zero. No second angular field and no separate pair of sector functions
is required.

The fields @, () retain the orientation supplied by the original metric. They determine
the principal eigenvectors and projectors, whereas © advances only the active time—principal
plane selected by gi. The angle is neither a rapidity nor a particle velocity. Particle motion
inside a fixed sector remains described by Sx and Ax)"..

3.3.5 Reciprocal normalisation of the active solution

At ¢; = 1 two adjacent charts meet at the same critical scale. Beyond that boundary the
same mode must be measured from the rest centre of the new sector. The tensorial reciprocal
rule fixes the boundary and exchanges a large old ratio with a small new one. Since L*, is a
positive endomorphism of u*, define its restricted inverse tensor spectrally by

1
(LT =3 7 W (L)L = D (LT =y, (LT)u” = 0. (3.40)

The reciprocal proper-scale tensor is then
Lt = GH,(L1YP,GY,. (3.41)

Projection on a common eigendirection gives the scalar consequence L;= G?/L;. Applying
the rule twice returns the original scale algebraically. Moreover, Eq. (3.31) shows that the
same eigenvector has the reciprocal chart ratio ¢; = ¢; ! Thus the regime described by an
arbitrarily large old ratio becomes the zero-ratio rest centre of the neighbouring chart.

The rule acts on the variables with which a known GR solution is evaluated, not as a
conformal or componentwise correction to its finished metric. Schematically,

glis) = 2 T2 g, (1), (3.42)

9
nv

The pullback evaluates the GR solution in the active proper scales. The constant factor
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i2"s = (—1)™ records the sector sign of its tetrad representation and leaves the Levi-Civita
connection and null set unchanged. At the critical surface L; = G; the unsigned proper scale
agrees in both charts. For a single scale X=X }QL /X, the Jacobian equals —1 at X = Xp; the
radial coordinate orientation therefore reverses while invariant curvature remains continuous.

This sign reversal is the differential expression of the clock—ruler exchange. Along a smooth
worldline, dX /dr = —(X2/X?)dX/dr. The sign of one coordinate component changes at
the transition, but the tangent itself is carried by the Jacobian of the chart map and remains
timelike. There is no reflection of the body and no physical crossing of its null cone.

The same construction can be written directly with © without changing the field equations.
A principal scale with critical value X}, is represented on the complete orbit by the single

cyclic function
Xn X

~ (©)  [tan(© - 5a(0))[

It approaches infinity at every sector rest centre and equals X} at every null boundary. The

X(©)

(3.43)

same profile repeats after a quarter orbit, X (0 4 n/2) = X (0), while the sector orientation
continues around the full cycle.

Let 2#(0©,y) be the coordinate map of the known GR solution after its active scale has
been replaced by X (0), and let YM = (©,y). The complete sector coframe and the one
angular metric are

3 Ozt
A __ :ng(©)qA
9401(0,y) =" u(ﬂf(@ay))Wa (3.44)
9 (©) = oz* Ox¥
gun(8,y) = 779G, (2(0,y)) Y M gy N (3.45)

All mixed terms generated by the full Jacobian are retained. The angles w,, () remain inside
the metric-derived principal projectors and the original GR coframe; only the active scale is
reparametrised by ©.

The anti sectors reverse the inherited coframe orientation. Since n(© + 7) = n(0) + 2,
and therefore ny(© + m) = ny(©) + 2 (mod 4), one has
’lgAM(@ +m, y) = _19AM(@7 y)7
4o (6 + m,y) = —dat (O, y), (3.46)
gun (O +7,y) = gun(0,y).

The coordinate reversal comes from the coframe factor i”sT2 = —

2(ng+2) — j2ng

i"s. The metric is unchanged
after two sector turns because i
3.3.6 Geometry coframe and particle readout

Let Zp, : Un, — M be the active geometry chart and YA[L] a coframe of the same GR
solution evaluated in its active scale tensor. The geometric sector coframe is

93y = 1" Ty 9L, (3.47)

The pullback selects a regular chart of the field, i" selects its orientation component, and
the coframe of the GR solution already contains the local geometric deformation. None of
these operations creates another geometry.
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The particle operation is applied only afterward. In Eq. (3.12), the reference coframe is
then replaced by the pulled-back GR coframe in Eq. (3.47); the final phase is still VX, with
Nx =ng+ sx (mod 4). No additional formula is needed because this is exactly the ordered
composition already defined in flat spacetime. The result is a transformed differential, not
a second coframe field assigned to the manifold. Changing n, first changes the geometry
coframe; changing A(x) changes one particle’s motion; and the conserved sy fixes which
extended Lorentz transformation that particle uses.

The metric still belongs only to the geometry and is the tensor already defined in Eq. (3.42).
Its sign alternation is the quadratic trace of the sector orientation. It distinguishes even
from odd sectors but not the two opposite orientations within either parity class; the missing

(X)

information remains in 19&). No analogous g’ is introduced.

Before the orientation sign is attached, every physical or geometric field has one value on
M and only chart pullbacks

f(ng) = I:Lgf’ Fe {g,ul/a T,Lwa R'uupcra .- } (348)

The metric readout ¢(™) is obtained from its pullback by the single orientation factor displayed
in Eq. (3.42); it is not a second freely specifiable tensor.

3.3.7 Curvature and unchanged field equations

Let Z denote an adjacent reciprocal chart map and let H4 g be the corresponding coframe
transition. The Cartan connection has the usual inhomogeneous change-of-frame term,
whereas its curvature two-form transforms tensorially:

Q(nngl)AB = HAC I*Q(ng)cD(HiwDB. (349)

This is ordinary tensorial covariance, not a new sector curvature law [54,63].

Scalar contractions transform by the same pullback. In particular,
K, = I;Q(Ru,,poRWp”) . (3.50)

Adjacent sectors give the same value at the same boundary event. A normal derivative may
reverse sign because the reciprocal Jacobian reverses the normal orientation; this is not a
jump in the curvature tensor.

Each particle resolves R/, ,, through its transformation G(x; only its tetrad components
change. The field equation, timelike geodesic equation and null condition retain their standard
form:

Guw = 87;#71#1/7 UxV,U% =0, guwk!'E” = 0. (3.51)
There is no sector-dependent Einstein tensor or independently adjustable stress tensor.
Different sx values change the temporal-spatial split measured by a particle, not the scalar
invariants. In particular, inserting R(a))*, into a completed coframe while keeping n4p fixed
would create a different metric. The orientation tensor selects the active plane; the pullback
and reciprocal scale select the regular representative of the original solution.

The flat-spacetime kinematic meaning has already been fixed in Sections 3.2.2-3.2.6: a
sector change re-resolves one tangent rather than replacing it. In curved spacetime the only
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additional statement is the tensorial chart law. On an overlap,

’ “/
_ 0 (3.52)

Ux EF =
X axlj Y

while sx and the physical future orientation remain unchanged. The active coframe decides
which component is temporal. It does not redirect the worldline, and an inherited differential
such as dX = c¢dt may become spatial without becoming unreal or acquiring the power to
reverse proper time.

3.3.8 Reciprocal centres as asymptotic boundaries

Two geometrically different limits must now be kept apart. The first is the common null
boundary of adjacent finite charts. A horizon-regular frame can carry a causal curve through
this boundary in finite proper or affine parameter. The second is the reciprocal centre
approached after the neighbouring chart has become active. Smooth matching at the first
boundary does not imply that the second limit is a finite event.

Curvature regularity and causal accessibility are therefore independent questions. Scalar
invariants decide whether the reciprocal domain is singular; the integral of proper time decides
whether a timelike curve reaches its centre, and an affine parameter provides the corresponding
null test. A reciprocal centre can be regular and asymptotically flat while remaining at infinite
timelike proper time and infinite null affine parameter. It is then an asymptotic boundary of
the active chart rather than a finite-parameter point of the corresponding timelike or null
geodesic.

The constant orientation sign does not alter this distinction. For any nonzero constant C,
I'*,,[Cg] =T*",,[g], because the factor in the inverse metric cancels the factor in the metric
derivatives. Nevertheless proper time must be normalised with the active representative
g(me) = 12"917*Lg g. In an odd sector the old timelike normalisation cannot simply be copied
from sector 0. The examples below apply this test explicitly rather than treating vanishing
curvature as a proof of completeness.

3.3.9 Several active modes

When the principal directions of L*, and G*, commute, the construction reduces locally
to independent two-planes and Eq. (3.35) can be applied mode by mode. If the principal
planes rotate into one another, their generators need not commute and the orientation must
be transported in path order. A global existence-and-uniqueness analysis for that general
case lies outside this paper. Schwarzschild, the two LTB modes, isotropic FLRW, and the
principal plane of Kerr are sufficient to display the construction without introducing another
formalism that is not used in the examples.

3.4 Sector-normalised general-relativistic examples

The examples now apply the same physical test to four different geometries. First the
Jacobi or principal structure identifies the proper scale that is being focused. The known
general-relativistic solution then fixes the critical scale at which the inherited clock reaches
its null boundary. Only at that boundary is the reciprocal chart introduced, and only after
the chart has been identified are its curvature and geodesics evaluated.
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This order matters. The reciprocal map is not chosen because a curvature formula happens
to diverge, and none of the examples receives a modified Einstein equation. Each calculation
asks whether another sector chart of the same solution replaces the singular extrapolation
by a regular physical domain. Finite curvature answers only the first half of that question.
Proper time for matter and affine parameter for light decide whether the regular centre is an
event that can be crossed or an asymptotic end of the worldline.

The examples track the sector of the geometry. Unless stated otherwise, their reference
matter remains ordinary relative to the active field. Other particle sectors may be read in the
same chart, but they do not alter its curvature. This keeps three issues separate throughout
the section: the orientation of the field, the sector class of a particle, and the part of the atlas
that a causal trajectory can actually reach.

Every general sector metric below retains its geometry phase. Thus a metric written for
an arbitrary active sector has the form ds?(0) = i?"9(®)d5%(©). Whenever a particular sector
is displayed separately, its numerical sign is written directly as 1 or —1, rather than as a
power of i.

3.4.1 Schwarzschild: from the ordinary exterior to side rest

Begin with the standard exterior Schwarzschild line element [57]

dR” s °G N M
dS?O) = _f(R)Cthz + m + R%d0?, f(R)=1- %, re = 2\2]

, (3.53)

where R is the areal radius and dQ2? = d#? + sin?0dy?. The coordinate coefficients in
Eq. (3.53) are singular at R = rg, but the horizon itself is regular. The sector transition must
therefore be performed in a horizon-regular coframe, such as an ingoing Eddington—Finkelstein
frame, rather than inferred from the singular diagonal coordinates [47,48].

Spherical symmetry reduces the sector test to the areal scale. On the observer’s rest space
its degenerate tensor representative may be written as L*, = Rh*,, while the Schwarzschild
solution supplies G*,, = rsh*,. Hence every unit direction on the old spatial sphere has the
same eigenvalue. This tensorial degeneracy means that any selected spatial ray reaches the
same critical areal scale and can be paired with the clock by Eq. (3.35). The generalised
eigenproblem reduces to ,

S

q(R) = 7 (3.54)

This is a geometric compactness ratio, not the measured velocity of a falling body. It is
smaller than unity throughout the ordinary exterior, vanishes at the asymptotically flat rest
centre, and reaches unity at the horizon. The horizon is therefore the null boundary of the
ordinary chart.

The threefold degeneracy is physically important. It says that the old spatial three-space
supplies a sphere of admissible side-sector clock directions; it does not create three times
on one observer’s worldline. A radial worldline determines a unit vector s* in that family
through its local tangent and the spherical symmetry. The tensor J*, = u*s, + s*u, then
rotates the plane identified by P*, = —ufu, + s's,. At the quarter-turn the old clock is
read as the new ruler and the chosen old ruler as the new clock, while the transverse screen
is unchanged. This statement is made in a horizon-regular frame. It does not add a term to
the Schwarzschild metric and does not manufacture a second vacuum solution.

At the first horizon the geometry changes from the ordinary to the first side chart; the
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particle class does not change. Ordinary infalling matter therefore remains ordinary relative
to the local field, even though its total orientation looks side-directed when described by the
exterior coframe. A pre-existing side particle likewise retains its own class. In both cases the
chart changes before the unchanged particle transformation is applied.

The reciprocal Schwarzschild domain is fixed only after the clock—ruler exchange is read
geometrically.

The axis exchange must be interpreted before introducing another formula. In sector 0,
t is the time direction and the old (z,y, z) space is spatial. In sector 1, every direction in
that old three-space is an admissible time direction, while the old time direction becomes
the spatial coordinate X = ct. Spherical symmetry labels the family of side-time rays by
(r,0,p): the angles label a ray and r parametrises evolution along it. Sector 0 therefore uses
+t as its clock direction and treats (x,y, z) as space. Sector 1 reverses these roles at the level
of the projection: the possible clock directions form the family n* € u’ with hywntn? =1,
while X = ct is spatial. The essential point is that not only one distinguished r direction can
supply the side clock. The whole old spatial R3 supplies the family of possible time axes. For
a radial particle the actual trajectory has fixed (0, p) = (6o, o) and thereby determines one
ray; no second independent clock choice is appended to the particle. Its single proper time is
parametrised along that ray by r, and it does not evolve simultaneously along every member
of the family.

The quantity R(r) measures the areal radius of the sphere formed by all side-time directions
at the same sector value r. It is not another name for the selected ray parameter. After
the exchange, r labels evolution along a chosen old spatial ray, while X = ct is spatial.
Consequently the zero value of r is a value of the new time coordinate, not the origin of
the old spatial radius. This change of roles is what makes an infinite-radius sphere at that
endpoint geometrically meaningful rather than contradictory.

It remains to determine the size R(r) of that sphere. Restricting Eq. (3.41) to any one of
the degenerate eigenvectors gives L = r2/L. In the ordinary chart L = r, so the neighbouring
areal scale is fixed, rather than postulated, as

) 0<r<rs, (3.55)

which satisfies R(rs) = rs and dR/dr|, = —1. The first equality identifies the same horizon
event in both charts; the second records their opposite radial orientations. Two operations
must not be conflated. The axis exchange explains why the zero endpoint of the side coordinate
is a temporal sector centre and why the old time coordinate is now spatial. The reciprocal
chart relation then gives the value of the simultaneous areal scale there. Together, and only
together, they imply that this coordinate endpoint is a time limit at which the sphere of
side-time directions has infinite areal radius. This does not identify zero with infinity: r and
R are coordinates with different roles in the two projections. It would be incorrect to read
the zero value of r as the centre of ordinary spherical coordinates after the exchange.

First relabel the radial coordinate in the underlying Schwarzschild metric. Since dR =
—r2dr/r?, the active sector-1 representative is

4 4,2 4 (3.56)
= (1 —r/rs)c?dt® — T Ts 02,
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The unsigned pullback Z7 ¢© remains a vacuum solution wherever the chart is regular,
and multiplication by the constant sector sign preserves that connection and curvature:
GuwlZig") = 77 G, [99] = 0. In terms of X = ct and the areal variable R, the selected
clock-ruler plane of Eq. (3.56) is

dR?
f(R)

The old time X is now spatial and increasing R is the active timelike direction. Multiplication

dsfyy = f(R)AX? — (3.57)

by the constant sign does not change the vacuum connection or curvature; it changes which
direction is used in the proper-time normalisation.

The same construction can be written on the single global orientation angle introduced in
Sec. 3.3.

For this metric the functions entering the angular representation are

6(0) =0 - Za(®),  q(0) = [tang(O)],
s _ rstang sec? ¢
R(©) = 2(0)’ Re = T JtangP (3.58)
__HRe _
n(©) =% dR=Redo,

The derivative formula is used on each open angular chart, away from its rest centre. The one-
sided value of eg selects the regular ingoing or outgoing Painlevé—Gullstrand representative.
After expanding the square, the complete metric is

Ts

R(©)

(mganzzﬁwﬁﬂl—02<1— L )dT2+2qﬁ®ﬁz R dTdO

R(©)
(3.59)

—%R%d®2+ffahdﬂﬂ.

The function R(O) equals 7, at every horizon and diverges at every sector rest centre. The
metric repeats cyclically, while the opposite-sector coordinate orientation is supplied by
Eq. (3.46).

The reciprocal endpoint can now be tested invariantly.

The angular coefficient in Eq. (3.56) has the invariant meaning of an area: at fixed side
time, Ag> = 47r?/r?. As the side coordinate approaches zero, this area describes a sphere
whose areal radius grows without bound. A curve with fixed X, 6, ¢ selects one point on each
successive sphere; it neither travels around that sphere nor traverses its radius. The changing
areal radius is a geometric field sampled along the curve.

Regularity follows from the curvature of the one Schwarzschild metric, not from the axis
exchange itself. The Newman—Penrose amplitude and the Kretschmann scalar become

Ts ’r‘3
\IJZ(R) = _2R37 \112(1)(7“) = _ﬁu
48GAM? 122 1270
K(R) = C4R6 = R6 y K(l)(T) = 10 (360)
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The powers of 7 arise solely from substituting R = r2/r. At the common horizon both charts
give K = 12/r%, while their normal derivatives have opposite signs because dR/dr = —1
there. At the zero endpoint of the side coordinate, both curvature quantities vanish. The
reciprocal chart has therefore replaced the extrapolation toward zero areal radius by a domain
in which the areal radius grows without bound and the geometry becomes flat. This proves
curvature regularity, but it does not yet say whether the limiting endpoint is reached in finite
proper time.

Curvature regularity does not determine causal distance. The timelike normalization must
therefore be derived from the active side metric in Eq. (3.57), rather than copied from the
ordinary Schwarzschild chart. Since X is cyclic, the momentum in this old time direction,

now spatial, is conserved: P = f(R)dX/dr. Using ds%l) 1= —c2dr? then gives
dRr\? r p
<d7> +cf(R)=c"(p°+ =) D - (3.61)

This sign is essential: P is not the conserved energy ¢ of a sector-0 timelike geodesic.

Let A =1+ p?. Integrating the outgoing side branch from Ry > r, gives

1 R(AR —r
(R) ~r(Ry) = * [< )
oV R (3.62)
s . 1.1 —Ts
+ YER sinh 7“31 .
Ro

Here sinh™! denotes the inverse hyperbolic sine. The integrand is regular there for p # 0;
for p = 0 its square-root divergence is integrable. Hence every horizon-to-finite- R interval
is finite. The infinite-distance statement can be proved without an asymptotic expansion.
Choose any finite point on the outward side branch and denote its areal radius and proper
time by R; and 71. Define the two finite positive speeds

el T ofTER 36
1

The first is the radial growth rate at the chosen point; the second is the largest value
approached as the reciprocal areal radius increases. Since r5/R decreases monotonically on
this branch, Eq. (3.61) means exactly that

dR
O<v_§5§v+<oo, R > R;. (3.64)

Equation (3.64) has a simple physical meaning: after the observer reaches Rj, the active
areal scale keeps growing, its rate never falls to zero, and that rate never becomes infinite.
Integrating over the elapsed proper time 7 — 71 gives

Ri+v_(tr—71)<R(t) < Ry +vy(r—11). (3.65)

Thus R(7) is trapped between two straight lines. The upper line is finite for every finite 7,
so R = oo cannot be reached in finite proper time. The lower line grows without bound,
so arbitrarily large finite areal radii are nevertheless reached as the proper time continues.
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Using the reciprocal relation r = 72/ R reverses the inequalities and gives

2 2
Ts s

Ry +vy(r—m)

<r(r)< "

S T P (3.66)

Equation (3.66) is the same statement in the side coordinate. Both bounding functions are
positive at every finite proper time and both reach zero only in the limit of unbounded 7.
Consequently the coordinate value r = 0 denotes the reciprocal asymptotic boundary, not an
event encountered after a finite duration. The case p = 0 is included: after the finite interval
from the horizon to any R; > 7, the same bounds apply. Equation (3.62) already contains
that side-rest case and no separate approximation is required.

The null calculation gives the corresponding affine-distance test.

Let X = ct, let A be an affine parameter, and define the conserved quantity £ = f(R) dX/d\.
The radial null condition then reduces to

dR

- +¢&, R\) =rs+|E|(A—=Ap) (3.67)
on the branch directed toward increasing R. The areal radius can therefore grow without
bound only over an unlimited affine interval. Even light does not cross the zero endpoint of

the side coordinate at finite affine parameter.

Orthonormal tidal components fall in proportion to the inverse cube of the areal radius.
They therefore decay along every geodesic that approaches the boundary. For finite p, the
Kretschmann scalar falls with the inverse sixth power of proper time and the orthonormal
tidal scale with its inverse third power. Along radial light the scalar falls with the inverse
sixth power of affine parameter. The side centre is consequently both asymptotically flat and
geodesically complete in these radial directions.

Together the timelike and null results fix the physical status of the reciprocal boundary.

The algebraic atlas may contain a reflected side branch, but that branch is not the next
finite-parameter segment of the geodesics just calculated. The zero endpoint of its side
coordinate is another representation of asymptotic infinity, not a local event at which the first
branch is glued to it. A worldline may cross the entrance horizon from the ordinary chart
into the first side chart in finite time. It cannot continue through the asymptotic centre into
the opposite-time chart at finite proper or affine parameter. In particular, ordinary infalling
matter does not emerge from a white hole in the —¢ sector. Algebraic reflection of the chart
and physical transport of a worldline must not be identified.

3.4.2 LTB geometry: longitudinal and transverse sector modes

The Lemaitre-Tolman—Bondi dust geometry is the simplest example in which a single spherical
radius does not describe the full deformation [3,60]. Using the mass coordinate F', write
R=R(t,F), Rpr =0R/0F, and I'(F) = \/1+ 2E(F'). The comoving line element is

2
ds(y) = —c*dt* + %dF2 + R2d0%. (3.68)

The source dust is taken to have sx = 0 relative to its local geometric coframe. This fixes its
particle class but does not enter the directional scale tensors below. The proper separation
of neighbouring shells is d/| = (Rr/I')dF, whereas both transverse scales are set by the
areal radius R. Let u#* = U#/c be the unit dust clock field, s# the unit radial vector in its
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rest space, and S*, = h#, — sts, the projector on the spherical screen. Because F' is used
as the mass coordinate, the longitudinal eigenvalue is the proper shell-separation coeflicient
multiplying dF', while the two transverse eigenvalues are areal scales. Introduce the radial
and spherical spectral projectors

HHMV = SMSZ,, HJ_MV = SMV = h’u,/ — S“SV, HHMPHLPV = 0. (3.69)
The proper-scale and critical-scale tensors are then

LF, = Lyy#y, + Loy,

(3.70)
G!', =G 1", + GLIL R,
with eigenvalues obtained tensorially as
R
Ly = sulfus” = o0 Gy =G’ =1,
(3.71)

1 1
LL - §SVuLﬂV - R, GL - §SVMGNV - F

Hence the two invariant eigenvalue ratios are ¢y = G|/Ly =T'/Rp and ¢, = G, /L, = F/R.
When the radial derivative of the areal radius vanishes, only the longitudinal shell-crossing
projector becomes critical. When the areal radius itself vanishes, the degenerate transverse
projector becomes critical instead. The distinction is entirely encoded by II}#, and II #,,
without introducing a component representation.

Applying Eq. (3.41) separately on these eigenspaces defines the neighbouring reciprocal
variables

~ r ~ -~ F?
— d¢y = —dF L, =R=—.
RF7 I RF ) 1 R

The vanishing old shell separation is thereby represented as an unbounded proper scale

L= (3.72)

measured from the adjacent rest centre, while a transverse collapse is continued by the
reciprocal areal scale. They are active-scale data for sector charts of the same LTB metric
and matter fields, not rescalings of a completed coframe.

The transverse mode can also be embedded in the global orientation angle.

For the transverse mode the critical scale is F'. Define all functions used in the angular
metric by

6(0) =0 - Zi(0), (€)= |tand(O)]

F
RO.F) = —gy  R(O.F),F)=R(O,F), s
. __Re(®F) 47" (®) — Rp(t(©,F), F) '
O T RO, F),F) T T RO, F),F)

T'(F) = \/1+2E(F).

The last two relations follow by differentiating the implicit equation for ¢(©, F'). With
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dt =t d® +t pdF, the full pullback, including its mixed term, is
ds? (©) = i274(©) [ — ?t$dO? — 2¢% ot pdOdF

(3.74)
R2 F
+ (F(t(@’)’F) — C%}) dF? + R*(@, F)d0?|.

[%(F)

For the longitudinal shell-crossing mode the same global rule is applied to the proper shell
scale Rp /I, with critical value one; the transverse angles and all remaining LTB fields keep
the values supplied by the original solution.

Sector labels in this subsection are attached to complete geometric objects, such as ds%o),
ds%l), and their curvature scalars. The coordinates and scalar functions ¢, 7, F', R, a, and b
are not themselves sector-indexed; their physical role is fixed by the metric in which they
occur.

The two regularity calculations must be read separately. At shell crossing only the longitu-
dinal chart changes. The reciprocal separation in Eq. (3.72) replaces the vanishing distance
between adjacent shells by an unbounded active distance measured from the neighbouring
sector centre. Curvature and dust density must then be evaluated in that longitudinal domain
rather than extrapolated through the degenerate comoving coordinate.

Shell focusing is different. There the radial labelling of neighbouring shells need not fail,
but the transverse two-sphere loses its areal size. The reciprocal areal scale in Eq. (3.72)
replaces that zero-radius extrapolation by a side domain with growing transverse area. Its
curvature is evaluated independently of the shell-crossing mode. The tensor decomposition is
essential precisely because one kind of collapse cannot be used as a scalar substitute for the
other.

Before either LTB degeneracy is specialized, the causal equations can be written once for
the parent geometry.

The geodesic equations can be written exactly before any profile is chosen. Define the
ordinary-sector radial scale coefficient

Rp(t,F)

AW F) = =5

(3.75)
By spherical symmetry every geodesic may be placed in the equatorial plane § = 7/2. Let
VH# = da#/d(, where ( = 7 for a massive particle and ¢ = X for an affinely parametrised null
ray, and define Write the causal normalization as

gl(LOV) VEVY = —ec?. (3.76)

The parameter is € = 1 for timelike motion and € = 0 for null motion. The rotational Killing
fields give the exact conserved angular momentum

24y

{=R a

(3.77)
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The tensor equation V¥V, V# = 0 is then equivalent to

A’  AQA (dF\? OR ,
T (dg) tapt =

@F 0 AdtdF | 0pA (dF) Re p_,
a2 T A acac T A \d¢ A2R3T T
(3.78)
dp _ £
¢~ RY

() e

These equations contain no large-distance or near-centre approximation. They determine a
causal curve in the sector-(0) metric once R(t, F'), E(F'), and initial data are supplied.

For radial timelike motion, ¢ = 0, introduce

1 1
eg! = E(at)#’ et = Z<8F)#7 (3.79)
and write
Ut =cy(egh + Bei”),  p=vB8, v=y1+p? (3.80)
The exact first-order system is
dt / dF  ¢p
R 1 2 - X
dr T dr A’ (3.81)
dy _ oA |
a- ar
Henee Ly A, F(t)) Y
t) = poexp|— t/dt’] T-10= | —Y—m——. 3.82
0 =eso|- | oy it O
The comoving dust curves are the exact special case p =0, dF = 0, and dr = dt.
For radial light, write
k= w(eg” + ees”), €e==+1. (3.83)
Then k¥V, k* = 0 gives
ar_
at ~ AL F)
dw  O/A(t, F(t))
@ AL E) o

tod¢
/\—/\ozc/ —
to

w(t')

The affine integral, rather than the coordinate slope alone, decides null completeness. A

(1)

sector-(1) geodesic system must be derived from the complete metric g,,; it is not obtained

by replacing one coefficient in these sector-(0) equations.

The parent LTB curvature shows why the reciprocal domain must be tested with its own

active metric.

Before introducing reciprocal domains it is useful to display the exact LTB curvature that

the inactive chart assigns to the two degeneracies. In geometrised units, with the convention
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R? = F/R and with F itself used as the mass coordinate, the Kretschmann scalar is

12F?2 8F 3
Ko="% ~®r, " R

(3.85)

Thus an ordinary shell crossing, Rr — 0 while R — Ry > 0, is generically curvature divergent
in that inactive description. Ordinary shell focusing, R — 0, is also divergent. The sector
construction does not turn either value finite by a coordinate change at the same event.
It replaces the singular extrapolation by an explicitly specified reciprocal domain, whose
curvature must then be computed from its own active metric.

Longitudinal shell crossing

A closed-form profile can be constructed in the marginally bound sector- (0) family. In this
paragraph set Gy = ¢ = 1 and use the convention R? = F' /R. The collapsing solution is

R(t, F) = (95)1/3 [t5(F) — 1], (3.86)

Choose constants F, > 0, Ry > 0, a > 0, and t., and define

oY 2R.(F)3/?
R.(F)=Ro+ - (F - F.)?*  tp(F)=t.+ A2, 3.87
Substitution gives the exact identities
R(t., F) = R.(F), Rp(te, F) = a(F — F,), R(te, F.) = Rg > 0. (3.88)

Thus F' = F, is a simple shell crossing on the slice t = t., not a shell-focusing point. Its
ordinary-sector Kretschmann scalar is

12F? 8F 3
K9t F) = - : .
o) te F) R.(F)  o(F — F.)R.(F)> * a?(F — F.)2R.(F)* (3.89)
and diverges when the inactive chart is extrapolated to F' = F,.
To construct the neighbouring sector, use the branch F' < F,. and put
1
0=F.—F >0, LH = |RF(tC,F)| = ad, q = % (390)

The full radial clock—ruler orientation is selected tensorially. On the radial time—space plane
define

PF, = —vutu, + sts,, JF, = uts, + stu,, St P, = =Pty (3.91)
With s )
cos = Ao siny = Viererok (3.92)
the radial orientation tensor is
R.()*, = o*, — P#, + cosy PFy, +siny JFy,. (3.93)

It acts only on the time-radial tensor plane and is the identity on the spherical screen. At
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the common chart boundary ¢ = 1, one has ¢ = 7/4; as I’ — F, the tensor approaches
the radial quarter-turn ¢ — 7/2. Thus the selected longitudinal projector, not a coordinate
component, identifies the mode paired with the side clock. The reciprocal scale is then used as
initial data of an exact LTB solution, rather than as a componentwise rescaling of a finished
metric.

Assume F. > 1/a, so that the entrance shell

1 1
Fp=F.——>0, Rh:Rc(Fh):Ro—i-f (3.94)
o} 2a
is well defined and satisfies |Rp(t., F})| = 1. Realise the reciprocal longitudinal scale as the

radial Jacobi scale of the side initial profile:
dRr, 1
dF  a(F. - F)’

N 1. /F—F, 1 1
Ry(F) =Ry, + —1 R 4+ -In(— ).
w(F) h+an<Fc—F> h+an<a(Fc—F)>

(3.95)

At F' = Fj, the areal radius and unsigned radial scale agree in both charts. The signed radial
derivative reverses orientation, while its square and therefore the radial metric coefficient are
continuous. Toward the reciprocal centre,

F—F, = Rp—o0, Ryp— . (3.96)

The exact expanding marginally bound dust branch generated by these initial data is

~ _ 2/3
Rer F) = | Rp(F)2 + %\/F (r - Th)] R (3.97)
Writing
Z(r, F) = Bn(F)*/% + ;\/F (r— ), (3.98)
one obtains _
B 23 OR\ _F
b aT R?
_ (3.99)
~ _ Ry, T—Th
Rp =213 .
F a(F.—F) ' 2JF

Consequently the complete sector-(1) metric is itself an exact LTB dust solution,
dsty o = dr® — R(r, F) dF? — R*(r, F) d2°. (3.100)

Its orthonormal Einstein tensor has the dust form

On the entrance slice 7 = 7,
F.—F
ol ) = =) o p ), (3.102)

Ry (F)?
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Thus the reciprocal branch preserves the same pressureless matter type; no anisotropic
pressure or radial flux is manufactured by the continuation.

The Kretschmann scalar of this exact sector metric is

12F? 8F 3
K F) =" - ———+ = (3.103)
RS  R°Rp R'R%
On 7 = 7, it reduces to
c 12F?  8aF(F.—F) 3a*(F.—F)?
KOy, ) = 22 _8aF(Fe = F) | 3a(Fe = F)” (3.104)
(1) RS RS R4
h h h
For every fixed finite 7 — 73, the reciprocal centre obeys
lim p(r, F) =0, lim_ K()(r, F) = 0. (3.105)

F—FS F—FT

The inactive shell-crossing divergence is therefore replaced, for this exact profile, by an
asymptotically flat-curvature dust domain. This establishes curvature regularity of the
completed sector-(1) metric. Timelike and null accessibility of its spatial reciprocal centre
remain separate geodesic questions.

Transverse shell focusing

Continue in geometrised units. The homogeneous marginally bound dust solution is an exact
LTB subclass. Use a comoving shell label x. The ordinary sector-(0) geometry is

dsfy, gy = —dt? + a®(t) dx® + a®(t)xdQ>. (3.106)
with
b — 1t 2/3
R(t,x)=a)x,  alt)=ap (tf - ) .t <t<ty, (3.107)
f—th
and
Foo= 23 By =0 (3.108)
X—g(tf—th)zx, X) = U .

Every noncentral shell has R — 0 as t — ty; this is the transverse shell-focusing mode.

The neighbouring side sector uses the reciprocal scale

a’ 2
b(r) = —h—, Hy=—"——. 3.109
T TCe N Ty (3109
Its explicitly sector-indexed metric is

dsfy py = d7? = b*(7) dx® — b°(1)x*dQ2°. (3.110)

The exact dust equation in sector (1) gives

3 2/3
b(7) = ap |1+ SHy(T —m)| (3.111)
tr—1

tp—t(r) = —5——" (3.112)

N 1—|—%Hh(7'—7'h)'
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Consequently ¢t = t¢, and hence R = 0 in the inherited collapse label, is approached only
when 7 is unbounded.

The curvatures of the two sector metrics can now be compared directly. For Eq. (3.106),

K1) =12 KZ)Q + (Zﬂ = 27@;50_75)4 (3.113)

It diverges as t — t¢. For the reciprocal metric Eq. (3.110),

.y 2 N "
K{)(r) =12 {(Z) + (Z) ] = =L/ (3.114)

[1 + %Hh(T — Th)}

Thus

K{)(m) =15H;,  lim K{f)(r) = 0. (3.115)
Here the complete sector-(1) metric has been written explicitly, so the finite curvature and
its decay to zero follow from that metric rather than from scale inversion alone.

This statement is not restricted to exactly comoving matter. For a radial massive geodesic
with conserved comoving momentum II, its own proper time o satisfies

do 1 .
dr  1+T112/b2(7) — \/1+H2/a%’

(3.116)

SO
T — T

\/ 14112/ a,%.
For radial light, let K = b?dyx/d\ # 0. The null normalisation gives d\ = bdr/|K|, and the
affine parameter is exactly

Qah 3 5/3
- = 1+-H — —1;. A1
A SH, K] {{ +5 (T Th)} (3.118)

o—op > (3.117)

Both the massive proper time and the null affine parameter are therefore unbounded.
This homogeneous profile supplies an exact sector-(1) shell-focusing metric, an exact fi-
nite Kretschmann scalar, and exact causal completeness. The longitudinal example above
likewise supplies an exact sector-(1) LTB dust metric: its density and Kretschmann scalar
both tend to zero at the reciprocal shell-crossing centre. Its full noncomoving timelike and
null accessibility remains a separate geodesic problem.

The general equations Egs. (3.78), (3.81), and (3.84) remain necessary for nonhomogeneous
profiles. The examples do not turn the result into a universal LTB theorem: a different mass
function, energy function, bang-time function, or active reciprocal completion must be tested
using its own exact sector metric and causal integrals.

3.4.3 Kerr geometry: the principal sector plane with frame dragging

Rotation changes the active plane, but not the reciprocal construction. In this subsection
only, set Gy = ¢ = 1. Kerr has no globally preferred radial direction supplied by spherical
symmetry. The repeated principal null directions instead select a local time—principal plane.
Its unit clock u*, principal direction n*, projector, and quarter-turn generator are exactly
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those of Eqs. (3.33) and (3.34). Their position dependence carries the familiar frame dragging
in the Kerr connection; it does not require another sector operator.

The outer horizon lies at 7, = M + v/ M? — a?. Anchoring the reciprocal chart there gives

Rry="F, o0<r<r. (3.119)

The cross term gy, means that the active clock is the local horizon generator in a corotating,
horizon-regular frame, not the coordinate one-form d¢ by itself [36]. The same worldline
tangent is re-resolved in this corotating sector coframe: the inherited time direction belongs to
its spatial decomposition, while n* supplies the active clock. Turning in azimuth or reversing
inherited-t motion does not reverse the particle’s proper time.

The principal Kerr scale admits the same global-angle representation.

Put r, = r4 and define every ©-dependent quantity appearing in the metric by

(o),  ¢(0)=[tan¢(0)],

. R’e
|IRel’

R(©) = dR = Red®,  €r(0)= (3.120)
¥(0,0) = R*(©) + a®cos? 6.

Let W be the horizon-regular null coordinate selected by the active one-sided chart. Expanding
the final square gives one global metric:

2M
ds%(©) = i2"s(®) l (—1 + 2R> dW? + 2epR odWdO + £d¢>

AM in? 0
— 2epasin® 6 R odOdF — 7Ra;m AWdp (3.121)
2M Ra? sin*
+ ((R2 +a”)sin” 0 + Razsmg> d«EQ] ,

where R, R g, €g, and ¥ in the displayed metric mean the functions defined immediately
above. The position-dependent principal direction, and therefore the metric-derived angles
W, () contained in its projector, are carried unchanged by the pullback. Only the active
principal scale is parametrised by ©.

Curvature can be checked directly with one invariant. The Kerr Kretschmann scalar is

2 R® — 15a? R* cos? 0 + 15a* R? cos® 6 — a® cos® ¢

Ky (R,0) =48 (B2 + aZcos 06 (3.122)
and the reciprocal substitution gives
Koy (r.0) = ASML2S ri? —15a?r8 r? cos? 0 + 15arir? cos* 6 — abr cos® 0. (3.123)

(ri + a?r? cos? 0)6

The overall 79 is the residue of the ordinary 1/R% decay after substitution. For a nonzero
outer-horizon radius the denominator stays nonzero throughout the side domain, and the
Kretschmann scalar vanishes at the zero endpoint of the side coordinate. The Kerr ring would
require zero areal radius in the equatorial plane. The reciprocal domain instead begins at the
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outer horizon and extends toward unbounded areal radius, so it never samples the ring.
The non-rotating limit is immediate: a = 0 gives ry = 2M = r; and K1) = 48M21"6/7‘§2 =
1276 /710 precisely the Schwarzschild result in Eq. (3.60).

The causal status of the reciprocal Kerr centre follows from the complete separated geodesic
system.

The geodesic equations can be kept exact. Let
¥ =R*+a*cos’d, A =R?*-2MR+ad* (3.124)

Let V# = dz#/d(, and let fé), 5&0) be the stationary and axial Killing fields. Define the
conserved contractions

P=-¢Pvr,  L=£Pve (3.125)

and let Q be the Carter separation constant [4,63]. The symbol P is a conserved momentum
along the inherited ¢ direction; it is not called an energy in the active side chart because that
direction is spatial there.

Since gﬁ,) =13 ngJ, it is convenient to write the causal normalization as
e=—gDVrvY. (3.126)
An active timelike tangent has € = —1, equivalently g,(f,),) UFUY = 1, while a null geodesic has
€ = 0. Define also
I(R) =P(R*+ad* —al, K= (L—-aP)*+Q. (3.127)

The complete separated system is

R-(R) =T*(R) - A (¢R? + ),
= (9) =70,

T:(0) = Q — cos*# laQ(s ~PH +

sin? 6] ’

dt

At _ e o), (B24aI(R)
ng—a<£ a’P sin 9)+ A ,
dp £ aTI(R)
a “sm2o T TA

Here { = 7 for active timelike motion and { = A for an affinely parametrised null geodesic.
The value € = —1 is the essential change from the ordinary timelike Kerr equation.

Using R = ri /7, the exact side-coordinate equation is

dr\? r ri
=) = —* 1. 12
(dC) riz2R€< , (3.129)
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A branch directed toward increasing R has the exact parameter integral

e R S(R,0(R'))
°" Jry VRAR)

The divergence of this integral can be proved without an asymptotic series. Expanding

dR'. (3.130)

the exact radial potential gives

Ro(R) = A4R* + A3R® + A3R* + AR + A, (3.131)
where
A4:P2—5, A3:2M€>
Ay = 2aP(aP — L) — K — ed?, Ay = 2MK, Ag = —a*Q. (3.132)

Choose any Ry > 0 beyond which the considered branch is allowed, and set

|As| | |A2| | [A1] | Aol

Ce(Rg) = |A . 3.133
=(Ro) = |Aa] + Ro + 2 73 R2 ( )
For every R > Ry,
0 < Re(R) < C-(Ro)R*, > > R% (3.134)
Therefore the exact integral obeys
R—-R
(-G > 0 (3.135)

Any causal branch that reaches arbitrarily large R consequently needs unlimited proper or
affine parameter. A branch for which R, has an outer zero turns or remains bound and does
not approach the reciprocal boundary.

A solvable equatorial family makes the same conclusion explicit.

The exact conclusion can also be seen in a solvable family. Set

==, Q=0, L=aP. (3.136)

b | 3

For active timelike motion, put A = 1 4+ P? and

D(R) = AR?> —2MR + a*. (3.137)
Then )
dR D(R
R_1(R) = R*D(R — = 3.138
(R) = B2D(R), StV (3.139)
on the outgoing branch, and direct integration gives
D(R
T(R) — 7(Ro) = [ A( )
(3.139)

+ % 1n(2\/A7\/ﬁ+ 2AR — QM) ]

R
R,

0
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The first term is unbounded as R is unbounded, so this exact expression places the reciprocal
centre at infinite proper time.

For null motion with the same angular data,

Ro(R) = P?R?, dF _ P, (3.140)
d\
and hence 9
.
R(\) = Ry + |P|(A = Xo), r(\) = + . 3.141
() o+ |PI( 0) (\) Ro £ P10 =) ( )

The side coordinate remains positive for every finite affine parameter and reaches zero only
when A is unbounded. These closed-form examples agree with the general exact bound in
Eq. (3.135); no large-R approximation is used.

A reflected Kerr chart may represent the opposite orientation algebraically, but frame
dragging, spin, and particle data are not transported through the side centre by a finite-
parameter worldline. No Kerr black-hole trajectory derived here continues into a white-hole
exit in the opposite-time sector.

3.4.4 Spatially flat FLRW: reciprocal scale and the meaning of ¢t = 0

The FLRW example uses exactly the same sector mechanism as the black-hole examples.
The only difference is the geometric quantity that is inverted. For a black hole it is the areal
radius; for a homogeneous universe it is the scale factor.

In the ordinary +t projection, write the spatially flat metric as
ds%o) = —c2dt?* + a®(t) dx® + a®(t)x2dQ2. (3.142)

Here a(t) is the ordinary scale factor [31]. Let aj and pj, denote the finite scale factor and
density at the null boundary where the ordinary projection ends and the side projection
becomes active. The comoving fluid is assigned sx = 0 relative to the active geometric
coframe. A change of n, therefore reorients the fluid and the field together without changing
the fluid’s particle class.

Homogeneity and isotropy make all three principal modes identical. With u# the comoving
clock and h*, its rest projector, the complete tensor statement is

L, = a(t)ht,,  G", =ayh',. (3.143)

All three spatial eigenvalues are therefore equal: the active scale is a(t), the boundary scale
is ap, and their common ratio is ¢; = ap/a(t). Every spatial direction consequently reaches
the sector boundary together. This tensor statement already contains the common clock and
the isotropic three-dimensional rest space; introducing a separate component representation
would add no information.

Equation (3.41) gives

2
~ a
L'uz/ = h h'uzz
a(t) ™
a2
b(r) = —n b(t) = ap. (3.144)
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Here 7 is proper time along the comoving clock defined by the sector-(1) metric. The active
representative is

ds%l) = c2dr? — b*(7) dx® — b2 (1)x3d02. (3.145)

This is the one FLRW geometry evaluated in its reciprocal domain, not an independently
chosen second metric. The inherited time label ¢t can approach a finite endpoint while the
proper-time coordinate 7 covers an infinite interval in the sector-(1) metric.

The isotropic scale can likewise be embedded in the global orientation angle.

All functions used in the global angular metric are

6(0) =0~ i),  4(O) = |tang(6)),

a(©) = (6) H(©) = H(a(©)), (3.146)
a,6(0)
MO =<l eyme) |

Here H(a) is the Hubble function of the original FLRW solution evaluated on the active
branch. The complete angular geometry is

dsh(©) = i2%0(®) [~ N?(0)d0? + a*(©)dx? + a*(©)x*d?] . (3.147)

The Friedmann equations and matter source remain unchanged. The global angle parametrises
the single cyclic scale profile, while ny(©) supplies its metric orientation.

The side-domain evolution is fixed by the same Friedmann equations and conservation law.

Let p = wpc? with constant w, and let p;, be the density at the common null boundary.
Energy conservation in the active chart gives p(7) = pp[an/b(7)]?+%). Substitution into the
spatially flat Friedmann equation determines the side evolution; it is not an independently
chosen expansion law. With o = 3(1 + w)/2, H? = 87Gnpp/3, and b(1) = ap, its exact
solution is

b(1) = ap [l + aHp(T — Th)]l/a : p(T) = iy ozH:(h'r - Th)]Q' (3.148)

The reciprocal scale grows without bound only over an unlimited interval of the side clock.
The reciprocal centre is therefore not reached by comoving matter in finite proper time.

For spatially flat FLRW, the Friedmann and acceleration equations give

e\ 2 o\ 4
12 | (b b 64m2G3; 9 9
Ko=" Kb) +<b> ] =g (8w (3149

If K}, denotes the same expression at the boundary value p = pp, then

— K
K(l) (7‘) = [1 n aHh(T _ Th)rl . (3150)

The Weyl tensor of FLRW vanishes, so this decay describes the complete Riemann tensor.
The density falls with the inverse square of the side proper time and the Kretschmann scalar
with its inverse fourth power. The side branch is therefore asymptotically flat.

The relation between the inherited time label and the active proper time then fixes the
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status of the ordinary endpoint.

For the same single fluid, its ordinary power-law chart has a(t) = as(t/t,)"/* and Hj;, =
1/(atp). Combining this expression with b = a} /a and Eq. (3.148) yields

th
t(r) = . 3.151
( ) 1+aHh(T—Th) ( )
Equation (3.151) shows that the ordinary time label approaches zero only after an unlimited
interval of the active proper time. The ordinary coordinate compresses an infinite side-sector
evolution into the finite label ¢ = 0; that label is not an event crossed by a comoving observer.

The result is not restricted to exactly comoving material. A freely moving massive particle
with finite conserved comoving momentum has a Lorentz factor that approaches unity as the
reciprocal scale grows. Its proper time o therefore grows without bound with the side clock.
For radial light, conformal transformation of Eq. (3.145) gives d\ o b(7)d7, where \ is affine.
Since the scale grows as a positive power of proper time for the fluids considered here, the
affine integral diverges. Null geodesics consequently approach the same boundary only after
an unlimited affine interval. Equations of state outside the assumption w > —1 require their
own sector and geodesic analysis and are not assigned a continuation in this work.

3.4.5 Geometric synthesis of the examples

The examples implement the same tensorial sequence in geometries with different active modes.
A proper scale reaches its critical value, the neighbouring chart evaluates the same solution
on the reciprocal scale, and curvature is then tested on that active domain. Schwarzschild
and Kerr reduce the relevant black-hole continuation to a reciprocal radial scale, FLRW
makes the three spatial modes degenerate, and LLTB separates longitudinal shell separation
from transverse areal collapse.

The geodesic calculations provide an independent test of the reciprocal centre. In the
regular Schwarzschild, Kerr, homogeneous LTB and FLRW branches analysed here, the active
proper scale grows without bound while the limiting coordinate approaches its finite endpoint.
Timelike proper time and the corresponding null affine parameter are unbounded toward that
endpoint. The reciprocal centre is therefore an asymptotic boundary of the active chart in
these examples rather than a finite-parameter continuation point.

This distinction is separate from algebraic sector closure. The relation i* = 1 closes the four
orientation representatives of the clock—ruler plane, whereas accessibility of a chart boundary
is fixed by the metric and its geodesic equations. The particle labels sx and the within-sector
Lorentz tensor A(x)#, remain unchanged under a pure geometry-chart transition, so the
sector construction and the geodesic test remain logically distinct.

3.5 Conclusion

The four-sector construction begins with the invariant null set and extends the orientation
of a clock—ruler plane through its four connected non-null domains. Ordinary Lorentz
transformations act inside each domain. The sector label records the discrete orientation
component, while the ordinary Lorentz tensor retains the continuous boost and spatial-frame
data. Geometry and particle transformations are kept separate through the labels ng and sx,
with Ny =ng+ sx (mod 4) appearing only after their ordered composition.
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In curved spacetime the active direction is selected tensorially. The positive spatial tensor
L#*, contains the proper deformation scales of a reference congruence, while G¥, supplies
the solution-dependent critical scales. Their generalized eigenproblem selects the active
eigendirection. The quarter-turn tensor identifies the associated clock—ruler plane, and the
reciprocal operator maps the active eigenvalue to the scale used by the neighbouring chart.
The active metric is obtained by evaluating the general-relativistic solution on these scales
and applying the sector coframe orientation; curvature remains governed by the usual tensor
transformation laws and Einstein equations.

The explicit examples test this prescription on different geometric modes. For Schwarzschild
the reciprocal side chart converts the decreasing areal scale into an increasing one and the
curvature decays toward the reciprocal centre. Kerr gives the corresponding result in a
position-dependent principal plane while retaining the Carter geodesic system. Spatially flat
FLRW makes the spatial modes degenerate; for the regular fluids analysed here, the reciprocal
scale grows while density and Riemann curvature decay. LTB shows why a scalar radius is
insufficient in an inhomogeneous geometry: longitudinal shell separation and transverse areal
collapse are distinct spectral modes of the proper-scale tensor and require separate reciprocal
constructions.

The proper-time and affine-parameter calculations complete the geometric test. In the
regular Schwarzschild, Kerr, homogeneous LTB and FLRW branches considered here, the
reciprocal centre lies at unbounded timelike or null parameter even though the inherited
coordinate can approach a finite limiting value. Thus coordinate regularity, curvature
regularity and geodesic distance remain separate conditions. Taken together, the tensor
construction and the worked general-relativistic examples provide a four-sector Lorentz atlas
in which sector continuation is fixed by proper geometric scales and tested by the active
metric, its curvature and its geodesics.



CHAPTER 4

The Null Perspective Hypothesis

Source and status. This chapter incorporates the complete scientific body of Null Perspective
Hypothesis, v0.21 (12 August 2026). Its role in the dissertation is: Covariant interpretation
of a complete photon state on a selected null geodesic. Repeated definitions are retained
where they are required for a self-contained derivation; the synthesis chapters distinguish
reformulations, model-dependent results, hypotheses and open claims.

Chapter abstract

This paper formulates the Null Perspective Hypothesis directly from the null interval. The
analysis is formulated on a general Lorentzian spacetime and uses an orthonormal tetrad
to expose the local relation between temporal and spatial displacement. The null equation
fixes equality of their magnitudes but does not select a unique displacement: for every
null direction there is an entire real one-parameter family of solutions, including the zero
element. Physical initial data and the geodesic equation select one null branch, while the
homogeneous freedom of the null equation remains. Along that selected history the metric
proper time is identically zero, so photon proper time cannot order the admissible states into
a sequence of intrinsic presents. The complete photon state is therefore the full family of
admissible null states carried by the selected geodesic. Timelike observers describe the same
trajectory in Lorentz-related orthonormal frames and assign nontrivial time coordinates to
its events, thereby recovering the usual ordered motion without changing the photon state
itself. The construction is covariant from the outset and does not require separate flat- and
curved-spacetime formulations.

4.1 Thesis and logical structure

The geometric description of a photon begins with the null interval. At every regular event
of a Lorentzian spacetime, the lightlike sector is defined by a vanishing metric norm. This is
the same local statement in special relativity and in general relativity: curvature changes the
metric and the way local frames are connected, but it does not replace the local null relation
by a different one [13,49,56,63].

The question considered here is not whether a photon follows a trajectory. A freely
propagating photon follows a null geodesic. The question is more specific: what does the
null equation itself determine about the state of the photon, and what additional structure is
required before one can speak about a succession of photon states?

The central argument is a single chain. The null interval first determines a family of
admissible displacements rather than one displacement. This follows from the equality
between temporal and spatial magnitudes and from the homogeneous character of the null
equation. The free real parameter appearing in that family is not fixed by nullness. Initial
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data and the geodesic equation then select the geometric branch followed by one photon, but
they do not create a photon proper-time clock. The proper time on the selected null history
is identically zero. Consequently, the admissible states are not ordered by photon proper
time. If no further intrinsic variable is added to select one member as the current state, the
complete intrinsic state is the entire admissible family carried by the selected null history. A
timelike observer supplies a nontrivial temporal description afterwards.

This order of reasoning is essential. The null equation, the selection of a geodesic, the
proper-time structure, and the observer description are different operations. Combining them
too early hides the central fact that the null constraint is already degenerate before the
observer enters the problem.

Thesis. For a freely propagating photon, the null equation admits a complete real family
of local states. The geodesic equation selects the physical null branch, while photon proper
time is identically zero on its spacetime history and therefore supplies no intrinsic ordering
of the admissible states. The photon is consequently represented by all admissible states of
the selected null solution, whereas timelike observers assign the ordinary temporal description
in Lorentz-related frames.

The remainder of the paper follows exactly this chain. No separate model is introduced
for curved spacetime; the tetrad and covariant geodesic equation are used throughout.

4.2 The null equation and the freedom of the state

4.2.1 The spacetime displacement in an orthonormal tetrad

Let (M,g,,) be a four-dimensional time-oriented Lorentzian spacetime with signature
(—,+,+,4). Greek indices denote spacetime components. At each regular event choose an
orthonormal tetrad e4* and dual coframe eA#, with Lorentz-frame indices A, B,.... The
metric and the displacement are related to their orthonormal components by

Juw = nABeAueBu, dazt = e da?, gudatda” = napdz?tdaz?, (4.1)

where nap = diag(—1,1,1,1). This relation is the geometric foundation of the paper. It is
valid at every regular event, independently of whether the metric is globally flat or curved.

For a photon, the displacement is null. Writing its tetrad components as dz4 (dxﬁ dxﬁ)
with 7 = 1,2,3, Eq. (4.1) becomes —(dz")? + (5dezdx3 = 0. Thus the magnitude of the
temporal part equals the norm of the spatial part The null condition fixes this relation
between time and space, but it does not fix their common magnitude and it does not select
one spatial direction. The solution is therefore a cone rather than a single displacement.

This equality concerns the spatial norm, not any individual spatial component. In a local
orthonormal frame it is the geometric form of c¢dt = |dx|. The next step is to write the full
family allowed by this relation.

4.2.2 Admissible family and physical selection

The freedom left by the null equation can be ertten explicitly without introducing another
state variable. Choose a unit spatial direction n’ satisfying 5Mn 'n) = 1. The null displacement
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on the corresponding generator is

Azt = X (e + niet , A ER, Smind = 1. 4.2
0 7 2]

Substitution into Eq. (4.1) gives a factor A2[—1 + (5;371%5 |, which vanishes for every real value
of A\. The null equation therefore fixes the relation between the temporal and spatial parts
but does not select one scale on the generator. Positive and negative values give the two
algebraic orientations and A = 0 gives the apex of the cone.

Before physical data are supplied, the spatial direction is free as well: nt may be any
unit vector. The local null equation therefore describes the complete cone of admissible
displacements. A particular photon is obtained only after its physical initial data select one
propagation direction. That selection removes the freedom to choose an unrelated n' at the
next event, but it does not change the homogeneous character of the null equation. On the
selected generator the real parameter A remains unrestricted by nullness.

This separation is essential for the rest of the argument. The null equation determines which
local displacements are admissible; the propagation equation determines which generator is
followed through spacetime. The first gives a family of states, while the second chooses the
physical trajectory on which that family is carried.

4.3 From the null family to one photon history

4.3.1 Geodesic selection

Let v : I — M be the worldline of one freely propagating photon and let s be an affine
parameter. Its tangent k* = dz#/ds obeys

guwk'k =0,  k'V, k" =0. (4.3)

Initial data determine which null direction is physically realized at emission, and the second
relation transports that direction along the resulting geodesic.

The geodesic equation therefore selects a geometric branch through the local null cones. It
does not replace the local solution equation. At each event p = 7(s), the selected tangent
determines one generator of the local cone, and the null displacement on that generator still
has the form

dz* = NkH(s), AeR, (4.4)

up to the arbitrary normalization chosen for k#. Equation (4.4) is a statement about the
solution set of the null constraint at the selected event. It is not a claim that an arbitrary
function A(s) defines a new affine tangent field.

This distinction is important. The dynamics selects the line in the tangent space, while
the null equation admits every real representative of that line. The affine parameter used to
integrate the geodesic is only a convenient label of the spacetime curve. A constant affine
rescaling changes k* but leaves the geometric image (1) unchanged, and the unrestricted
real parameter in Eq. (4.4) makes the local state family independent of that normalization.

Metric compatibility ensures that the branch remains null. Along the geodesic,

d

ds

(kuk") = 2k, k¥ V k" = 0. (4.5)
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Thus an initially null tangent remains null on the whole domain of the solution. This
statement already contains the effect of curvature through the connection. No separate
flat-space and curved-space constructions are required.

4.3.2 Spacetime events and local null states

The vector dz* and the event v(s) are different geometric objects. The first belongs to a
tangent space, while the second is a point of the manifold. The selected photon history links
these two levels: every event of v(I) carries a selected null generator in its tangent space,
and every real value of A gives an admissible displacement on that generator.

It is therefore useful to retain both the spacetime support and the local state family. The
complete selected null-state set is defined by

S, ={(y(s),da*) : s € I, da* = Ak"(s), XA € R}. (4.6)

Its projection onto spacetime is simply «([). The definition says that the state contains every
event of the selected history together with every local null displacement admitted by the null
equation on the selected generator at that event.

This formulation restores the role of dz* that would be lost if the photon state were
identified only with a curve. The curve tells us where the selected solution lies in spacetime;
the family of dz# tells us which local null states solve the state equation above that curve.

For a finite process, emission and detection restrict the interval I to a finite segment. The
same construction then applies to the portion of S, supported between the two interactions.
Nothing in the definition depends on a global inertial coordinate system.

4.4 Zero proper time and absence of intrinsic ordering

The next step is temporal rather than dynamical. The null geodesic is future-directed and
therefore has a causal orientation, but causal orientation is not the same as a clock carried
by the photon. To determine whether the admissible states possess an intrinsic succession,
the relevant quantity is the metric proper time.

For every null displacement in the family,

1
dr? = —C—ng,dx“dx” = 0. (4.7)

Because this equation follows from the same null condition for every real A, all local admissible
states have the same proper-time increment: zero.

Choose the reference event sg € I with 7,(sg) = 0. Along the spacetime support y(I) the
accumulated photon proper time is then

1 S
Ty(s) = E/ \/ —gukrkY do = 0, Vs e I. (4.8)
S0

Thus the photon proper-time function vanishes identically on the selected trajectory. Distinct
events of the geodesic remain distinct events and can still be causally ordered, but none is
assigned a different photon proper-time value.

This is the second decisive step of the argument. The null equation first failed to select
one A\. The proper-time structure now fails to provide an intrinsic rule that orders the
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states by successive photon clock readings. The affine parameter can order the mathematical
representation of the oriented curve, but its normalization is arbitrary and it is not a nonzero
photon proper time.

One can state the distinction formally. Define an intrinsic proper-time order by p <, ¢
when 7,(p) < 7y(g). Since 7,(s) = 0 for every s € I, no two distinct events satisfy this
relation. The selected photon history therefore has causal order but no nontrivial order
generated by photon proper time.

Proposition 4.1 (Absence of intrinsic proper-time selection). On a selected null geodesic,
photon proper time cannot select one admissible event or one admissible null state as the
unique intrinsic present.

Proof. Equation (4.8) makes the photon proper-time function identically zero on the entire
spacetime support. An intrinsic selection based on successive proper-time values would require
distinct values. Since none exist, proper time cannot distinguish one member as current and
another as earlier or later for the photon itself. ]

The proposition does not remove the future direction of propagation. It removes only an
internal temporal stratification of the selected state set. This distinction allows the argument
to preserve ordinary causality while still reaching a stronger conclusion about the photon
state.

4.5 Why the photon contains all admissible selected states

The two previous sections now combine. The state equation on a selected generator admits
every real A\. The proper-time function is zero on the full selected history. Neither structure
supplies a rule that picks one member of the admissible family as the photon-intrinsic current
state.

If one nevertheless postulated that the photon occupies only one intrinsic member at a
time, an additional state-selection map would have to be introduced. Such a map could not
come from the null equation, because the null equation admits the entire family. It could
not come from photon proper time, because photon proper time is identically zero. It would
therefore be extra structure beyond the geometry used to define and propagate the photon.

The minimal state description is consequently the complete selected solution already
defined in Eq. (4.6). In this precise sense the photon has all admissible selected states at
once. The statement means simultaneous membership in the same complete solution set
together with the absence of a nontrivial photon proper-time ordering. It does not mean that
a timelike observer assigns the same coordinate time to every event of the state.

This conclusion is not an independent postulate placed on top of the earlier equations. It
is the closure of the stated state model. The null equation defines a family of solutions, the
dynamics selects the physical branch, and the intrinsic temporal variable does not reduce
that branch to a sequence of exclusive proper-time presents. If the state is identified with
the solutions admitted by the model, the complete family on the selected branch must be
retained.

The distinction between the whole null cone and the whole selected state is important.
A single photon does not contain every spatial direction in the local cone after its physical
branch has been fixed. Initial data and geodesic propagation select the branch. Completeness
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refers to every admissible state on that branch: every event on its spacetime support and
every real null representative on the corresponding local generator.

For any finite portion of the selected photon trajectory, the same conclusion holds without
introducing additional notation. The complete state contains every event of that portion
together with the admissible local null displacements carried by the selected generator. No
photon proper-time value separates those members into an intrinsic sequence.

4.6 Observer description of the photon trajectory

4.6.1 Lorentz-related observers

The complete photon state has already been fixed by the null equation, the selected geodesic,
and the zero proper-time result. A timelike observer does not alter that state. The observer
only describes the same spacetime trajectory in a local orthonormal frame whose time axis is
timelike.

Let two such local frames be related by a Lorentz transformation. Their tetrad components
of the same displacement satisfy

de't = AMpda®,  nepAaNPp =nap,  napda"da’® = napdatdz” =0.  (4.9)

The first relation changes the components assigned by the observer, while the second and
third show that the Lorentzian metric and the null character of the photon displacement are
preserved. Both observers therefore describe the same null solution and the same complete
state.

The difference is temporal rather than intrinsic to the photon. Along the selected trajectory,
one observer assigns the time component 2° and another assigns 2/0. These quantities can
distinguish different events on the trajectory even though the photon proper-time function
is zero everywhere. Thus the observer supplies a nontrivial time coordinate with which the
events can be read successively; the photon itself does not obtain a new proper-time ordering
from this change of frame.

The causal orientation of a future-directed null trajectory is not reversed by an ordinary
proper Lorentz transformation. What changes between observers are the numerical time and
spatial components and the associated simultaneity surfaces. The selected null history ~([)
and the full family of admissible displacements on it remain the same geometric state.

Figure 4.1 illustrates this distinction in a local Minkowski representation. The horizontal
green lines represent constant 20 for one observer, while the dashed blue lines represent
constant 20 for another. They cut the same yellow null trajectory differently, although the
trajectory itself is unchanged.

The standard local result that light propagates with speed ¢ for every timelike observer
already follows from the null condition together with Lorentz invariance and requires no
additional state equation here. The role of the observer in this paper is only to provide a
nontrivial temporal description of a state whose photon proper time remains zero.
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Figure 4.1: One selected photon trajectory described by two Lorentz-related observers. The
yellow null history is unchanged. The green and dashed blue constant-time surfaces belong
to different local orthonormal frames and assign different coordinate descriptions to the same
photon state.

4.7 Complete-state result

The previous sections leave two independent freedoms that must be considered together. The
geodesic equation fixes the null generator followed by the photon, but the null equation still
admits every real multiple of that generator. At the same time, the metric proper time is
zero on the complete trajectory. These statements can be collected without introducing any
new state variable.

Proposition 4.2 (Complete-state result). Let v : I — M be the selected null geodesic and let
dat = NkH(s) with s € T and X € R. Every such displacement is null and has zero proper-time
increment, while the accumulated photon proper time is zero at every event of y(I).

Proof. For every real A,

1
gudrtda” = Mg, k"k” =0, dr? = - g da*dz” = 0. (4.10)

c
The first equality follows from the selected tangent being null. The second is then the
definition of the metric proper-time increment on that displacement. Since Eq. (4.5) keeps

k* null along the complete geodesic, integration gives
Ty(s1) = 7y(s2) = 0, s1,52 € I. (4.11)

Thus neither the null equation nor photon proper time isolates one member of the selected
family. By the definition of S, in Eq. (4.6), all admissible displacements carried by all events
of the selected trajectory remain members of the same photon state. O

Equation (4.10) concerns the local family of states, whereas Eq. (4.11) concerns the
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temporal relation between different events on the trajectory. Their roles are different but
complementary. The first leaves the real parameter A unrestricted; the second leaves no
nontrivial photon proper-time value with which one event could be selected as the intrinsic
present.

The result is independent of the orthonormal frame used to write it. The Lorentz
transformation in Sec. 4.6 changes tetrad components while preserving the null scalar,
and curvature is already included through the tetrad field and the covariant geodesic equation.
The proposition therefore refers to the geometric null solution rather than to one coordinate
representation.

4.8 Physical consequences

The mathematical result has an immediate local consequence. At any fixed event of the
selected trajectory, the set of real parameters that satisfy the null state equation is

(AeR: gu (M) (AKY) =0} =R. (4.12)

The null equation therefore excludes no real value of A on the selected generator. Dynamics
has selected the generator itself, but within that generator the state equation still contains
the complete real family.

The temporal consequence is equally direct. Equation (4.11) means that photon proper
time vanishes at every event of the selected trajectory,

7y(s) =0, Vs e I. (4.13)

Distinct events remain distinct spacetime events and retain the causal orientation of v, but
they are not separated by different photon proper-time values. The photon therefore has
no intrinsic proper-time succession that could select one admissible event as present while
excluding the others from the state.

Equations (4.12) and (4.13) give the physical content of the hypothesis. The first retains
every admissible local state on the selected null generator. The second shows explicitly that
photon proper time is zero everywhere on the selected trajectory and therefore cannot choose
only one event. Under these conditions, the photon is in all admissible states of its selected
null trajectory at once. Here “all” refers to the complete family contained in S, while “at
once” refers to the absence of a nontrivial ordering by photon proper time.

A timelike observer supplies a different temporal description. Lorentz-related frames assign
different time components to the same null displacement while preserving its null norm, as
shown in Sec. 4.6. Those observer times can order the events of v(I) even though 7, cannot.
The familiar motion of the photon is therefore an observer-time description of the complete
null state, not an intrinsic proper-time evolution of that state.

The same conclusion applies to any physically selected portion of v(I). Restricting the
trajectory changes which events are under consideration but does not change Eq. (4.12) or
the zero proper-time relation. Because the derivation was written on a general Lorentzian
spacetime, curvature changes the shape of the trajectory and the components measured in a
particular frame without changing these two defining properties.
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4.9 Summary and conclusion

The Null Perspective Hypothesis follows from one continuous construction. The null interval is
written for the spacetime displacement dz* in an orthonormal tetrad. Its temporal magnitude
equals the norm of its spatial part, while the common scale remains free. For a chosen null
direction this freedom is represented by the real parameter X\, and every A\ € R satisfies the
same null equation.

Physical initial data and the geodesic equation then select the trajectory ~(I) followed
by the photon. They select the null generator but do not select one value of A\. Metric
compatibility preserves nullness along the trajectory, and every admissible displacement has
dr = 0. Consequently the accumulated photon proper time is zero on the whole trajectory.

The complete state and its temporal property can therefore be written using only the
notation already introduced,

S, ={(y(s),dat) : s € I, da* = MkP(s), N€R},  7,(s)=0, Vsel.  (4.14)

The first set contains all admissible states of the selected null solution; the second states
explicitly that photon proper time is zero at every event supporting that set.

According to these conditions, the photon is in all admissible states of its selected null
trajectory at once. The null equation does not choose one state from the real family, and
photon proper time does not choose one event as an intrinsic present. Timelike observers may
order the same trajectory through their Lorentz-frame time coordinates, but that ordering
does not alter which states belong to the photon.
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CHAPTER 5

Four-Index and Four-Sector
Quantum Gravity

Source and status. This chapter incorporates the complete scientific body of Four-Index
and Four-Sector Quantum Gravity, v0.76 (15 August 2026). Its role in the dissertation is:
Tensor carrier, rank-eight evolution, probability law and hydrogen construction. Repeated
definitions are retained where they are required for a self-contained derivation; the synthesis
chapters distinguish reformulations, model-dependent results, hypotheses and open claims.

Chapter abstract

This paper develops a tensorial quantum framework built on a four-index completion of
the Einstein field equation. Each stationary mode is represented by one real conserved
four-index source tensor whose contraction recovers the ordinary stress—energy tensor, while
its uncontracted part retains the trace-free curvature information associated with the Weyl
sector. Quantum states are formed only after the classical source has been fixed: dimensionless
complex coeflicients weight complete tensor configurations, a rank-eight operator governs their
linear clock evolution, and scalar amplitudes are formed only by global tensor contractions.
The four-sector Lorentz construction is used as an atlas for transporting the same geometry
and tensor mode across active charts. It does not supply the spectral coefficients or create
additional quantum states. This separation is used in the hydrogen application, where a
reciprocal Kerr-Newman chart gives a regular representation of the charged spinning electron
constituent and the complete atom is assembled from one common electromagnetic field
together with the additional conserved source contributions required by the model.

The electron—proton interaction is obtained from the cross-term of the total Maxwell stress
tensor before the four-index lift is performed. The resulting central relative channel yields
the relativistic bound-state spectrum, while a compatible tensorial radial realization produces
normalizable Laguerre modes with the same eigenvalues. The signed angular label fixes the
orbital branch and parity, and the global probability law follows from the same two-copy
tensor contraction used in the general theory. Ground-state and first-excited radial profiles,
their moments and degeneracies, and a radiative comparison channel are obtained within
this single tensor construction. The resulting framework connects the conserved four-index
source, rank-eight spectral evolution, regular four-sector geometry and hydrogen observables
without introducing an independent scalar wavefunction or a second measurement dynamics.

5.1 Theory

69
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5.1.1 Introduction

The purpose of this paper is to formulate quantum evolution directly on the complete
tensor source of a gravitational configuration. The starting object is therefore neither a
point-particle amplitude nor a scalar field placed on a fixed background. It is the real
four-index source associated with one classical configuration and the geometry that solves its
field equation. A single contraction recovers the ordinary stress—energy tensor, whereas the
uncontracted tensor retains the directional trace-free information carried by the Weyl sector.
The rank-two geometric foundation and its covariant conservation law are the standard
Einstein construction [14,63]; the four-index completion and the sector atlas are developed in
the companion formulations [40,41].

The construction follows a fixed order. Real geometric and source tensors are specified first
and their conservation is imposed at the classical level. Complex coefficients are attached
only to complete conserved configurations, and scalar observables are formed only after the
rank-four carrier has evolved. This ordering separates the physical source, the quantum
coefficient and the final scalar readout throughout the calculation.

The quantum carrier is a covariant rank-four tensor. Its clock evolution is linear and
is generated by a rank-eight tensor acting on complete tensor profiles. Normalization and
measurement are global contractions over a spatial hypersurface and therefore retain the full
spacetime-index structure until the last step. The four Lorentz sectors play a different role:
they form an atlas of active descriptions of the same geometry. A sector transition transports
the same source, normalization and spectral eigenvalue and is not an additional quantum
number.

Hydrogen provides the explicit application. The charged spinning electron is represented
by a regular reciprocal Kerr-Newman chart, after which the atom is built from one common
electromagnetic field and the additional conserved source contributions of the model. The
electron—proton Maxwell cross-term produces the central interaction before any radial equation
is introduced. A relative mass shell and its closed radial action determine the stationary
spectrum; a tensorial radial realization supplies normalizable spatial modes; and the general
rank-eight spectral construction fixes their clock evolution and global probabilities. The
radiative comparison channel is then formed by modifying the same complete real source and
applying the original tensor measurement law.

Section 5.1.2 establishes the four-index field equation and its conservation law. Sec-
tions 5.1.3-5.1.5 define the sector transport, rank-four carrier, rank-eight evolution and global
probability rule. Section 5.2 applies this structure to hydrogen, and Section 5.3 collects the
resulting tensor and spectral consequences.

5.1.2 Four-index field equation

This subsection supplies the classical backbone of the paper. Its purpose is to identify exactly
which information is preserved by the ordinary Einstein equation and which information is
lost when the curvature and source are contracted to rank two. The construction therefore
begins with standard curvature objects and enlarges their bookkeeping at fixed spacetime
rank; it does not replace the Einstein equation or introduce a second metric theory.

Spacetime has dimension d > 3, Greek letters denote spacetime indices, the metric signature
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is (—+---+), and the connection is metric compatible. The constants are
K= — Voguw = 0. (5.1)

The dimensional factors are kept explicitly because the Weyl divergence and the Ricci-built
divergence differ by the factor d — 3; the curvature decomposition and its differential identities
follow the standard pseudo-Riemannian tensor calculus [54,63].

Geometric trace sector. The construction begins with the part of the Riemann curvature
determined by the Ricci tensor and scalar. Its coefficients are chosen so that contraction over
the first and third indices produces the ordinary Einstein tensor:

1
Ra,uﬂy = ﬁ (Raﬁguu - Ral/g,é’u + R/u/gocﬁ - Rﬂugau)

d

- — R. 5.2
2(d — 1)(d — 2) (goc,Bg,uu gaugﬁu) ( )

Equation (5.2) contains only the Ricci-built information. The remaining trace-free curvature

is the Weyl tensor, so the complete geometric object is obtained by adjoining that sector with

the relative divergence normalization shown below:

Gauﬂu = Rauﬂu - Cauﬂl/- (53)

d-3
The factor (d — 3)~! places the Ricci-built and Weyl parts on the same divergence scale. It
equals unity in four spacetime dimensions but is kept in all general equations.

The decomposition has a direct interpretive role. The Ricci-built part is the sector that
can be reconstructed from the contracted field equation, whereas the Weyl part contains the
trace-free directional curvature that survives in vacuum and controls tidal structure. Keeping
both pieces at rank four makes it possible to couple them to source terms with the same
algebraic symmetries and to discuss their local exchange before any quantum interpretation
is introduced.

Matter and trace-free energy sectors. The source side is built in the same order. First
the ordinary rank-two stress—energy tensor is lifted to a rank-four tensor with the Riemann

symmetries:
~ 1
Toppr = 57— (Tapguw = Tavgsu + Tuvgap — Tspgav)
1
BCECED) (9apBGuw — Javgpu) T (5.4)

The lift in Eq. (5.4) contains the part visible after rank-two contraction. To retain the energy
content corresponding to the Weyl sector, it is completed by the trace-free tensor Ti,,4,:

- 1 -
Tap,ﬁy = TC“MBV - mTaMBV’ (55)
For a source resolved into physical components, write ¢ = (¢1,- .., qx), with ¢; € Z;, for one
complete stationary configuration and let a = 1,..., Ny enumerate its simultaneous real

contributions T(q)

o apfy (x) € R. The label ¢ is not a spacetime index. The complete source of
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that configuration is
oau,BV Z aau,@l/ (56)

All numbered components belong simultaneously to the same source. In particular, a
component introduced to close the conservation law cannot be multiplied by an independent
state amplitude without destroying that closure.

The classical field equation is solved for one physical configuration ¢ at a time. A raw
unweighted sum over mutually exclusive stationary configurations is not a classical source.
A statistical or semiclassical average, when required, must be introduced separately with
explicit probabilities and with a stated approximation for the geometry.

Complete field equation and its contraction. Two checks determine whether the
four-index extension is compatible with its rank-two origin. The first is algebraic: contraction
must reproduce the ordinary Einstein equation with no residual Weyl term. The second is
differential: the Ricci-built and trace-free sectors must exchange locally so that their sum is
conserved. For one fixed configuration g,

(a) (9)
Gaquﬁu - HT aufr’ (57)
The trace-built and trace-free parts satisfy
5(9) ()
Roppy = KTy auBy? (5.8)
(@ _ .7 '
COZLBV KT, apfr:
Contracting the same index pair gives the ordinary field equation directly,
go‘BG&q) G( a9 — ( 9) — /igO‘BT(IB/BV, (5.9)

with Tlg,%) = ZNT Té%, Thus the higher-rank equation contains the ordinary Einstein
equation without replacing it. Ordinary matter-visible rest-frame energy and four-momentum
are extracted from the rank-two contraction. The trace-free Weyl sector is absent from that
trace and remains available only in the uncontracted source, from which directional energy
and momentum readouts can be formed without violating Weyl tracelessness.

Covariant conservation. Algebraic consistency alone is insufficient. A source that re-
produces the Einstein tensor after contraction must also reproduce the Bianchi cancellation
before contraction. The divergence calculation below therefore identifies the local exchange
between the matter-visible sector and the trace-free sector. Neither part is required to be
separately constant; conservation belongs to their complete four-index sum. The conservation
law follows by comparing the divergences of the two geometric sectors. The contracted
Bianchi identity first gives the Ricci-built divergence

o 1 1
Vv Raub’y = d 2 V/BR#V - Vngu - m (g#l’vﬁ - gguv,,) R|. (510)
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The differential identity for the Weyl tensor produces the same bracket, multiplied only by

d— 3:
d—3

1
o _ N Rgr — —— (0 Vs — a5,V R . 11
VeCapusy T VR, — Vi Rg, 2d=1) (9wVs —98.Vy) R (5.11)
Equations (5.10) and (5.11) immediately yield
VO Gy = 0. (5.12)

The source side must reproduce the same cancellation. Assuming the ordinary matter
conservation law VT3 = 0, the lifted trace sector obeys

s 1 1
\Y% Tap,ﬁu = m [VﬁT#y - VVT,B;J, — m (g#yv/g — gﬁ#vy) T:| . (513)

The corresponding divergence of the trace-free energy sector is

~ d—3 1
VaTapﬁy = m |:V6TNV - VVT,B;L — ﬁ (g/_“/vﬁ — gﬁuvl/) T:| . (514)
Consequently the complete source satisfies
O
vaTa(;ﬂﬁu = Z vaTalfxuﬂy - 07 (515)

a=1

and changes in the rank-two matter sector are balanced by the traceless four-index energy
sector inside one local conservation law.

The result closes the classical layer of the construction. The object that will carry the
quantum state is consequently not an arbitrary rank-four field, but the same real, conserved
source that already contains both the contracted matter information and the directional
energy associated with the Weyl sector.

5.1.3 Four-sector Lorentz geometry

The field equation fixes the tensor content but does not yet specify how one continuous geom-
etry is represented when its active time and space orientations pass through null boundaries.
The four-sector construction supplies that atlas. It is introduced before the quantum carrier
because the carrier must be transported on a geometry whose sector transitions and active
coordinates are already defined.

Sector representatives. Let n € Z4 label the geometry sector and let I,, denote the
corresponding chart identification. The coframe carries the full orientation phase, while the
metric carries its square:

Iy =100, 9myap = L5900 (5.16)

The squared phase is (—1)", so the inherited quadratic sign alternates between neighbouring
sectors. Multiplication of the metric by this nonzero constant leaves the null set unchanged.
A particle has its own relative sector label s € Z4, and its local transformation is therefore
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The particle-sector label and the geometry-sector label are independent. A change of observer
does not create additional physical particles, and a classical massive particle is not accelerated
through the null boundary.

The phase factors should therefore be read as orientation data attached to coframes and
chart identifications. They do not turn the four sectors into four independent backgrounds.
Metric contractions, null boundaries, and the physical source are all evaluated within the
active chart of the same underlying spacetime.

Sector-covariant source readout. The orientation sign must be tracked at the tensor
rank at which the field equation is written. Before the quadratic metric sign is attached, the
physical rank-two source and the rank-two Einstein tensor are ordinary chart pullbacks,

0 =151,  Gh) =IGY). (5.18)

v py

For all-lower curvature tensors the same constant sign used in the metric is introduced when
an index is lowered. Consequently

o (—1)”[:00(0)

apBr aufv?
n n rx 0
Gl = (~D)"L;GY) . (5.19)

T, = (-1 T,

The last line is required by GSL),BV = K/TO(éZ?BV and is consistent with C(™ = T It does not

alter any quadratic scalar contraction because the constant sign appears twice.

For a real electromagnetic two-form transported as F(™ = I;‘LF(O), the standard Maxwell
bracket evaluated with the signed metric g(,y = (—1)"1},g(p) acquires one factor (—1)". The
physical stress tensor is the rank-two pullback in Eq. (5.18), so its active-sector expression is

(=" 1
M = S Fmpme — Zgg;)Fp(g)Fgg . (5.20)
All index raising in the bracket uses the active signed metric. Thus Eq. (5.20) reduces to
the ordinary Maxwell tensor in an even sector and gives M) = M (©) in the side sector,

preserving the unchanged rank-two Einstein equation without assigning a second source to
the same field.

The sector transformation is therefore used only to transport a fixed physical configuration
between active charts. The tensor source, its contractions and the spectral data are carried
by pullback with the sector sign appropriate to their index structure; no additional state
variable is introduced by the chart change.

5.1.4 Fundamental indexed tensor equations

The quantum theory is defined before any stationary decomposition is chosen. Every tensor
field in this subsection is a function only of the spacetime point x. In an integral over ¥, the
same symbol denotes the restriction of that point to the hypersurface with 20 fixed. Discrete
and continuous physical degrees of freedom occur as indices of the coefficient and source
tensors; they are not additional arguments of the carrier.
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The fundamental rank-eight evolution equation is

. o
10V oWy (x) = Hop W (%): (5.21)
The four lower indices of Hiz(glﬁ identify the output tensor positions and the four upper

indices identify the contracted input positions. No stationary eigenvalue or clock factor has
been assumed in Eq. (5.21).

Only after the indexed evolution is specified are the complete scalar contractions formed:
W (%) = Wappy (0) U (%) = W (%) Vs (x)9°*g 979" (5.22)

The independent conjugate scalar is obtained by the same complete contraction of the
conjugate carrier, so no second contraction rule is introduced.

Let ¢1,...,q; denote discrete degrees of freedom with g, € Z,, and let &1, ...,&,, denote
continuous degrees of freedom with &, € I',. The single carrier containing both types is

\Da“gy(x)zﬂ?ﬁ > X /F/rm

€l q€ly (5.23)

sl
X cq1~~~Qk£1~~~£mTo(3jﬂqu ! )(X) dél A dgm
Every degree of freedom is therefore retained as an explicit index. If no continuous degree is
present the integrals are omitted; if no discrete degree is present the sums are omitted. The
coefficients are dimensionless complex scalars, the complete source tensors are real, and the
independent conjugate carrier is obtained from Eq. (5.23) by cg,.. q.¢1..6, > Cp . No

q1---qk€1.--Em
second set of source tensors is introduced.

On algebraic-curvature tensors the rank-eight operator retains the pair symmetries

vpp vpp VoY _ prévey
HO[:LYLBI/ - H,u’oyzﬁy - _HaZWB - HBZa,u’
Yy oY e _ proypd
Ha’/yLﬁI/ - ng,é’u - aZﬁl/ - oau,BZ' (524)

Its detailed differential or integral realization is fixed by the physical system. The stationary
spectral realization used for hydrogen is introduced only in Section 5.2.2.

5.1.5 Tensor normalization and probability

The rank-eight equation determines the evolution of the carrier, whereas normalization and
measurement require complete scalar contractions. Since the carrier is a spacetime field,
these contractions are performed globally on a spatial hypersurface and only after all four
tensor indices have been retained. The coefficients in Eq. (5.23) are dimensionless. Since
[T ay80) = L2, the carrier and comparison channel both have dimension L~(?=1/2, One
contracted hypersurface overlap is therefore dimensionless in any spacetime dimension, with
the required power of £p already contained in the carrier definition.

Normalization compares the prepared carrier with itself and with its independent conjugate
copy. Keeping the two hypersurface variables separate gives

= s VEEG)

X \II(S’Y@/J (X) \1167¢¢ (X) \I]*auﬁu (y> \I]f'uﬂy (Y)d = 1X d d_ly.

(5.25)
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The two integrations are part of the definition: a local modulus of one contraction is not
substituted for the global two-copy quantity.

A detector channel ®,,,3, is compared with the same prepared carrier by replacing the
second tensor in each ordered contraction,

P = [ V() /ny)

SixIiCcMa (526)
X W gy (%) DOV (%) B () P (y)d I d Ty

Writing the single contracted hypersurface overlap as A(¥, @), the double integral factorizes
as p2(U,®) = A(V, ®)A* (¥, ). The tensor contraction is therefore completed before the
final product of amplitudes is formed, so ordered cross-terms and their phases are retained.
Substituting the general carrier into Eqgs. (5.25) and (5.26) produces four independent copies
of every discrete or continuous mode label. No stationary ansatz or energy eigenvalue is
required by this probability law; the hydrogen specialization below merely resolves the same
construction in a discrete stationary basis.

5.2 Hydrogen

The hydrogen construction begins with the regular charged spinning geometry used for the
electron. Kerr—Newman is therefore presented here as the first stage of the atomic calculation
rather than as an independent element of the general theory.

The section proceeds from geometry to spectroscopy. It first verifies that the charged
spinning constituent has a regular active continuation. It then assembles the electromagnetic,
bridge, reaction, and optional material contributions into one conserved atomic source. Finally
it contracts and projects that source to derive the central interaction, the radial action, the
stationary spectrum, and the global tensor probabilities. No stage is treated as an independent
model detached from the preceding one.

5.2.1 Regular four-sector Kerr-Newman geometry
Physical parameters and active boundary

The Kerr—Newman geometry is used here for a specific purpose: it provides a geometric repre-
sentation of a constituent that simultaneously carries mass, charge, and angular momentum.
It is not yet the geometry of the full atom. The boundary introduced below identifies where
the ordinary active chart is replaced by the side chart while preserving the same physical
constituent. A charged spinning constituent is represented by the Kerr-Newman parameters

h

7 a =0,—, e {—1,+1}. (5.27
4dmegct me 7y e € {=1,+1}. )
The two values of ¢ label two admissible real orientations of the complete geometry. They do
not represent two simultaneous copies of the particle. The positive active boundary used by
the charged side chart is

—Ts+ \/7“? +4 (ré — a2 cos? 9)
Ru(0) = . , (5.28)
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and write R}, (§) = dRy,/d# for its derivative. The local side chart is the domain 0 < p < Ry, (6)
with |as, cosl] < rg.

Reciprocal radial scale

The reciprocal scale converts the direction that reaches the ring in the ordinary continuation
into an asymptotic end of the side chart. Because the transition radius depends on angle, this
is not a purely radial substitution. The angular contribution to its differential is required for
the transformed metric to remain the exact pullback of the original geometry. The ordinary
Kerr—Newman radial scale is represented in the active side chart by

R(p,0) = Rip@ (5.29)

Because the boundary depends on @, its full differential must retain both terms:

IR — _R;(9) s 2R, (0)R, (0)
02

ae. (5.30)

Define

S1(p,0) = R*(p,0) + a3, cos™ 6,
Fi(p,0) =rsR(p,0) — Té,

Fl(pv 9)
79 = )
Xl(p ) 21(p7 9)
Pi(p,0) = [RQ(p, ) + aie} sin 0 + a2_x1(p, 0) sin® 6. (5.31)

Exact regular metric

The full metric is displayed because regularity cannot be inferred from a radial rule alone.
Every mixed term generated by the angularly dependent transformation must be retained.
The determinant then provides the first local check: the large coordinate coefficients near the
reciprocal endpoint must describe a nondegenerate chart rather than a new metric singularity.
In the real active coordinates :L“é‘l) = (W,p,0, 5), the exact Kerr—Newman representative with

signature (+ — ——) is

2 4 /
dsy = (1—x1)dW? + zefgdw dp — GRZLthW 46 — ,d6?

4eaq, Ry Ry, < (5.32)

2 ~ ~
— 2¢a,, ng sin?@dpde + in%260dode
P

+ 2a0,x1 502 0dW d¢p — Pidg?, € =1.

All functions in Eq. (5.32) are evaluated at (p,6). The terms dW df and df d¢ are required
by the angular dependence of Rj; omitting them would not give the pullback of the Kerr—
Newman geometry. The absence of a dp? term follows from the regular null form of the initial
chart rather than from a degeneracy. Indeed,

_ Ry (0)

det g(1) = o ¥2(p,0) sin? 6. (5.33)
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The metric is therefore nondegenerate throughout the local domain away from the ordinary
axial coordinate degeneracy.

Nondegeneracy is necessary but not sufficient. A coordinate transformation can make
components large or small without changing the curvature, so the physical regularity claim
must be tested with invariants. The next subsection therefore evaluates the full Kretschmann
scalar and follows it from the sector boundary to the reciprocal endpoint.

Kretschmann scalar and the removed ring singularity

Regularity is tested by curvature invariants rather than by individual metric components. The
latter contain inverse powers of p because the reciprocal coordinate compactifies an asymptotic
end. With R = R%()/p, the exact Kerr-Newman Kretschmann scalar K = Ry, R*
is [34]

1
Kqy(p,0) = Z(1),{127’3 (736 - 15(136734 cos® 0 + 15a§e7€2 cost 6 — aS_cos® 0)
- 487"37“%72 (R4 —10a2, R?cos® 0 + 5ag,_ cos 9) (5.34)
2
+38 (ré) (7724 - 34a(2,8722 cos® 0 + 7a§5 cos® 6) }
This expression is the ordinary Kerr-Newman invariant evaluated on the reciprocal active
radius. It is therefore an exact scalar of the metric in Eq. (5.32), not an additional ansatz.

The Boyer—Lindquist ring direction is the equatorial direction § = /2. There the rotational
terms disappear from the scalar and Eq. (5.34) reduces exactly to

2
T\ 12028 48rgrgp” 56 (7“ é) p° ™
K(l) <:07 2) - R(l)Q - R(1]4 R(I)G ’ Ry = Ry, <2) : (535)

Equation (5.35) gives K(q)(p, m/2) — 0 as p — 0, so the reciprocal endpoint is asymptotically
flat in curvature rather than a finite-curvature replacement core. At the sector boundary
p = Ry the same polynomial is finite. To check the behaviour between these two limits, set
u = p/Ry and x = rs/Ry. Differentiation gives

dK(y  8uP

=R’ [56(1 +2)%u? — 4201 + 2)u+92°] >0,  O<u<l,  (530)

because the quadratic bracket has the negative discriminant —25222(1 + z)2. Since motion
from the boundary toward the side endpoint corresponds to decreasing u, the equatorial
curvature decreases strictly and monotonically after the transition. Near p = 0,

2

K (p, ;r) = 1;;5 p°+0(p"). (5.37)
0

For general 6, the Lorentzian Kretschmann scalar can change sign in rotating geometries, but

every angular profile still tends to zero as O(p%). The equatorial profile is the relevant one

for the ordinary Kerr—-Newman ring and is everywhere positive and monotone in the active

side coordinate.

For the electron parameters the boundary is finite by the same analytic expression, while
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the reciprocal endpoint remains curvature-flat. No numerical substitution is required for this
regularity statement.

The result distinguishes this continuation from a prescription that merely cuts off the
curvature at a large value. The invariant is finite at the transition, decreases throughout
the equatorial side branch, and reaches an asymptotically flat end. Regularity is therefore a
property of the completed active geometry, not a cancellation imposed on the scalar after it
has been calculated.

Electromagnetic field and asymptotic curvature

A charged geometry must be accompanied by its electromagnetic field in the same chart.
Using one active metric and one gauge potential ensures that the Maxwell source, the Ricci
curvature, and the Weyl curvature refer to the same local geometry. This is essential before
the constituent can be embedded in the common atomic source. A regular gauge potential
on the same active chart is

QR

Am =—5-

(AW = ag, sin?0dg),  F) =2v,A). (5.38)
Thus the metric, Maxwell tensor, Riemann tensor and Weyl tensor are calculated in one and
the same active chart. The real two-form in Eq. (5.38) is inserted into the sector-covariant
Maxwell source (5.20); in particular Mﬁ) =IiM fl?,) even though the active metric has the
opposite quadratic sign. The exact result (5.34) establishes the regularity of the full Riemann

curvature. Its decomposition also gives
Cappn O =0(p%),  MuM"™ = 0(p®), (5.39)

so the direction toward the Boyer-Lindquist ring is represented by an asymptotically flat end
of the active side chart rather than by a curvature singularity.

One normalization in two active charts

The ordinary and side descriptions cover one physical state, so a change of active chart
must not create a second normalization constant or double the probability. The relevant
test is therefore the pullback of both the tensor contraction and the hypersurface measure.
The endpoint behaviour also checks that the regular continuation does not hide a divergent
normalization density. The reciprocal map has the exact spatial Jacobian

Joy = |det IR, 0’?)| = R}QL(G). (5.40)
A(p.0,9)

2
The tensor self-contraction is a scalar and the induced hypersurface measure is pulled back
with Eq. (5.40). Applying the pullback to both independent hypersurface variables preserves
one normalization, Ml) = /\/(0) = 1; the two chart values are not added. At the side endpoint
one copy of the invariant integrand behaves as

A1) (Caps U7 ) = O(p?) dpdQ, (5.41)

so the two-copy normalization remains finite without an arbitrary cutoff.

The constituent geometry is now ready to enter the atomic construction. The regular
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chart supplies the electron representation, while the next subsection adds the proton field,
interaction terms, bridge, and response of the complete atom. The electron is not inserted
again as an independent point source.

5.2.2 Conserved atomic source

The hydrogen calculation follows the same order as the general formalism. Four numbered
rank-two contributions are assembled into one conserved source, and only then is the source
lifted to the four-index tensor and evolved by the rank-eight operator.

This order prevents the atomic calculation from becoming a list of unrelated terms. Each
numbered contribution has a distinct physical role, but none is interpreted as a complete
atom by itself. Their sum is constrained by one conservation law, one common metric, and
one Weyl sector. The state coefficients are attached only after this real atomic source has
been built.

Atomic geometry, numbered source and Weyl-resolved carrier

The atomic state is defined before its quantum coefficient is introduced. A stationary
configuration carries the radial label n,, total angular label j, its projection m;, the signed
central orientation kp, and the two constituent orientation signs o, and o0;,. The allowed
signed branch is

(S )
TG ) e o
Here n, € Ny, j € {%,%,...}, m; = —j,...,J, kp € Ky,;, and 0.,0, = £1. The orbital

branch, parity and principal level are not independent labels but are fixed by

—kp—1, kp <O, |

{(kp) = b b Ty = (—1)4sn), N =n, +|kp|=n,+j5+ <. (5.43)
2

KD, Kp > 07

The positive branch is absent at n, = 0, because it would require £ = N rather than
the bound-state condition ¢ < N — 1. In the remainder of the atomic calculation the six
labels are collected into ¢ = (n,, j,mj, kp, 0e,0p) € Q, which identifies one complete tensor
configuration and is not a spacetime index.

A constituent is represented either by a complete geometry or by an explicit material
source, never by both. The electron is represented by the regular Kerr—-Newman geometry
of Section 5.2.1 with m = m., Q@ = —e and @, = 0chi/(2mec). If instead a constituent
x € {e,p} is represented materially, its point contribution may be written

5Dy — za(72))
—9(y)

TH (y) = ml«c/ugug dr,. (5.44)

This alternative prevents mass, charge or spin already encoded in a complete constituent
geometry from being inserted again as a delta-supported source.

The atom has one common metric rather than a sum of constituent metrics. Its electro-
magnetic field is assembled first,

f,ul/ = fe,uu + fpuu + fbuw (5'45)
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and the first source component is the sector-covariant Maxwell tensor

Tl;w = (_:(?ng <f,upfup - éllg;wfpofpa) . (5-46)

Because the stress tensor is formed from the complete field, all self terms and all interaction
cross-terms are present before the radial reduction. In particular, the electron—proton
contribution is

(="

1 o
Teyl/ = 10 (feupfpz/p + fpupfeup - ig,uufepaf; ) ) (5.47)

which supplies the electric Coulomb interaction together with its magnetic counterpart.

The second component describes the directed sector bridge. Choose paired null directions
kY =ut/ct et where u? = —c?, €2 =1 and u-e = 0, and write 74" = —p kYK — p_ kMR

With p2 = p4+ + p— and jo = p4 — p_, the same tensor is

utu?

9
T = —po ( + ete ”) — %u(uew’ lja| < po. (5.48)

For a stationary bridge jo = 0, equivalently p. = p_, so the net directed flux vanishes while
the paired null directions retain their local stress.

The third component is the non-electromagnetic response required by local conservation.
With h* = g" + utuY /c?, decompose it as

T = ig utu” + u(“f3 + psht” + 7h". (5.49)
The spatial pieces obey u, f{ =0, u,m5” = 0 and hy, 75" = 0. The fourth component T}" is

included only for material not already encoded geometrically. Once the other contributions
have been chosen, conservation fixes the response through

vV, 4" = -V, (T + T§" +T4"). (5.50)

Thus the response is not an independently weighted correction but the part required to close
the complete atomic source.

For each fixed ¢ the simultaneous rank-two source is therefore
_ Z Té‘ﬁm V“T(q) HY — . (5.51)

Its trace is T(@) = —e3 4 (d — 1)p3 + Ty, with Ty = g, T4". The general lift of Eqs. (5.4)~(5.5)
is then applied once to this already assembled source. In particular,

Ciy, = x Z T Thls, = Z T g VT, =0, g*PT®, =T,
(5.52)

The Weyl contribution is consequently fixed by the common atomic geometry; it is not
reconstructed by adding isolated constituent Weyl tensors.

Only after this classical source has been fixed are quantum coefficients attached to its
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complete stationary configurations. In four dimensions the hydrogen carrier is

Vousn(x) = Vip kS (@) T, (x). (5.53)
qeQ

Its conjugate follows from ¢, — ¢;. No numbered component of one configuration receives an
independent amplitude: interference between its physical contributions is already contained
inside 79, whereas interference between mutually exclusive stationary configurations appears
only when the complete modes are combined in the carrier.

5.2.3 Central tensor reduction and bound-state spectrum

The central reduction uses only quantities defined by the complete tensor source and the
centre-of-mass clock. Let u® be that clock and h%g = 6“5 + u“ug/ ¢? its spatial projector.
The projected relative motion is encoded by the orbital bivector and its spatial dual,

1
_ — Byé
log = 2ha’ g’ T [pPo)s = 2a€ €7 %uglys. (5.54)
The intrinsic orientation s® is spatial, has hagsasﬁ = h2/4, and combines with the orbital
part as j¢ = [* + s“. A state carrying the quantum number j therefore has

wip B 1V
hagj a8 = (5 + 1R, k? = hapj®j +Z: (]—1—2) B2, (5.55)
The scalar k2 is the angular invariant entering the radial mass shell; no independent scalar
angular model is introduced.

Energy and spectrum extracted from the four-index source

The spectral calculation now returns to the conserved source rather than postulating a
potential or a scalar wave equation. The rank-two energy tensor is first recovered by
contraction, its interaction energy is identified in the Maxwell cross-term, and a central
relative channel is then isolated. The stationary levels follow from the invariant mass shell
and the closure of the radial action.

For a fixed stationary configuration, contraction of the complete four-index source gives
the rank-two energy tensor used by the centre-of-mass observer. The contraction, local energy
density and total stationary energy are

aﬁ Q)
T;Eg) T Z a /u/?

aufv

1 14
D = ST, &= / NOENY (5.56)

The bridge contribution enters this contraction with the sign already fixed by its definition,
while the trace-free Weyl part is absent from the linear trace and remains encoded in the
geometry and the uncontracted carrier.

The electron—proton interaction is contained in the Maxwell cross-term of the complete
field. With E.; = —0;¢. and E,; = —0;¢,, and using the proton Poisson equation, integration
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by parts gives

v(r) = 50/ EeiEpid?’x = —50/ Oe 8i(9i¢)pd3x
Su S

_ Qedp __Lhc
"~ dmegr 7 (5:57)

Thus the Coulomb term is the integrated interaction part of the same conserved Maxwell
source rather than an externally appended potential.

The bound two-body motion is resolved through the central relative channel. Let its
rank-one contribution be T} ,, = gpup, and let p = memy/(me + my). Relative to the
centre-of-mass clock, the momentum is resolved into radial and angular parts by

E—v(r) 1
p“ = —T’U/M —l—prnu + ;lu,

ubng, = utl, =ntl, =0, LM =k (5.58)

The mass shell p,p* = —p2c?, together with k2 = (5 + %)2h2, then gives the radial constraint

(j + ;)2 - oﬂl : (5.59)

For a bound orbit the two positive roots of this expression delimit the radial cycle.

20hE B2
qucQ_i_O‘ v

cr r2

2
0 _ £
pricz

Evaluating the closed action between them gives

. a& o 1)?
Ir = ngprdr = 2mh [\/m - (] + 2) — a2] . (560)

Imposing j, = 2wn,.h therefore yields

af O 1)\2 9
) -1/2
Enyj = pc |1+ c 3 . (5.62)

(nr +/(G+3)2- 042)

Writing N = n, + 7 + %, the binding energy E?

ny,J
—pc?a?/(2N?), so the same closed radial action reproduces the nonrelativistic Coulomb

= &,,j — pc® has the leading limit

spectrum while retaining the relativistic dependence on n, and j.

5.2.4 Stationary radial modes and rank-eight evolution

The closed action fixes the admissible energies, but the quantum carrier also requires a spatial
tensor profile for each stationary level. For fixed j write v; = /(j + 2)2 — a2. The central
projection of a complete rank-four mode is governed by the quadratic radial operator

R2y;(y; — 1)
r2

2ahce

d2
Q;(E) = —h*c?—5 + p?ct + - &2

2 £, Q;i(&)u(r)=0. (5.63)
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At € = &, ; its normalizable solution is

Un, i (1) = Ny, (20, 57) e mra" LA (2N, 1),

2.4 _ €2
H=c gnryj

he ’

1/2 (5.64)

)\nrjnr!
(ny +v)T(nr + 275)

N,

Anj = i =

The normalization is [;° |un, ;|?dr = 1, and termination of the Laguerre series is equivalent
to the spectral condition Eq. (5.61). Thus the local radial equation and the closed action
select the same energies. Because the operator is quadratic in the energy, distinct solutions
at fixed j obey the weighted relation

o h
/ Up; (1) g (r) (5 +& + 20 c) dr =0. (5.65)
0
This scalar function is only the radial projection of a complete tensor mode,

P T((;i),é’u = Un,j (T)ygﬁﬁw (5.66)

where V(@ retains the angular, orientation and remaining tensorial information. The spectral

(@)

evolution must therefore act on T’ 0By

(‘1)
aufv T

not on uy,,; alone.

For stationary modes V(T = 0. Choose dual modes by the global biorthogonality

condition

CpK? / VAT T@endrqix = g, (5.67)

The associated rank-eight projector is then defined by its action on an arbitrary rank-four
field,

(T X g (%) = 2T, (x / Jh(y) THO D (y) X5 o (v)dPy (5.68)

Using these projectors, the stationary hydrogen generator is

H=> WH (5.69)
= 2Ep

The factor one half belongs to the quadratic scalar readout: each carrier factor supplies half
of the physical stationary phase. Substitution into the fundamental rank-eight equation gives

i&,, ix°
cq(2%) = ¢, (0) exp [— 27%101 . (5.70)

Inserting this coefficient into Eq. (5.53) gives the full time-dependent carrier without intro-
ducing a second state formula. A neighbouring sector transports the same complete mode
and spectral operator by
: 1 0 -1
T = -1 1Y = RO (5.71)
The chart change therefore alters the active geometric representative but not the physical
energy or the identity of the hydrogen state.
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5.2.5 Global probabilities and resolved hydrogen states

The stationary phases determine temporal interference, whereas the preparation coefficients
retain the initial amplitudes. The physical comparison of two complete modes is the ordered

gpq — KPK/Q A / T(p

aufv

geometric overlap

ks <‘J>]::f " 3x. (5.72)

The order matters because the contraction uses the geometry of the comparison mode. In a
diagonal four-dimensional channel the field equation gives

HZTOEZ)/BVT(I’) apfy _ K,, Gpp = gP/E \/EKpdiix’ (5.73)
t

so the physical self-overlap is determined by the complete common geometry and is not
replaced by the spectral biorthogonality normalization. The two-copy law assigns an ordered
resolved pair the probability
2,12 2
Ppg = lepl|*leq]*|Gpql” (5.74)

For a coherent preparation the carrier itself remains normalized by the full quartic expression

* % g+5 *grfgst *
1= 3 cpepcict exp[—l( T ) GooGre. (5.75)

p,q,r,s

A mutually exclusive set of resolved diagonal detector channels instead satisfies >°, Pyq = 1.
These are different normalizations: the first belongs to the coherent carrier and the second to
the resolved outcomes. The two half-energy carrier phases combine in a diagonal comparison
to the usual Bohr factor exp[—i(&, — & )t/h).

Joint energy—position resolution. The same general carrier can resolve a dimensionless
radial coordinate ¢ together with the discrete tensor label. If f,(¢) is the normalized radial
amplitude of a resolved channel, the diagonal coefficient may be chosen so that
2 _ i&n, jt 42 2 > _
& (00 = At Oexp| 8 pO = IALIEQP X [T aac=1

! (5.76)
The geometric overlap remains part of the tensor coefficient normalization and is not rein-
terpreted as a local position density. The radial equation fixes only the central projection,
fnrj(g“) = Un,;(r)/\/An,j With { = Ay, jr; the complete f, also contains the angular and
signed tensor information.

Ground-state radial profile. For n, =0, j =1/2 and kp = —1, define n = /1 — a? and
A1s = pea/h. The normalized central amplitude is

(2¢)7e”

(") _
fls (C) 77F(277) )

C = AqsT. (577)

Its radial probability density is | fl$)|2 its mean radius is (r)1s = (7 + 3)/A1s, and the limit
n — 1 gives the standard nonrelativistic hydrogenic profile. The cumulative probability

follows by integrating the same normalized density and requires no additional state definition.
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Complete first excited principal level. The three admissible state families at N = 2 are

1
4s = (1’ §7mj7 —1,0'@70.13) ’ gs = 07 s = +17

2
3
dps = | 0, Q’mj’ —2,00,0p |, lpy =1, mp, =—1

1
Ipy = (1,,mj,—|—1,ae,ap) , by =1, m, =1, (5.78)

Their central energies are

1 2
£ = &) = uc? % Ep = VA= a2 (5.79)

The first two families share the same radial projection. With Ay ;5 = (uce/h)\/(1 —n)/2, it is
(20)"e<(2n — 2)
V(41 +2n)

This projection has one node at (y = n and stationary maxima at (+ = (2n+ 1+ /4n+1)/2.
Its first central moment is (n + 3)(2n + 1)/[2(n + 1)] and its variance is (21 + 1)(3n* +
21 + 3)/[4(n + 1)?]. Equality of the radial projection does not identify the complete states:

Q) =

1
2

(5.80)

To(ffjgy #* To(ézpég, because their angular and signed-orientation tensors are different.

For the gy, family, let v3/5 = v4 — a? and Ay 3/o = pca/(2h). Tts central projection is

£02(¢) = (et (5.81)
¥3/21(273/2)

It has no positive radial node, reaches its maximum at { = 735, and has mean 3/, +1/2 and
variance (273/5 + 1)/4. These analytic properties characterize the radial projection without
replacing the complete rank-four state.

For irreducible central tensor profiles the angular contraction vanishes when j, m; or parity
differ. The diagonal amplitude of the complete N = 2 level therefore reduces to

As(t) = (2Gus + &, Gpupn ) €75 4 & Gppye 0!, (5.82)
Its probability is |As|?, and its nontrivial time dependence is controlled by the exact splitting

V4 — a2 1++vV1—a?

5 5 (5.83)

A& = pc? [

The g5 and g, families are degenerate in the central spectrum, so their relative preparation
phase is stationary.

A resolved energy probability is obtained by integrating the radial coordinate and summing
the remaining discrete labels,

PEn)=3 S ¥ 3 /Ooopq@)dc. (5.84)

mj=—j kp€EKnp,; ce=t1l op==1
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The corresponding energy expectation is the weighted sum over these levels. The retained
diagonal multiplicities are gy, ; = 4(2j+1)(2—dy,0) and gy = 8N?; no separate normalization
is introduced for degenerate states.

5.2.6 Radiative tensor transition

A radiative transition is treated as a second complete real tensor configuration, not by adding
a new measurement postulate. Let fﬁf,) denote the final atomic electromagnetic field and
fﬁ?) a real radiation mode. The perturbed field fﬁf) = fﬂ,) + €y fﬁ) changes the Maxwell
source at first order through the cross-term

—1)n"s 1 -
X = (uj < FDF 4 D FD — L g 70 > L gvXY =0, (5.85)
The other source components respond according to the same local conservation law used for

the stationary atom. Their combined first-order change is

AT‘%W) X(fw) + AT(fv) +AT(M) + ATLW)’ VNAT(M) m — (. (5.86)
The rank-four perturbation is obtained from the same lift and trace-free relation as the
stationary source, with AC&{]B)V = AT;{%)V The complete comparison state is therefore
F (ar)
To(augu = Toauﬂl/ + G’YATo(c{;é)V + 0(63) (587)

For a resolved initial mode g;, the general comparison law of Section 5.1.5 reduces to the
ordered overlap
Gir = lpK? / ITQ%VT Joubr g3y — Gif + e, My + O(e,zy),
(5.88)
My; = lpK® /Z t VAT, ATU anbr gy,

The transition probability is the same two-copy quantity as before, namely |¢;|?|dr|?|Gir|?.
If the unperturbed overlap vanishes by symmetry, the leading contribution is proportional to
| Myil?.

The local four-index contraction also shows which physical sectors contribute to the
transition amplitude,

2
ﬁQTo(é‘%VAT(fV) ouby — 9T (@) ATUN 1 _ %T(Qi)AT(f’Y) + Cgﬁ%yAC(fV) ouBy - (5.89)

Thus the same comparison retains both the rank-two response and the trace-free curvature
response.
If the radiation tensor carries angular labels (L, M) and parity 7., a nonzero scalar overlap
requires
lji — gl < L < i + jy, mj, =mj, + M, Ty = 1. (5.90)

For the dipole-parity channel these conditions admit 2p; /5 — 1s1/5 and 2p3/5 — 151/, while
the corresponding 2sy /5 — 1515 overlap vanishes. Energy conservation fixes £, = & — &y and
wif = (& — &Ef)/h. The two allowed lines from the first excited principal level are therefore
obtained directly by inserting the already derived stationary energies; their separation is
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A& /h. No additional spectral formula is needed.

5.3 Conclusion

The construction developed here is a single tensor chain from a classical source to quantum
observables. The four-index field equation preserves the ordinary Einstein equation under
contraction while retaining the trace-free Weyl sector before contraction. A complete real
source is conserved as one rank-four object, dimensionless complex coefficients weight complete
configurations only after that source has been fixed, and a rank-eight operator governs the
linear clock evolution of the resulting carrier. Normalization and transition probabilities are
formed by global contractions of the rank-four state with an independent conjugate copy, so
source tensors, quantum coefficients and scalar readouts remain distinct at every stage.

The four-sector geometry enters this chain through active chart transport. Rank-two
sources are ordinary pullbacks, all-lower rank-four curvature and source tensors acquire the
common sector orientation sign, and scalar contractions are preserved by the corresponding
pullback. This permits a regular reciprocal Kerr—-Newman chart to represent the charged
spinning electron constituent without introducing an additional source for the same particle.
The active metric is nondegenerate, its equatorial Kretschmann scalar is finite at the sector
boundary and decreases to zero at the reciprocal endpoint, and the electromagnetic field is
transported in the same chart as the geometry.

For a fixed hydrogen configuration the complete rank-two atom is assembled before the
four-index lift. The total Maxwell field retains the electron—proton interaction cross-term,
while the additional source contributions enforce the stated conservation law. The central
interaction, relative mass shell and closed radial action yield the stationary relativistic
spectrum. A compatible tensorial radial realization produces normalizable Laguerre modes
with the same eigenvalues, and the signed angular label fixes the orbital branch and parity
without an independent ground-state doubling. Ground-state and first-excited radial profiles,
their nodes and moments, and the corresponding degeneracies follow from this stationary
construction.

The spectral operator is built from complete stationary tensor modes and their duals. Its
indexed evolution fixes the clock phase of each mode, while the quartic probability law retains
ordered tensor overlaps and their interference. Diagonal state preparation, mixed stationary
configurations, position-resolved channels and the radiative comparison configuration are all
specializations of the same global contraction rather than separate measurement prescriptions.
The hydrogen calculation therefore uses one conserved tensor source, one rank-four carrier,
one rank-eight spectral evolution and one tensor probability law from the classical geometry
to the resolved quantum observables.



CHAPTER 6

Free Gravitons as Weyl Modes

Source and status. This chapter incorporates the complete scientific body of Free Gravitons
as Weyl Modes in Four-Index and Four-Sector Quantum Gravity, v0.80 (15 August 2026).
Its role in the dissertation is: Ricci-flat graviton sector, helicity, transport, mode resolution
and closed Weyl histories. Repeated definitions are retained where they are required for a
self-contained derivation; the synthesis chapters distinguish reformulations, model-dependent
results, hypotheses and open claims.

Chapter abstract

The free gravitational quantum is obtained as the Ricci-flat radiative specialization of the
complete four-index quantum carrier rather than as an additional field. The carrier continues
to inherit the full four-index source, whose trace-built contribution vanishes in vacuum while
its trace-free contribution is fixed by the Weyl tensor. The vacuum differential identities
give null propagation and two transverse spin-two helicities, and the indexed rank-eight
evolution fixes the energy of a monochromatic mode from its frequency. The four-sector
geometry transports the same vacuum mode between active clock—ruler descriptions without
changing its mass, energy, helicity, or global tensor overlap, provided the orientation sign of
all-lower rank-four fields is retained. An exact reciprocal Rosen geometry is used as a vacuum
background on which the transported local spectral mode is resolved with the active observer
clock: inherited coordinate phase gradients can diverge while the measured frequency remains
finite and unchanged, whereas the exact background tidal Weyl curvature decays toward a
curvature-flat reciprocal endpoint. Conjugation of the active evolution generator preserves
the transported positive-frequency spectral subspace, so the sector map itself produces no
intrinsic positive-negative-frequency mixing. The spectral construction is made explicit by a
null-tetrad dual for each type-N helicity mode, a biorthogonal plane-wave continuum, and a
spherical continuum with the radial density absorbed into the mode normalization. The exact
global self-contraction of plane-wave superpositions pairs antipodal momenta; in the natural
antipodal screen convention the dual type-N tensor is precisely the antipodal partner of the
right mode. Exactly monochromatic angular states therefore remain generalized spectral
elements, while genuinely localized packets require nonzero radial bandwidth and must be
normalized by the full global tensor law rather than by a phase-stripped angular kernel. The
same type-N mode admits a closed four-sector Weyl history whose rank-four tensor returns
after four signed pullbacks while the oriented branch momenta cancel over the complete orbit.
A tensor resolution of a general local Weyl state and an explicit Schwarzschild exterior test
show that this closed-history construction transports the gravitational Weyl content itself;
the vacuum Bianchi equations then show that changes of the loop profile retain the null
characteristic of the free field. The result is a constructive, covariant, and regular free-graviton
sector that preserves the original source content, spacetime tensor hierarchy, and four-sector
geometry.

89
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6.1 Introduction

General relativity separates curvature into a Ricci-built part and a trace-free Weyl part. The
first is fixed locally by the ordinary stress—energy tensor through the contracted Einstein
equation, while the second survives in vacuum and carries the tidal and radiative information
of the gravitational field. In the four-index formulation developed in Ref. [37], these two
parts are retained at the same tensor rank as the complete source. This makes the vacuum
radiative sector particularly direct: the theory already contains a rank-four field with the
algebraic symmetries and the vacuum content required for gravitational radiation.

The quantum construction of Ref. [45] is built on the same tensor rank. Its carrier is
formed from the complete four-index source, not from the Weyl contribution alone, and its
fundamental evolution operator acts on the four spacetime index positions of that complete
carrier. Discrete or continuous labels arise only when the carrier is resolved into a basis
adapted to a physical problem. They are not extra spacetime coordinates and are not
additional tensor slots of the fundamental field. The free-field question is therefore how
the already defined complete carrier specializes when its rank-two stress—energy contraction
vanishes and only its trace-free gravitational content remains.

The four-sector Lorentz extension of Ref. [38] adds a geometric requirement to this
identification. The four sectors are not separate spacetimes and do not carry separately
adjustable gravitational fields. They are active clock—ruler descriptions of one geometry. In
curved spacetime, when the proper scale used by one chart reaches its common null boundary
with a neighbouring sector, the same general-relativistic solution is evaluated on the reciprocal
active scale and pulled back with the full Jacobian. A free gravitational quantum must
therefore keep its physical properties when its Weyl field is represented in a neighbouring
active sector, even when inherited coordinate components change strongly.

The present paper follows one continuous chain. The complete four-index source and the
carrier built from it are retained as the primary objects. Their Ricci-flat specialization is
then taken explicitly: the trace-built source vanishes, the trace-free source satisfies the Weyl
relation, and the complete source consequently becomes proportional to the radiative Weyl
tensor without being redefined as a new tensor. The vacuum differential identities determine
the null characteristic of this mode, its spin content is read from the transverse Weyl curvature,
and its energy follows from the indexed evolution acting on the spacetime phase of the same
complete carrier mode. The state is then transported through the four-sector geometry with
the orientation sign appropriate to all-lower rank-four fields. An exact reciprocal Rosen
vacuum geometry supplies a nontrivial background test: its own tidal curvature is kept
distinct from a local monochromatic spectral mode transported on that background, and the
measured frequency is computed from the active observer clock rather than from a single
null-coordinate derivative. The spectral part is then made constructive rather than merely
formal: an explicit null-frame dual resolves the type-N null basis, the plane-wave continuum is
normalized biorthogonally, the radial Jacobian is absorbed explicitly in a spherical mode basis,
and the global self-contraction of general superpositions is evaluated with the full spacetime
phase. This exposes the exact antipodal pairing of type-N modes and separates generalized
monochromatic states from genuinely localized packets, which require radial bandwidth. The
antipodal structure is then followed through the complete four-sector orbit at the level of the
Weyl tensor itself: the free type-N mode forms one closed graviton history, a local transverse
tensor resolution extends the construction to general Weyl data, and the Schwarzschild
exterior supplies an exact nonradiative curvature test. Finally, the vacuum Bianchi system
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is used to distinguish closed-orbit bookkeeping from the propagation of a physical change
of the Weyl profile. The final result therefore separates free propagation, sector transport,
spectral resolution, physical preparation and closed-history transport without changing the
fundamental field or introducing an additional graviton source.

6.2 Vacuum specialization of the complete four-index carrier

The quantum carrier is inherited from the complete four-index source of Ref. [37]; the radiative
Weyl tensor is not introduced as a second gravitational field. In four dimensions the source
separates into its trace-built and trace-free parts, with the latter fixed by the Weyl curvature,

Ta,LLBZ/ = ~a,u[31/ - Ta,uﬂz/a Ca,uﬁz/ = Kfa,uﬁl/- (61)

The carrier therefore acts on complete rank-four modes rather than separately on matter and
gravitational pieces,

\Ijaﬂﬁll EP K Z Cq oz,u,Bl/ (62)

Here the label g enumerates complete tensor modes and is not a spacetime index.

A free graviton is obtained by taking the Ricci-flat radiative specialization of this same
source. The ordinary stress—energy tensor then vanishes, so its four-index lift vanishes, while
the trace-free source remains. The complete mode and its carrier consequently reduce together
according to

=) @ _ 1
Tiils, =0, Ty, = = Chila (63)
\Ilt()zq,liﬁl/ =TV eP C’l uﬁy (64)

Thus the Weyl tensor supplies the vacuum profile of the already defined carrier; it does not
replace its source definition.

The differential content of the free mode is equally inherited from the vacuum geometry.
In a Ricci-flat region the Weyl tensor is divergence free,

VO Clpu = 0. (6.5)

Together with the differential Bianchi identity, this fixes the principal characteristic of a
rapidly varying curvature phase. If k, denotes its covector, then

9" kyk, = 0. (6.6)

The radiative carrier is therefore massless because its curvature propagates on the null
characteristic of the underlying field equations, not because a separate particle dispersion law
has been imposed.

The algebraic type of the curvature must be kept distinct from this propagation statement.
A type-N mode has nonzero transverse tidal curvature even though its two quadratic Weyl

invariants vanish,

Cloppy COP” =0, *Coapupr OV = 0. (6.7)

This null self-contraction will later determine how exact plane-wave modes enter the biorthog-
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onal spectral resolution and why a physical preparation must be treated globally.

6.3 Transverse helicity and indexed energy

Once the null direction has been fixed, the spin content is read directly from the Weyl
curvature on the two-dimensional screen orthogonal to the active clock u* and propagation
direction s#. The observer rest-space metric is h,, = g, +u,u,. For an oriented orthonormal
screen pair 671), 6?2), introduce the circular dyad

et +iet K
m# = 7(1)\@ @, =0 (6.8)

The two independent type-N curvature components are then represented by

C(+2)

-2 _ _
apfy X k[amu]k[ﬁm,,], C( ) X k[amu]k[/gm,,]. (69)

aufv

A rotation of the physical screen through v multiplies the two tensors by e*?%. The
radiative Weyl sector therefore contains precisely the helicities A = +2, obtained from the
transformation of the rank-four curvature itself.

The energy of the same mode is determined by the indexed evolution introduced in Ref. [45].
On a hypersurface it may be written as the action of a rank-eight kernel on the rank-four
carrier,

iePVO\Iloz;L,Bl/(x) = /E Hozuﬁua’msw(xvy)q]&’YWﬁ(y) dzy (610)
t

All eight indices are spacetime tensor positions. Momentum and helicity appear only after a
basis of complete vacuum modes has been chosen.

For a monochromatic positive-frequency mode with z° = ct, k = w/c, and phase e‘ikzo,
the complete source mode is an eigenfunction of the same operator,
1
/E oo (@, )T, (9) A5y = Lok T, (). (6.11)
t

In vacuum this is equivalently an eigenproblem for the Weyl profile because of Eq. (6.3).
Since Eplp = hc, the dimensionless eigenvalue ¢pk corresponds to the physical energy Aw.
The null characteristic, transverse spin weight and indexed energy thus describe one degree
of freedom,

me=0, A==%2,  Eg=hw. (6.12)

The equality Fg = hw is a spectral statement about the global tensor state. It does not
introduce an additional local rank-two energy tensor for gravitational radiation.

6.4 Transport through the four-sector geometry

The four-sector extension changes the active clock—ruler description of one geometry. The
reciprocal rule is applied to the proper scales before the known general-relativistic solution is
evaluated in the neighbouring chart. In the active rest space the proper-scale tensor L#, and
the critical tensor G*, define the reciprocal scale by

LF, =G, (L71,G7,. (6.13)
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This operation determines the chart map; it is not an extra deformation multiplied into a
finished metric.

Let g, be the parent GR metric and Z,, the active chart map after the required reciprocal
scales have been selected. The metric in sector n is the signed pullback

(n) 2n — 81:?”) axl(/n) 2N (x =

The complete Jacobian is retained. Since i2® = (—1)" is constant inside a fixed sector, the
null set and Levi—Civita connection are unchanged by that scalar sign.

The same map transports the complete vacuum source, the Weyl tensor and the rank-eight
generator. The all-lower rank-four tensors acquire the orientation sign associated with the
signed metric, while the operator is transported by conjugation,

T s = (~1)™Z:T D) sy gs, ) o = (~)MZ:COD) ynps,  (6.15)
H™ = 7-HO(7*)~1, (6.16)

The scalar sign cancels between the input and output of the conjugated operator, so no
additional sign belongs to H™.

Applying these transformations to a free eigenmode leaves both its spectral eigenvalue and
its characteristic class unchanged. If k(Mn) is the pulled-back phase covector, then

Y = W‘M)ku, ANEDEY =0, ES) = ho. (6.17)

Coordinate components can therefore change strongly across the reciprocal map while the
physical massless shell and energy remain the same.

Helicity is preserved for the same geometric reason. A quarter-turn exchanges the active
clock and the selected ruler direction while the transverse screen is transported continuously,

ut — st st —ut, m’ — m*, m" — mt. (6.18)

No complex conjugation of the screen dyad occurs, so the two helicities are not interchanged.
The sector map therefore transports one massless spin-two mode through successive active
descriptions rather than creating independent sector particles.

6.5 An explicit reciprocal radiative geometry

The transport rules can be tested on an exact vacuum geometry for which the inherited
reciprocal coordinates become strongly distorted. Consider the Rosen-type line element

2 UNP o U\
dsigy = —2dUdV + <Uh) dz” + <Uh> dy~, p(p—1)+q(g—1)=0. (6.19)
If a = (U/U)?P and b = (U/Uy)?, the only potentially nonzero Ricci component is Ryy =
—a" Ja — " /b, which vanishes by the displayed condition. The geometry is therefore exactly
Ricci flat, while the transverse curvature is nonzero and is determined by Ry, = —aa” and
Ruyry = —bb".

Choose U = Uy, as the common null boundary. The odd sector evaluates the same solution
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on the reciprocal coordinate U = U,% /p. Applying the full Jacobian and the sector sign gives

20U U\ %P Un\ %
dsty) = — =L dpdV — (") dz? — (") dy?, (6.20)
p p p
U4 U 2(p+q)
det g1y = —pfff (;) : R(}) =0. (6.21)

The active metric remains nondegenerate for 0 < p < Up. A regular orthonormal null-frame
component of the Weyl tensor behaves as

@ | _ Iple—=1)] 4
[eiyem =g

(6.22)

The reciprocal endpoint is therefore curvature flat even though individual inherited metric
coefficients diverge.

This exact background should be distinguished from the local monochromatic spectral
mode whose energy was derived in Sec. 6.3. On the ordinary side choose the null pair
n(o) = v, £y = v and the unit clock u(g) = (n¢) + 6(0))/\/5. A positive-frequency phase
normalized to the locally measured wave number k = w/c is

Doy = V2EU,  Kfy =—V2klly, ’u’(‘D)KfLO)’ = k. (6.23)

The phase covector therefore raises along 0y ; dy is its conjugate null leg.

Under the reciprocal map the conjugate leg and ray direction become n) = —(p?/U Z)Gp
and {(;) = dy. With the odd-sector metric the active clock is

_nay
Uy = V2

The pulled-back phase has a divergent radial coordinate derivative, but the active clock

ufy = 1. (6.24)

projection is unchanged,
U? U?
Dy =V2k2h KO = o ’u“ K“)] — k. (6.25)
(1) P p 2

Thus the inherited coordinate oscillation becomes rapid while the locally measured graviton
frequency and energy remain finite.

The exact tidal background varies on the scale U, whereas the spectral phase varies on the
scale k1. Their ratio is controlled by

V2 V2p

= = , limn = 0. 6.26
TR T R (6.26)
The local spectral approximation therefore improves toward the curvature-flat reciprocal
endpoint.

The endpoint is also asymptotic in affine parameter. Because V is cyclic, an affinely
parametrized geodesic has constant conjugate momentum, which in the two active represen-
tations gives

dU UZdp B

_ _Zh T . 2
d\ q0, p2 KDY q1 (6 7)
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For nonzero conserved momentum, U is affine-linear and U — oo, equivalently p — 0, requires
unbounded |A|. The reciprocal centre is therefore an asymptotic radiative boundary rather
than a finite event of the null geometry.

6.6 Positive-frequency transport across the reciprocal bound-
ary

The active-clock calculation above shows directly that the reciprocal map preserves the locally
measured frequency. The same result can be expressed on the complexified free solution
space. Let K (g be the signed frequency generator and Pj(:()) its spectral projectors. Sector

transport conjugates both the generator and its spectral splitting,
Ko =T Koz, PY=1P" 1) 6.28)
w =LK (Z) ", i 1P (Zy) (6.

The odd-sector all-lower Weyl representative additionally acquires the orientation sign of
Eq. (6.15). Because this sign is scalar, it does not interchange the two spectral subspaces. A
transported positive-frequency mode therefore satisfies

plcth =g, pNoGH — o), (6.29)

In the transported basis the corresponding Bogoliubov transformation is diagonal in helicity
and momentum,

gy = ook — k'), Bk = 0. (6.30)

The reciprocal chart transition therefore preserves the positive-frequency subspace and the
helicity splitting of the free mode. No intrinsic graviton production is generated by the sector
map itself.

6.7 Generalized null modes and physical preparations

An exact type-N plane wave is both a vacuum solution and an eigenmode of the indexed
evolution, but its Lorentzian Weyl self-contraction vanishes. A spectral basis built from such
modes therefore cannot be normalized by replacing the global tensor law with a positive local
modulus. The construction instead separates the resolution of generalized null modes from
the preparation of a normalizable physical state.

The continuum carrier keeps the complete-source form of Eq. (6.2). Introducing the
dimensionless momentum label €% = ¢pk?, its vacuum specialization may be written as

Vo () = Vipr 3 / a©TEN (@) . (6.31)
A—t2 /R
€N _ 1 en
Tayﬂl/ - _Ecog‘u,ﬂy’ (632)

The complex basis resolves the real source space; reality of a classical configuration is recovered
through the corresponding conjugate relation among spectral coefficients.

Because an exact type-N right mode is null, its coefficient is extracted by a dual rank-four
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basis. In the vacuum representation the biorthogonal condition is

to [ CHRCEN i as = 5,696 = ). (6:33)

apfv

Multiplication by the corresponding factors of x gives the identical statement for the complete
source. The dual tensor is therefore a basis covector, not a second gravitational excitation.

6.7.1 Explicit null-frame realization of the dual basis

The dual can be constructed on the same screen that carries helicity. For the active clock
and propagation direction define the null pair

ut 4 st L ut — ¥
n g

V2 V2

Using the circular dyad of Eq. (6.8), form the right and dual bivectors

o=

O, = —1. (6.34)

ZC(:{L) = Kamu - Euma, Zc(zu) - Eamu - E,umou
Zg(;r) = Ny — Ny, Zg(“’) = NgMy, — NyMeg. (6.35)

The null-tetrad normalization fixes the ordered bivector contraction before the rank-four

product is formed,
ZEN ZzN)en = 95,0, (6.36)

Their quadratic products then give algebraic type-N Weyl representatives,

A A
Wb = 25025, Wi, = 2N 78, (6.37)
W W =, WEN . ) Z 46, (6.38)

The null self-contraction and the nonzero ordered dual pairing are therefore properties of the
same rank-four basis, with no positive local norm introduced by hand.

6.7.2 Plane-wave continuum and normalization freedom

On an active locally flat hypersurface the generalized basis may be chosen as plane-wave
profiles. Writing & = fpk and § = £/[¢], take

CEN (@) = AW, (8) exp [—;Puaxo - s-x>] ,

CHEN (@) = BA(OWED), (8) exp [+;P<|aa:0 _ g.xﬂ | (6.39)

The ordinary Fourier delta distribution on the hypersurface, together with Eq. (6.38), fixes
only the product of the two scalar normalizations,

1

A\()B = —". 6.40
Reciprocal rescaling of a right mode and its dual leaves the biorthogonal relation unchanged.

This freedom is a basis convention; the rank-eight projector is invariant because it contains
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their ordered product,
A
(H&/\)awuéww(x,y) _ EPRZTé%@),(x)Tﬁ(g’)\) Y% (4)). (6.41)
The free generator is consequently resolved on the same complete-source basis,

Heps "% (2,y) = tpi® ) / fffl JTHEN 190 () . (6.42)
A=t2

Thus the continuum labels organize complete rank-four modes inside the spectral integral;
they never become additional tensor indices of the generator.
6.7.3 Spherical and multipole continuum

For radiation from localized systems it is useful to separate radial momentum from angular
and helicity content. With & = £8, the momentum measure and delta distribution are

¢ = ¢2dedQ, (e -€)=¢25(¢-€¢)P - ). (6.43)

Choose an angular—helicity basis ),) whose phase compensates the spin-two rotation of the
screen. Its orthonormality and completeness may be written together as

> / Vardox d€2 = g, (6.44)
A==42
Zya)\ a/\/ ) = (5)\>\/(5(2)(Q — Q/). (645)

The radial modes must absorb one power of £ from each side of the biorthogonal product.
Define

£S A)
1 e [ e,

A==£2

) §,2)
Touz;fﬁu 5 )\Z / ya)\ Tgfﬁy dq. (646)
+2

Their biorthogonal normalization is directly radial,
OpK? / THEOTE D aub 45 = 5,46(6 — ¢). (6.47)

The same rank-eight generator can therefore be resolved on the radial basis without changing
its tensor structure,

Hops ™ (2,) = tor” 3 / eT8) (2)THE 190 () d, (6.48)

The spherical and plane descriptions are therefore two resolutions of the same free tensor
subspace; the apparent radial density factor has been absorbed into the mode normalization
rather than promoted to a new physical weight.
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6.7.4 Monochromatic angular superpositions and localized packets

A generalized monochromatic state is not yet a localized physical preparation. The distinction
follows already from ordinary Fourier support: if a square-integrable envelope obeys the
Helmholtz equation, its Fourier transform is supported only on the sphere |p| = k, which has
zero three-dimensional measure,

(V2+EF =0, (K—|p»)F(p)=0, FelL*R%. (6.49)

A nonzero localized packet therefore requires radial bandwidth.

For a general preparation absorb the plane normalization into the spectral coefficient and
denote the resulting weight by ay(&). Its Weyl profile is

Cih@ = 3 [ ar@Wih, @exp| (gl —gx)| e (650
A==£2

The complete source and carrier remain those of Eqgs. (6.32) and (6.31); only the prepared
coefficient has changed.

The global Lorentzian contraction retains the full spatial phase. Spatial integration
therefore pairs opposite momenta, and with the natural antipodal screen convention the
opposite type-N tensor is exactly the dual,

[ exo [;(5 +€) -x} B = (2r)2 36O (€ + ), (6.51)
R P
WA (—s) = WM (s), WA (s) W) (—s) =46, (6.52)

The single global contraction of the prepared Weyl profile is then

Gp(a®) = 1200 32 [ ax(O)ar(-€)e 1 (659)

A==12

The two-copy probability law uses this amplitude together with its independent conjugate.
Antipodal pairing is therefore selected by the complete global contraction, not by a local
positive replacement for the null self-norm.

A fixed radial shell can still be used as a generalized angular state. For the normalized
axisymmetric weight with concentration parameter y and unit axis z#, the weight and its
antipodal contraction are

_ X TR7 _
= Trsinhy exp(xhu2t's”), o w, dQ =1, (6.54)
2

K, =4 | wy(s)wy(—s)dQ = S - (6.55)

52 msinh?

wy(s)

The exponential suppression of K’ for a narrow cone is therefore a property of the antipodal
global pairing. A genuinely localized state additionally requires a nonzero radial width in
Eq. (6.50).
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6.7.5 Sector-global prepared-state normalization

The ordered overlap used above is covariant under the signed sector pullback. For two vacuum
profiles transported by the same active map,

(n+1) y(n+1) apBr n) apfr
/E Cmtl pandy gz ) — / cm, pmentv gxy (6.56)
(n+1) (")

The all-lower orientation signs occur twice and the four inverse metrics used in the contraction
contribute an even sign, so no sector-dependent normalization factor appears.

A preparation extending across several active charts is therefore normalized by evaluating
the same contraction on chart domains with disjoint interiors,

gp = EPKQZ/

TEmenby 4y . (6.57)
>NU,

auﬂu

The reciprocal chart is used wherever the neighbouring sector becomes active, and Eq. (6.56)
guarantees that the global result does not depend on the placement of a chart boundary
inside an overlap.

6.8 Closed Weyl histories of the free graviton

The antipodal pairing of the spectral basis has a geometric counterpart in the four-sector
orbit. The relevant object is the Weyl tensor itself: successive active descriptions are related
by signed pullback, and one complete cycle returns the all-lower rank-four tensor to its initial
representative. The type-N radiative case is then the closed history of one free graviton.
The same tensorial construction may also be applied to a nonradiative Weyl field without
changing its algebraic type.

6.8.1 Rank-four closure under the sector quarter-turn

Choose a reference active clock u# and a unit rest-space direction s*, with uu, = —1,
sts, =1, and wu,s* = 0. For one orientation of the sector orbit, the successive clock-ruler
axes are generated by 0, = rm/2,

ut' = cos 6, ut + sin 0, s*, st = —sin 6, u" + cos 6, s". (6.58)

For odd r these are inherited labels whose timelike and spacelike roles are read with the
corresponding active metric. Reversing the orientation reverses the order of the representatives
but not the closure.

Let I, be the active pullback after r» quarter-turns. The signed rank-four transport of

Sec. 6.4 gives

(r)  _ r % (0) ) _ ~0)
Coppr = C1)LC, 15, Coupr = Coppr- (6.59)

Pullback preserves all Weyl symmetries and tracelessness, while the fourth power of the
orientation sign is unity. Closure is therefore a statement about the uncontracted curvature
tensor and does not depend on the Petrov type of the seed. The ordered global contractions
are preserved at the same time by Eq. (6.56).
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6.8.2 Type-N specialization and antipodal structure

For a radiative seed the sector axes define four inherited null directions. It is convenient to
use unnormalized vectors for the momentum readout,

(h, 0 05, 08) = (u! + s, —ut + s#, —ut — st ut — s, o0, = (6.60)

Each branch is null and carries the same positive active energy Eq = hw. With p/ = (Eg/c)l¢,
the oriented first moment closes while the quadratic moment remains finite,

3 3 4 EQ
Dopr=0 D opip =+ ). (6.61)
r=0 r=0
The cancellation of external four-momentum therefore does not erase the tensor content of
the history.
The first two branches also show why the half-orbit bookkeeping is spacelike in the inherited
frame. For positive affine weights a, b,

AXH L = all + bl = (a — b)ut + (a + b)s”, AX?p = 4ab, (6.62)
2E: 4E?2
Qhp =ph + i = —=s", Qip=—3" (663

for the symmetric choice @ = b. In that case the inherited clock projections of both AX% 5
and Q') 5 vanish. The opposite half-orbit carries the negative momentum and completes the
closed first moment; every local branch nevertheless remains null.

The rank-four curvature has the complementary parity. Normalize the null vectors by
Zﬁf = (#/+/2. On the transported screen use m(*? = m and m(=? = m, and form the
bivectors and Weyl representatives

Ar) o plr A nr A ) Ar) (A7)
200 = T0m® — @, Wk = 00700, (6.64)

@ w o for

The half-turn changes the sign of Z but not of W, so W2 = W) while pho = —pl.
With the antipodal screen convention already used in Eq. (6.52), the adjacent branch is the
dual spectral tensor.

More generally, let s and s’ be two unit directions in the same observer rest space, let
v = sus™, and let ¢ be the relative transported screen phase. The normalized null bivectors
carry one power of the angular overlap, while the Weyl tensor carries its square,

Z0(s)- Z00(s) = Ba (1 = )2,
W (s)- WA (') = Gan (1 — 7)%eM. (6.65)
Parallel type-N representatives are null under this ordered contraction, whereas the antipodal

choice v = —1 gives the dual normalization 49,). This is the same antipodal structure
selected independently by the global packet contraction.
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6.8.3 Tensor resolution of an arbitrary local Weyl state

A general local Weyl tensor may be resolved relative to an active observer without changing
its Petrov type. Its electric and magnetic parts are the spatial symmetric trace-free tensors

Eu = Cpanpu®u®, By = *Chiapguu’, Quv = B, +iB,,. (6.66)

They contain the ten independent real components of the four-dimensional Weyl tensor. For
each unit spatial direction s*, define the screen projector P, = h,, — 5,5, and the transverse
trace-free projector

1
A (s) = P,*P,) — o P PP (6.67)

Rotational invariance fixes the angular average of this projector. Using the second and fourth
moments of a unit vector on the observer sphere gives

4w
A2 SMSV dQ = ?h/“/7

47

/2 SuSySpSe Al = 1—5(hw,hpa + hyphvo + hughup), (6.68)

S
8w
po _ o po
[ ()40 = g, (6.69)

where Jy,,f7 = h(, hy,)7 — b h*? /3 is the identity on spatial symmetric trace-free tensors.
Since Q,,, already belongs to this subspace, the complete local Weyl data are reconstructed
by

5
_ = po
Quv = & /S A (5)Qpr A (6.70)

This is a tight-frame resolution at one spacetime point. It does not replace a generic
nonradiative field by a collection of independent global plane-wave solutions.

On each screen the projected tensor has the two helicity components already identified in
Sec. 6.3,

A Qpo = qympumy + q-mymy, g+ = m"m” Quy, q- =m"m” Q. (6.71)

Self-adjointness and idempotence of A then give the corresponding norm identity,

5
B B + Bu B = - /S [A(3) QL [A(5) Q1 Ay (6.72)

The same directional resolution therefore reconstructs both the tensor and its observer-resolved
positive quadratic combination.
6.8.4 Antipodal electric-magnetic decomposition

The local screen data can be organized into the two opposite null directions of a closed type-N
orbit. Let €48y = u”1,q03, be the spatial volume tensor and define its action on a transverse
trace-free screen tensor by

(T X)) = eaﬁ(usaxy)ﬂ, J2X = —X, T =—Ts. (6.73)
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With the orientation fixed by the Hodge dual, a type-N mode in the +s direction satisfies
B = JsF, while the antipodal mode satisfies B = —JF.

Project an arbitrary Weyl tensor with A(s) and denote the two antipodal electric amplitudes
by E; and E_. Their sum must reproduce the projected electric data, while their signed
screen rotations must reproduce the projected magnetic data,

E,+E_=As)E, Js(Ey — E_) = A(s)B. (6.74)
Since J2 = —1 on the transverse trace-free screen, this system has the unique solution
1 1
E, = i[A(S)E — JsA(s)B], E_= i[A(S)E + JsA(s)B]. (6.75)

The electric Weyl data are therefore antipodal even, while the magnetic data enter through
the screen-rotated antipodal difference. For a purely electric field the two amplitudes coincide
and each carries one half of the projected electric tensor.

6.8.5 Schwarzschild curvature as an exact gravitational test

The Schwarzschild exterior gives a nonradiative type-D test of the same rank-four transport.
Since R, = 0, the complete exterior curvature is Weyl and the trace-free four-index source
is C/k. For a static orthonormal observer with outward unit radial vector n*, define
g = GM/(c2R3). The local curvature is purely electric,

Eiy = Mg(h/u/ - 3nunu)a BEV =0. (6.76)

Its radial eigenvalue is —2pu, and each transverse eigenvalue is pg. These are directly
measurable through geodesic deviation. In the local inertial frame of the observer,

D2¢r
dr2

D% 2GM D¢, G

M
de - R3 5”7 = - 3 gL' (677)

2
—C E“Vgl/? d7_2

Thus the tensor transported by the sector orbit carries the ordinary Schwarzschild radial
stretching and transverse compression.

The same eigenvalues fix the quadratic curvature without any additional construction,

48G2 M?
BS EE =62, CF 5,00 = 4842 = (6.78)

apfv 97  AR6
Because the Ricci tensor vanishes, the second expression is the Schwarzschild Kretschmann
invariant. The radial trace-free source component is correspondingly 725,... = —2GM/(rkc*R3).

The tight-frame resolution can also be checked explicitly. Let x = s,n* and choose the
first screen direction along the projection of n* orthogonal to s*. The projected electric
tensor and its circular coefficients are

3 3
A (5)Bpy = S1g(1 = x*)(eapery — epern), g7 =% = —Cpg(1=x%).  (6.79)
The equality of the two helicity coefficients is precisely the purely electric antipodal relation
derived above. Using [q»(1 — x?)2dQ = 327/15, Eq. (6.72) returns
5 9 9 212 2
— —us(1 — dQ =6u:. 6.80
87 Joe Mo (1= 20) K (6.80)
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The local spin-two resolution therefore reproduces the exact type-D Weyl norm without
changing the Petrov type of the Schwarzschild field.
6.8.6 Propagation of changes in a closed Weyl history

Closure describes the complete sector history, whereas a physical change of the curvature
remains governed locally by the vacuum Weyl equations. In a local inertial frame the electric
and magnetic tensors satisfy the transverse constraints and first-order evolution system

O'Ey; =0, 9'Byj =0, (6.81)
1 1
EatEij = ¢;" 0y By, EatBij = —€"OLE);. (6.82)

Differentiating once in time and substituting the second first-order equation produces a
double contraction of the spatial volume tensor. The contraction identity and the transverse
constraint remove the mixed derivative term,

1
CjafEij = —€" " 00 Enj,
eFle™ = §;hF — ;" hkm, (6.83)

The same calculation applies to B;;, giving wave equations directly on the curvature compo-
nents,

(;af — hkmakam) E; =0, <61283 - hkmakam) Bij =0. (6.84)

No metric gauge has entered this derivation.

For a local Fourier perturbation with covector k,, the transverse constraints and the wave
equation give

k'e;; =0, k'b;; = 0, 02 = Ah®kyky, 9" kyk, = 0. (6.85)

Changes of the free Weyl profile therefore propagate on the same null characteristic as the
underlying graviton mode. The result is obtained directly from the curvature equations and
is independent of how the same perturbation might be represented by a metric potential.

On a curved Ricci-flat background the second-order equation acquires algebraic couplings
to the background curvature. Writing their coefficient tensor as Aaug,,p"’\T, the propagated
perturbation has the form

VPV 16 Coappn + Aaps” T 0C porr = 0. (6.86)

The second term contains no second derivatives of C, so the principal characteristic remains
null.

The same conclusion is visible in geometric optics. For a slowly modulated type-N mode
C = AWe'/¢, with k, = V.S, the first two orders of the vacuum differential identities give

1
Hhy=0, KV =0,  KV,A+ AV K =0, (6.87)

The sector pullback carries these relations into the neighbouring active chart without changing
the eigenvalue, helicity or characteristic class. The spacelike half-orbit bookkeeping and the
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null propagation of physical changes are therefore compatible properties of the same closed
free-graviton history.

6.9 Conclusion

The free gravitational quantum obtained here is the Ricci-flat radiative specialization of
the complete four-index carrier. In vacuum the complete source reduces algebraically to
its trace-free Weyl sector, the vacuum differential identities fix a null characteristic, the
transverse screen carries the two helicities A = +2, and the rank-eight evolution assigns the
energy Fo = hw. Masslessness, spin and energy are therefore properties of one rank-four
tensor mode rather than independent ingredients attached to a separate metric-polarization
state.

The four-sector extension transports this same mode through successive active clock—ruler
descriptions of one geometry. The complete source and Weyl tensor follow by signed pullback,
while the rank-eight generator is transported by conjugation and retains its spectral eigenvalue.
The reciprocal Rosen geometry makes the distinction between inherited coordinates and local
observables explicit: an inherited coordinate phase gradient can become arbitrarily large
while the active-clock frequency remains finite, and the exact tidal background approaches
a curvature-flat reciprocal endpoint. The transported positive-frequency subspace and
transverse helicity basis are preserved at the same time.

The spectral resolution is necessarily biorthogonal because an exact type-N Weyl mode
has vanishing Lorentzian self-contraction. The explicit null-frame dual produces the nonzero
ordered pairing required by the spectral projector, and the plane and spherical continua
are equivalent resolutions of the same free tensor subspace. For localized preparations the
complete phase-dependent contraction is retained; it pairs antipodal momenta and identifies
the opposite-direction type-N tensor with the corresponding dual element without introducing
another physical excitation.

This antipodal structure extends naturally to a closed four-sector history. A single type-N
quantum is read through four successive null branches whose oriented momenta cancel over
the complete orbit, while its rank-four Weyl content is even under the antipodal half-turn.
The all-lower tensor returns to its initial form after four signed pullbacks, and the same closure
applies to arbitrary Weyl data without changing their algebraic type. The Schwarzschild
exterior provides an explicit type-D test: the closed transport preserves the exact tidal
eigenvalues and quadratic curvature invariant, while the local spin-two screen resolution
reconstructs the same Weyl tensor rather than replacing it by a radiative type-N field.

The closed geometry does not modify the local propagation law. The electric and magnetic
parts of the vacuum Weyl tensor obey a first-order Bianchi system whose second-order
consequence is a curvature wave equation with null characteristic. On a curved Ricci-flat
background the lower-order curvature couplings leave the principal characteristic unchanged,
and the geometric-optics limit transports the mode along null geodesics. The resulting
construction therefore combines a closed four-sector tensor history, biorthogonal free-graviton
spectral resolution and ordinary null propagation of physical Weyl perturbations within one
covariant rank-four framework.



CHAPTER 7

Four-Sector Projection of Local
Ultraviolet Sources

Source and status. This chapter incorporates the complete scientific body of A Four-Sector
Cancellation Mechanism for Local Ultraviolet Sources in Perturbative Einstein Gravity, v0.08
(19 August 2026). Its role in the dissertation is: Background-field quantization, two-loop
benchmark and complete-orbit projector. Repeated definitions are retained where they are
required for a self-contained derivation; the synthesis chapters distinguish reformulations,
model-dependent results, hypotheses and open claims.

Chapter abstract

Perturbative Einstein gravity is finite on shell at one loop but develops a genuine local
ultraviolet divergence at two loops, and higher loop order permits increasingly higher-
derivative local counterterms. This paper studies that problem inside the previously introduced
four-sector Lorentz and four-index source framework. The metric is quantized by the
standard background-field path integral with gauge fixing and Faddeev—Popov ghosts, with
the usual dimensionally regulated loop expansion. Proper subdivergences, including evanescent
contributions, are removed before the remaining local ultraviolet residue is extracted. Metric
variation turns that residue into a symmetric conserved rank-two gravitational response. The
particle-sector action is then written explicitly as an indexed tensor map on that response
and on the graviton kernels that generate it. Internal sector maps cancel against the inverse
maps carried by contracted propagator indices, whereas the two free covariant indices retain
the quadratic character i%* = (—1)*. The four representatives of one complete particle orbit
therefore contain the same scalar loop coefficients and have a vanishing invariant rank-two
ultraviolet component. Geometry-sector homogeneity is treated independently, with separate
geometry and particle labels throughout. The two-loop cubic-curvature divergence of pure
Einstein gravity supplies an explicit benchmark, including the regulated Gauss—Bonnet
subdivergence structure and the full metric Euler tensor of the cubic invariant. The rank-two
result extends term by term to the local residue at arbitrary perturbative loop order and
is then embedded explicitly in the divergence-free four-index source decomposition. The
projector acts on the loop-generated local ultraviolet response, while the tree-level Einstein
term and the finite loop contribution retain their standard roles in the effective action.
The result is an order-by-order cancellation of local ultraviolet gravitational sources in pure
Einstein gravity with vanishing cosmological constant within the four-sector source completion
defined in the underlying framework.
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7.1 Introduction

Einstein gravity treated as a perturbative quantum field theory has a sharp ultraviolet
hierarchy. Pure gravity is on-shell finite at one loop after the four-dimensional curvature
identities are taken into account, while at two loops a genuine cubic-curvature divergence
remains [32,33,59,61]. Modern amplitude calculations make the same separation visible in a
particularly clean way: the regulated two-loop amplitude contains a local ultraviolet pole
together with finite and nonlocal renormalized contributions [1,2].

The four-sector construction developed in Refs. [41-43] uses two independent sector labels.
A geometry sector specifies the active clock—ruler chart of one spacetime, while a particle
sector specifies the relative four-sector type of a physical source in that geometry. The particle
labels form a closed four-step orientation cycle. For a rank-two source the sector phase is
quadratic and therefore alternates in sign around that cycle. This paper applies that rank-two
transformation to the local source generated by quantum graviton loops.

The calculation below uses the standard perturbative quantization. The Einstein metric
is split into a background and a quantum fluctuation, the fluctuation and the Faddeev—
Popov ghosts are integrated in the usual background-field functional integral, dimensional
regularization is retained, and recursive subtraction is performed before any four-sector
operation. This order matters. In particular, evanescent Gauss—-Bonnet terms can participate
in a higher-loop subdivergence even though their four-dimensional on-shell matrix elements
vanish [2].

The four-sector step begins only after the regulated loop calculation has produced a
local diffeomorphism-covariant pole functional. Varying this functional with respect to the
metric produces a conserved rank-two local gravitational response. The main observation is
tensorial: the sector map acts on the two indices of the final local response, whereas sector
factors attached to internally contracted graviton indices cancel against the inverse factors
carried by the propagator tensor. A complete particle-sector orbit therefore has a vanishing
invariant local ultraviolet component. The finite local and nonlocal terms remain as separate
contributions in the effective action.

The calculation is organized as one sequence. The background-field path integral and
power counting first define the perturbative setting. Recursive forest subtraction then isolates
the regulator-level local pole, whose metric Euler derivative gives a symmetric conserved
rank-two source. The particle-sector map is applied to that tensor and verified directly on
indexed graviton kernels before the complete-orbit projector is formed. Geometry-sector
covariance and homogeneity are then treated as an independent transformation of the same
local response. The Goroff-Sagnotti cubic-curvature pole provides the explicit two-loop
benchmark, after which the tensor argument is extended to the complete local pole basis at
arbitrary loop order. The resulting rank-two source is finally embedded in the divergence-free
four-index source equation and separated from the finite loop contribution in the effective
action.

7.2 Background-field quantization of Einstein gravity

We use four spacetime dimensions for the physical theory and dimensional regularization with

D=4-2€ (7.1)



7.2. Background-field quantization of Einstein gravity 107

in intermediate loop calculations. Natural units are used in the perturbative sections. With
the mostly-plus metric convention, the dimensionally continued Einstein—Hilbert action is
written as

2
SED)[Q] =Tz /deU V=g R, KD = [ Kg, :‘ﬁf] = 327G. (7.2)
D

Here p is the dimensional-regularization scale and x, is the physical four-dimensional coupling
recovered at € — 0. Equation (7.2) is the pure Einstein action at A = 0, which is used
throughout. The background-field split in the regulated theory is

Juv = g;w + /‘JDh;uw (73)

The background g, is held fixed in the functional integral, while the symmetric fluctuation
hyw is the quantum field. Its gauge redundancy is fixed before the loop expansion is formed.

A convenient background de Donder condition is
= wiZ = ~po
Fulh;g) = Vhy, — Evuh, h =g hye. (7.4)
At unit gauge parameter the gauge-fixing action may be written

1 — —uv
Sy = —§/dD:z:\/—gg“ F,F,. (7.5)
The corresponding Faddeev—Popov operator acting on a ghost vector is
(Agn)!y = —6*, V2 — RH,, (7.6)

and

Sy = / AP/ =G Eu(Dgn) e (7.7)

The gauge-fixed quantum theory is therefore defined by the functional integral
i _ 1 /(D)
exp(hl“[g]> = /Dh DecDe exp {h (SEH [g + kph] + Sgr + Sgh)] , (7.8)

with the ordinary normalization factors understood. The loop expansion of the background
effective action is -
Ilg) = St 9] + Y h*Trlg). (7.9)
L=1
Equation (7.8) is the quantization step used throughout the paper. In the local-covariant
sections below, the background argument g, of the effective action is denoted simply by g, .
The four-sector map enters later, at the level of the local tensor source extracted from the
regulated effective action.

Expanding the action to second order gives a minimal second-order graviton operator after
gauge fixing. In background-covariant notation it has the form

Ay =—-V?1g +URpuvpo, Ruv), (7.10)

where 1g2 is the identity on symmetric rank-two tensors and U is algebraic in the background
curvature. On a Ricci-flat background the physical spin-two part reduces to the Lichnerowicz
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operator

(ALh)w = =V — 2R005h"". (7.11)

At one loop the two Gaussian integrations therefore give the standard determinant structure
Iy = % TrinAj —iTrln Ay, (7.12)

up to the usual treatment of zero modes and normalization. Higher loops are generated by
the cubic and higher vertices in the expansion of Sgl){) [g + kDh].

The superficial momentum degree follows directly from this expansion. Every Einstein
vertex carries two derivatives. In the regulated dimension D = 4 — 2¢, a connected graph

with L loops, I internal graviton lines and V vertices has
wp = DL +2V —21. (7.13)
Using L=1—-V 41 gives
wp=(D—-2)L+2=2L+2—2¢L. (7.14)
The physical four-dimensional degree is therefore
wzli_r}(l)wD:2L+2. (7.15)

Thus the four-dimensional local logarithmic structures allowed at loop order L have total
derivative order 2L + 2. At one loop the local basis begins at curvature-squared order. At two
loops the first genuine on-shell divergence of pure Einstein gravity is cubic in the Riemann
tensor [33,59].

Power counting therefore fixes the derivative order of the local ultraviolet structures that
can occur at each loop order. The next step is to construct those local residues from the
regulated graphs before any sector projection is applied.

7.3 Regulated subtraction and local ultraviolet residue

7.3.1 Recursive forest subtraction and evanescent terms

The local ultraviolet source used later in the sector construction is obtained only after the
regulated subdivergences have been treated. The recursive structure is written with the usual
forest operation. For every proper divergent one-particle-irreducible subgraph -, define the

regulator-level counterterm
Cp(y) = —K, Riyr. (7.16)

If §(T') denotes the set of forests built from mutually compatible proper divergent subgraphs,
including the empty forest, then schematically

RpT'= Y (H CD(W)) I'/F. (7.17)
Feg' (') \heF

Nested subgraphs are treated from the inside outward, while genuinely overlapping subgraphs
occur in distinct compatible forest terms. After all proper subdivergences have been removed,
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the overall renormalized graph is
Rpl' = (1 — Kr)RpT. (7.18)

The forest operation first constructs KpR,I" at regulator level. The role of evanescent terms
in this construction is already visible at two loops. In dimensional regularization the one-loop
pure-gravity calculation contains the evanescent Gauss—Bonnet density

E4 = Rypo R*P° — 4R, R + R?, 7.19
Hvp (0

and in the convention of Ref. [2] its pure-gravity counterterm contains

F(l) 1 531
GB ™ (4m) (41)2 90 €

/ dP /=g E,. (7.20)
The metric variation of the integrand is the Lanczos tensor,

LGP =2RR,, — 4Ry R, — 4R’ Ryjaup
1

59k (7.21)

+ QRMQ/B’YRuaB'y - 2

In exactly four dimensions the integrated Euler density is topological, and LSP vanishes
identically for variations with the standard boundary conditions. In D = 4 — 2¢, however, its
insertions are part of the regulated subdivergence structure [2].

The relevant mixing can be seen algebraically. If an evanescent vertex has the physical
expansion

Vy(D) = €V + O(e?), (7.22)

then insertion into another ultraviolet-divergent integration can produce

€

() (Z+F+00) - BV +VF +0(e). (7.23)

A term that vanishes when the regulator is removed can therefore change the coefficient of the
physical simple pole at the next loop order. These evanescent contributions are incorporated
into the scalar coefficients of the fully subtracted local residue. The output of the regulator-
level stage is therefore the local functional K R},I'r,, with all proper subdivergences already
organized.

7.3.2 Local pole as a conserved tensor source

The forest operation now supplies a local diffeomorphism-covariant pole functional. At loop

order L define
F(L)

pole[g] = KR/DFL[Q] (724)
After all proper subdivergences have been subtracted, the pole coefficients are first obtained
in D = 4 — 2e. Once the regulator-level tensor algebra has been completed, the physical

residue may be reduced to a four-dimensional covariant local basis. Locality and background
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diffeomorphism covariance then allow the expansion

pole Zx Zm/d‘lxro (9,R,VR,...). (7.25)

Integrations by parts, Bianchi identities and local field redefinitions relate equivalent repre-
sentatives of this basis. The tensor relations below hold for any such equivalent covariant
basis.

The local rank-two response is defined by the metric Euler derivative

(L)
9 o
(L),UV pole
H "V gl = =5 oy (7.26)
For an infinitesimal diffeomorphism, d;g"" = —2V(#HeY) | one has
0= 5§F1(>0%e
— - [dlay= H,Sﬁ)’UVV%”

= / d*a/—g &V HEY (7.27)
up to a boundary term. Since £” is arbitrary,
L),UV _
VHHEUY < 0. (7.28)

Thus the object on which the four-sector source rule acts is an explicitly defined, symmetric,

conserved covariant rank-two tensor.

The regulated quantum calculation has therefore been reduced to the single tensor H (LLuv,

The particle-sector construction can now be applied directly to this covariant source.

7.4 Particle-sector tensor projection

7.4.1 Particle-sector action on a covariant rank-two tensor

The particle transformation introduced in the underlying four-sector theory is
g(k)uu = ikAMV» k€ Zs. (7.29)

For the discrete sector calculation it is useful to separate the ordinary Lorentz part from the
pure quarter-turn factor,

Guy''v = Q" pA’ v, Qv = i"ty, Q@l)“y =i kom,. (7.30)

The ordinary Lorentz transformation and the discrete particle class are independent. The
sector orbit is therefore obtained by holding the ordinary Lorentz representative fixed and
applying only Q).

For any covariant rank-two physical source X, the pure sector map acts on both tensor
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indices,
k) _ [ (0)
X0 = Qu uQu v Xog
=X = (~1)F x9). (7.31)

Equation (7.31) is the tensor representation of the particle-sector quarter turn on a covariant
rank-two source and is the sector rule used below.

Applying Eq. (7.31) to the ultraviolet response gives

HEWV (k) = (-1)FHEVY(0). (7.32)

uv
The remaining point is to verify that the completely contracted scalar loop coefficients carry
no particle-sector factor. This follows directly from the indexed kernel contractions.
7.4.2 Indexed contraction check for graviton kernels

The same result can be verified directly at the level of tensor contractions. Let

Vlf?lzl ‘UnVn (xla LI 7:1;%) (733)

denote a graviton kernel with all graviton indices lowered using the background metric.
Here V) is the gauge-fixed quadratic graviton kernel, while V(") with n > 3 denotes the
interaction kernels; mixed ghost—graviton kernels are classified by the number of graviton
index pairs they carry. Let the graviton propagator be the inverse symmetric rank-four kernel
D#Po (g, y), normalized schematically by

/dD ,uyaﬂ T Z)Daﬂpa(z y) = 6(,u g) 5(D)(l’ — y) (734)

The map Q) acts on graviton index pairs. Ghost indices follow the ordinary gauge-fixed
contraction rules, with the Faddeev—Popov fields retaining their gauge-auxiliary role.

Under the pure sector map each graviton index pair of an n-point kernel transforms
tensorially,

n,k a s . n,0
V,flul-)-mun - H (Q(k) Jij(k)Bfuj) Vélﬂl)...angn
n n, 0
= (~ ) Vi - (7.35)
The inverse kernel transforms with the inverse map on each of its four contravariant indices,
vpo -1 —1\v afyd
Détk)p - (Q(k))“a(Q(k)) /3(9 ) (Q(k ) 6D )7
—4k vpo vpo
=i Dé‘o)p = Dé‘o)p . (7.36)
More explicitly, on every internal contraction the sector maps reduce to identities,
(Q(_kl))apQ(k)p/j = 0. (7.37)

Hence every internal graviton line reduces its sector factors to Kronecker deltas.

For a connected graph let I be the number of internal graviton lines, let V,, count every
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interaction kernel carrying n graviton index pairs (including mixed ghost—graviton kernels),
and let E' be the number of external graviton rank-two factors. The purely combinatorial
identity
> nV,=2I+E (7.38)
n

now serves only as a check of the explicit tensor contraction. Equations (7.35)—(7.37) give

H(_l)ann _ (_1>k(21+E) _ (_1)kE. (7.39)

n
Thus a completely contracted scalar loop coefficient has £ = 0 and is sector independent,
L L
(k) = ), (7.40)
while a single external covariant rank-two response has E = 1 and transforms exactly as

Eq. (7.32). The tensor calculation therefore fixes both parts of the sector decomposition: the

scalar coefficient is invariant and the external rank-two tensor carries the character (—1)F.

7.4.3 Invariant projection of the complete particle orbit

The pure sector maps satisfy
Q(T) Q(S) = Q(T+S), r 4+ s mod 4. (7.41)

Their action on a covariant rank-two tensor defines the group-average operator

(P X ) = Z Q) Xogp- (7.42)
Using Eq. (7.41),
1 3
(PYPX =35 32 QX
1 )
=3 > QnX =PVX, (7.43)

so this is the ordinary finite-group projector onto the invariant part of the rank-two represen-
tation. Equation (7.31) shows that the rank-two representation carries the one-dimensional
character (—1)F. Its invariant subspace is therefore trivial,
UV 77(L),UV g k r7(L),UV
(PYV PV, =+ S (- 1)FHEY =0, (7.44)
k=0

The factor 1/4 is the normalization of the finite-group average over the four particle-sector
representatives.

Combining the regulator-level construction with the tensor projection gives the complete
order of operations,

20v=9)"19/59"" )y P

Rl
I, —2s Ry, 25 KR,T), (LOV 20, (7.45)
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This establishes the particle-sector cancellation at a fixed active geometry sector. The
geometry label can therefore be restored independently, without altering the particle-orbit
proof.

7.5 Geometry-sector covariance and homogeneity

The particle projection above is defined at fixed active geometry sector. The independent
geometry label is now restored in two steps: first at the level of the regulated background
operators, and then through the homogeneity of the local ultraviolet response under the
constant metric orientation sign.

7.5.1 Covariance of the regulated background operators

The active geometry sector is a chart representative of the same spacetime geometry. Let I,
be the corresponding active pullback and let ¢,, = (—1)™. The background and its fluctuation
are transported together,

9 = enliGu, B = il by (7.46)

Because ¢y, is constant, the Levi—Civita connection is carried entirely by the pullback. The
trace obeys
hm) = (gtmhyrp(m) = 17 b, (7.47)

and the gauge condition becomes
F{™ =TI F,. (7.48)

The Faddeev—Popov ghost is transported as the gauge vector field of the background-field
calculation. Consequently the two quadratic operators are related to their reference represen-
tatives by conjugation,

m m

A = URAWUR) T AR = URD AU (7.49)
where UTSI) denotes the pullback on rank-r fields together with the fixed geometry-sector
orientation factor appropriate to the tensor. In particular,

Trln Agm) =Trin Ay, Trin Ag}?) = Trln Agy. (7.50)

The conjugation establishes the invariance of the one-loop determinants. At higher loop
order the same pullback acts tensorially on the interaction kernels and propagators, so the
numerical scalar coefficients remain common to the active geometry representatives; the
geometry-sector sign is carried by the covariant local operators and their metric responses, as
computed next. This is the background-field counterpart of the sector pullback used for free
graviton modes in Ref. [42].

7.5.2 Homogeneity of the local ultraviolet response

For the local pole basis, the constant geometry-sector sign acts according to the derivative
order of the corresponding covariant operator.
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Let
G — C G c=+l1. (7.51)

For a parity-even local scalar operator built from the metric, curvature and covariant
derivatives with total derivative order 2V, as in the pure-Einstein ultraviolet basis considered
here, write

I'ylg] = / d*z/=g Oan1g]. (7.52)

Under a constant metric rescaling the connection is unchanged, while each contracted
curvature or equivalent pair of derivatives gives one inverse metric weight. Hence

Oan[cg] = ¢ N Oan]gl, inleg] = A NTn|g). (7.53)

Define the rank-two response

2 6T
(N, — = 9N
H,) 9] = (7.54)

Since ¢ = ¢ 1g" and \/—¢' = ¢?\/—g in four dimensions, the functional chain rule applied

to the homogeneity relation gives
Hleg) = ¢!~V H g (7.55)

For a pure Einstein L-loop logarithmic ultraviolet structure, power counting gives N = L 41,
so an active geometry sector m contributes

HE (m) = (-1)™L 17, HE)(0). (7.56)

m*tpy

At odd loop order the geometry representatives alternate in sign, while at even loop order
they are invariant under the geometry-sector sign. The ultraviolet projection is therefore
evaluated at fixed active geometry sector. Combining the independent labels gives

HEWY (k,m) = (=1)*(=1)"L 1y HEUV(0,0), (7.57)

but the sum over the particle orbit already vanishes for every fixed m,
3
ST HEDWY (k,m) = 0. (7.58)
k=0

The particle and geometry labels are independent.

With the particle and geometry transformations now separated explicitly, the two-loop
cubic-curvature divergence can be used as a complete benchmark of the construction.

7.6 The two-loop cubic-curvature benchmark

The first genuine on-shell ultraviolet divergence of pure Einstein gravity is the Goroff-Sagnotti
term. In the convention used by Ref. [2],

2) 209 (ng)2 1 1/ 4
' = ——" (29 2 e/ =g '
dv = "Taa0 \ 2 ) @myte /] TV IR (7.:59)
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where

R3 = R sR" ,;,R? 5. (7.60)

The numerical coefficient is nonzero. The four-sector operation is applied only after the
regulated two-loop pole, including the required lower-loop insertions, has been assembled.

For the tensor variation write
Lafg) = cs [ d'oy/=gRs, (7.61)

where cg contains the complete regulated coefficient. For a scalar Lagrangian depending
algebraically on R, , define the Riemann derivative at fixed metric,

OR3

PMVPU = -
OR,po

(7.62)

Because Rj is the cyclic trace of the cubic Riemann endomorphism on bivectors, differentiation

gives three identical terms,
PHPT = 3RM (g RPP7. (7.63)

The tensor PH¥P? inherits the algebraic symmetries of the Riemann tensor,
PHVPT — _ pYHPT — _ pHYOP — PPIRY (7.64)

The complete metric variation is, up to the standard boundary term,
o3 = c3 / d*z/—g EEZ’,) ogh”, (7.65)
where the Euler tensor for a curvature Lagrangian is
E(Y) = P,"" Ryagy — 2VOVPPag, — %g,“ﬂeg. (7.66)
Substituting Eq. (7.63) gives the explicit cubic-curvature source,

E}j”) = 3R, o R Ryus

1
— 6V V? (Rua” Roopy) — 59 Rs. (7.67)

The rank-two ultraviolet response generated by Eq. (7.61) is therefore

RB o 2 6F3 . (3)

H/“/ — ﬁég}“f — 263E/'“/ . (768)
The tensor is symmetric and its covariant divergence vanishes identically as the Noether
identity of the diffeomorphism-invariant functional,

E®=E®,  vED =0  vHE =0 (7.69)

iz v

On a Ricci-flat background, R, = 0, one may replace every Riemann tensor in Egs. (7.60)-
(7.67) by the Weyl tensor. The pole functional is scalar, whereas its metric Euler derivative
is a covariant rank-two tensor.

The geometry-sector homogeneity derived in the previous section also gives a useful check.
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The cubic invariant has N = 3, and the two-loop order has L = 2, so

HE (m) = (-1)*"1;, HI (0) = I}, HE (0). (7.70)

m*tuy m=tpy

Thus the two-loop cubic response is even under the geometry-sector sign, exactly as Eq. (7.56)
requires.

Its independent particle-sector transformation and complete-orbit projection are instead

(PYVH™),, =0. (7.71)

The benchmark contains a nonzero ordinary two-loop coefficient, evanescent one-loop contri-
butions in the recursive subtraction, a nonzero local rank-two response before particle-sector
projection, and the finite two-loop amplitude as a separate renormalized contribution [1,2].

7.7 Order-by-order cancellation of local ultraviolet sources
The two-loop calculation is a special case of the same tensor statement at arbitrary perturbative
order. From Eq. (7.25),
Tmax 1
L),UvV _ L) gy (L
HEUV = 3 - Had) (7.72)
r=1 A

with
2 1)

Auw — ﬁéguu
(L)

Every ¢/ is a scalar produced by the completely contracted regulated loop calculation.

/ d*zy/—g 0P (7.73)

Every Hﬂy is a covariant rank-two tensor. Therefore Eqgs. (7.40) and (7.31) apply term by

term,
L L L L
difk) =), HY (k) = (“DFHY,(0). (7.74)
Linearity of the finite-group projector then gives
e
(P HIEN )y = 37 25 (P HL
r,A

= 0. (7.75)

Equivalently,

PV

/
2‘5KRDFL} =0, L>1 (7.76)

vV—g og

Equation (7.76) is an equality of covariant rank-two tensors at every fixed active geometry

sector. It holds separately for every pole order 1/€¢" and for every local operator in any
equivalent covariant basis.

The geometry label m and particle label k are independent. Equations (7.57) and (7.58)
give the combined transformation and the vanishing particle-orbit sum for every fixed geometry
sector.

At each loop order, the regulated background-field functional integral and recursive
subtraction produce the local covariant pole response on which the four-sector projector acts.
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This completes the all-loop rank-two statement. The same tensor can then be placed in the
four-index source architecture used by the underlying formulation.

7.8 Embedding in the four-index source equation

The rank-two ultraviolet response can be embedded explicitly in the four-index source
structure used in Refs. [40,43]. This makes the relation between the present cancellation rule
and the four-index field equation tensorial rather than implicit.
Let
F(L)UV _ g;WH}(UII/),UV (7.77)

be the trace of the conserved rank-two response. In four dimensions its Ricci-type rank-four
lift is

~@,uv _ L/ (pyuv L),UV
Héz;gb’u ~ 5 (Héﬁ) Guv — H((Xg),UVgB# + H;SzL/)’UvgaB - Héu) gcw)
1
- 6 (ga,é’g,uz/ - gowgﬁu) H(L)7UV- (778)

Its contraction is exactly the original source,

g PHLY = HDVY, (7.79)

Using VQH&;’UV = 0 and metric compatibility gives

ap@uov _ 1 (L),UV _ (L), UV
VeHGE =5 (VsH v, Hy,""Y)

- (guuvﬁ - gﬁuvz/) H(L)’Uv- (7.80)

Introduce the trace-free rank-four completion H iﬁ)ﬁgv, the loop-generated analogue of the

trace-free source field in the four-index formulation, with the Weyl algebraic symmetries,

~ ~ ~

apfr = _Huaﬁy = _Hauuﬁa

~

Ha,uﬁl/ = ﬁ,@ua;ﬂ Hoz[ub’l/] = 07 gaﬂﬁauﬁu = 07 (781)

where the loop and ultraviolet labels are suppressed only inside Eq. (7.81). Its divergence is
fixed by the same four-index propagation law as the trace-free source sector,

ag@uv _ 1 (L),UV _ (L), UV
VeHg = (VaHE v, i)

1
- 6 (Q;WVB - gﬂ,uvu) H(L)’UV- (782)

The complete four-index ultraviolet source is then

4,L),UV ~~(L),UV 5 (L), UV
ngg — Héu)ﬁy - HC(W)BV . (7.83)

Equations (7.79)—(7.82) immediately give

6% (47L)7UV _ Oéﬁ (47L)7UV _ L 7UV
VeHy o =0, g*PH o = HIDUY (7.84)
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Thus the loop-generated ultraviolet response fits the same divergence-free rank-four source
architecture as the classical stress—energy source.

At fixed geometry sector the metric is unchanged when only the particle label k is varied.
Equation (7.78) is linear in H ,S];)’UV, and the propagation equation (7.82) is linear in the same
source. With the same covariant completion condition used in the four-index theory, which
fixes the possible divergence-free homogeneous part of the trace-free sector, both rank-four

pieces and their difference therefore inherit the same particle character,

r7(L),U ~(L),
AV (k) = ()P (0),
(L), UV 55(L),UV
H(SIM)BI/ (k) = (_1)kH(§¢u)BV (0)7
,L),UV ,L),UV
HG Y (k) = ()P HGE ™Y (0). (7.85)

The complete particle orbit therefore also vanishes at the four-index source level,
1 (4,L),UV
1 Y Hyrs (k) =0. (7.86)
k=0

The cancellation therefore admits a divergence-free four-index lift built with the same source
decomposition, and contraction of that lifted result reproduces the rank-two cancellation.
With the local ultraviolet source fixed at both tensor ranks, the effective action can now be
separated into its projected pole response and its finite loop contribution.

7.9 Ultraviolet projection and finite loop terms

After the regulated subdivergences have been removed, the effective contribution may be
separated schematically as

_ () (L) (L)
/DFL - Fpole,local + Fﬁn,local + Fﬁn,nonlocal' (787)
The four-sector ultraviolet projector acts on the metric response of the local pole term.
Therefore
L
(,P;JVHI()ol)e)MV - 07 (788)

The finite part of the effective contribution is carried by

(L) _ (&) (L)

1—‘ﬁn — ~fin,local + Fﬁn,nonlocal' (789)
This decomposition retains the finite remainders of explicit two-loop four-graviton amplitudes
[1]. The tree-level Einstein action is the zeroth-order term in Eq. (7.9), while PyV acts on
the loop-generated local pole response.

7.10 Summary

The calculation forms a single chain from perturbative quantization to sector completion. The
quantum metric fluctuation and Faddeev—Popov ghosts are integrated in the background-field
path integral, dimensional regularization and recursive forest subtraction isolate the local
diffeomorphism-covariant pole functional, and metric variation of that functional produces
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the symmetric conserved rank-two response on which the four-sector source rule acts.

The particle-sector action is fixed by the indexed tensor map. On every internal graviton
contraction the sector maps attached to covariant graviton indices cancel against the inverse
maps carried by the propagator, while the two free covariant indices of the local response retain
the quadratic character (—1)¥. The scalar loop coefficients, including ghost and evanescent
contributions, are therefore common to the four particle representatives. The independent
geometry-sector calculation gives the factor (—1)™", and for every fixed geometry sector the
normalized four-element rank-two projector annihilates the local ultraviolet response.

The Goroff-Sagnotti cubic-curvature divergence provides the explicit two-loop benchmark.
Its nonzero coeflicient, the regulated Gauss—Bonnet subdivergence structure, and the complete
conserved metric Euler tensor are retained before the particle-sector projection is applied.
The same tensor argument extends term by term to the full local pole basis at arbitrary
perturbative loop order, giving Eq. (7.76). The resulting rank-two source also admits the
explicit divergence-free four-index lift constructed from its Ricci-type and trace-free parts, and
both pieces inherit the same particle-sector character and the same vanishing complete-orbit
sum.

The effective action therefore separates naturally into the projected local ultraviolet pole
response, the tree-level Einstein contribution, and the finite local and nonlocal loop terms at
their respective stages of the calculation. For pure Einstein gravity with vanishing cosmological
constant, the four-sector source framework gives an order-by-order cancellation rule for the
local ultraviolet gravitational response in both the rank-two and four-index formulations.
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CHAPTER 8§

The SU(m,n) Unified Field
Framework

Source and status. This chapter incorporates the complete scientific body of SU(m,n)
Unified Field Theory, v0.01 (22 August 2026). Its role in the dissertation is: Pseudo-Kaehler
embedding, observer real forms, tensor quantum state and worked sectors. Repeated definitions
are retained where they are required for a self-contained derivation; the synthesis chapters
distinguish reformulations, model-dependent results, hypotheses and open claims.

Chapter abstract

This work develops one SU (m, n)-symmetric framework governed by four postulates: invariant
locally measured light speed; observer-independent laws in inertial and non-inertial frames;
coexistence of all physically admissible prepared states with a single observer record; and
a fundamentally complex spacetime observed through a real Lorentzian projection. The
fundamental arena is a pseudo-Kéhler manifold with Hermitian metric and a complex four-
index field equation whose trace-free sector is carried by Bochner curvature. An observer
is defined by an admissible antiholomorphic involution. Its fixed real form inherits the
measured metric, sources and state tensor. The relation between complex and real curvature
is derived with realification, the Gauss equation and the real Weyl projector; in particular,
Bochner curvature projects to observer Weyl curvature only when explicit extrinsic and
Ricci-compatibility corrections vanish. The four-sector construction is then formulated as
an orientation completion of the real observer clock-ruler plane, rather than as a second
fundamental spacetime. Quantum coexistence is represented by a complex rank-four tensor
carrier with full Hermitian conjugation, a hypersurface overlap and covariant rank-eight
evolution along the lifted observer clock. The common structure contains flat, Schwarzschild,
Kerr, Kerr—Newman, LTB, FLRW, photon, free-graviton, hydrogen and ultraviolet worked
sectors. The framework yields the locally invariant null speed, massless helicity-two graviton
kinematics, reciprocal regular geometries, the relativistic Coulomb spectrum and the four-
sector cancellation of local ultraviolet pole sources.

8.1 Introduction

Special relativity turns the invariant speed of light into a restriction on the relation between
inertial frames, and general relativity replaces that restricted covariance by local tensor
laws on curved spacetime [13,14,63]. Quantum theory, meanwhile, assigns one state to
several possible measurement outcomes. The present theory joins four-index gravity, complex
curvature, four observer sectors, reciprocal geometry, tensor quantum states, null histories,
gravitons and ultraviolet cancellation in one hierarchy of fundamental and observer-dependent
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objects.

This paper imposes that hierarchy through four physical postulates. Every observer
measures the same local vacuum light speed. Physical laws retain their tensorial form for
inertial and non-inertial observers. Every physically admissible configuration selected by a
preparation coexists in one complete state, while a particular observer obtains one record at
one event. Finally, spacetime itself is fundamentally complex and the spacetime measured by
an observer is a real Lorentzian projection.

The fourth postulate fixes the order of construction. We begin with a pseudo-Kéhler
manifold (M, J, g,w) of complex dimension N = m + n and signature (m,n), not with four
copies of a real Lorentzian metric. Its general pseudo-unitary special symmetry is SU(m,n).
The physical Lorentzian branch is the special case (m,n) = (1,3), with ambient symmetry
SU(1,3) and the nested four-sector frame actions SU(1,3) x SU(1,2) x SU(1,1).

Gravity is written at the same complex level. A Hermitian four-index geometric tensor is
equated to a Hermitian four-index source, including a trace-free Bochner-type component.
The equation retains curvature information that is invisible after one selected two-index
contraction. The four-index equation is therefore retained as the fundamental field equation.

The central bridge of the theory is the observer projection. An observer real form is the fixed
set of an admissible antiholomorphic involutive isometry, with embedding ¢. The measured
Lorentzian metric is the real symmetric pullback of the Hermitian metric. Curvature is not
projected by merely erasing bars on indices: it is realified, evaluated on embedded tangent
vectors and related to intrinsic observer curvature by the Gauss equation. Consequently
the real Weyl tensor satisfies Cpp0 = (Wy[RB])wpe + (ARic)uvpe + (AK)ups. Only a
field-compatible, totally geodesic real form reduces this to the shorter Bochner-to-Weyl
relation.

The four-sector construction is introduced only after this bridge. It completes the orienta-
tions of a real clock—ruler plane around one common null set and separates a geometry-sector
label from a particle-sector label. This supplies a concrete realization of invariant local ¢
without interpreting a coordinate speed as a local measurement or allowing a massive particle
to cross its null boundary dynamically. Reciprocal proper-scale maps then generate the
regular continuations of the curved solutions analysed in this theory.

The third postulate is implemented by a complex tensor carrier rather than by adding
mutually exclusive classical stress tensors. Each configuration solves its own field equation,
and the carrier is the weighted complete state of the complex rank-four sources. Both
coefficients and tensor bases are conjugated in the Hermitian overlap, and evolution is
generated by a rank-eight operator along the lifted physical clock rather than a preferred
coordinate derivative.

The theory uses one common convention throughout. The one-carrier phase exp(—iE7/h)
is used consistently, affine rescalings of one null tangent are identified as descriptions of the
same null history, and the ultraviolet sector projector acts on the complete local pole source.

The paper follows the logical sequence postulates, mathematical structure, predictions and
solutions. Sections 8.2-8.8 define the fundamental complex theory, its real observer projection,
the four-sector atlas and the tensor state. Section 8.9 classifies consequences by status. The
subsequent worked sections collect the flat, black-hole, cosmological, null, graviton, hydrogen
and ultraviolet examples.
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8.2 Four physical postulates

Postulate 8.1 (Invariant speed of light). Every observer measures the speed of light to be
constant, independently of the observer’s state of motion.

The postulate concerns a local measurement made with the observer’s physical clock and
rulers. It asserts one common null structure, including for an accelerated, freely falling or
sector-oriented observer. It does not assert that an arbitrary coordinate quotient da/dt must
equal ¢, and it does not allow a massive observer to be accelerated dynamically through a
null boundary.

Postulate 8.2 (Observer-independent physical laws). The laws of physics are the same in
every reference frame, whether inertial or non-inertial.

The fundamental equations must therefore be covariant. Tensor components, the local clock
and the connection coefficients may differ between observers; the law does not. Acceleration
and rotation remain measurable physical data and enter through the observer congruence
and its transported frame.

Postulate 8.3 (Coexistence of physical states). All physically admissible states of a system
coexist simultaneously, while an observer measures one of them at any given moment.

To make this statement compatible with Postulate 2, “simultaneously” does not mean
equality of one preferred global coordinate time. It means that all configurations compatible
with a preparation belong to one complete physical state. “At a given moment” refers to
one event on the worldline of a particular observer. Each classical configuration remains
self-consistent; coexistence is implemented in the quantum carrier and not by an unweighted
sum of mutually exclusive classical stress tensors.

Postulate 8.4 (Complex spacetime). Spacetime is fundamentally complex, while every
observer measures its real Lorentzian projection.

The fundamental metric, curvature, sources and quantum carrier live on a pseudo-Hermitian
complex geometry. A physical observer is associated with an admissible real form of that
geometry. The four-sector construction is introduced only after this real observer projection
has been defined.
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8.3 Conventions and tensor hierarchy

The fundamental manifold M has complex dimension N = m + n and pseudo-Hermitian
signature (m,n). The physical case used throughout is (m,n) = (1,3), hence N = 4, so
the ambient realification has dimension eight. An observer projection N has real dimension
d = 4. Dimensional regularization is denoted separately by D = 4 — 2¢ and occurs only in
the ultraviolet calculation.

Holomorphic indices are a, v, k,7 = 0, ..., N — 1, while antiholomorphic indices are barred.
Real Lorentzian spacetime indices are u, v, p,o0 = 0,...,3, and orthonormal-frame indices
are A, B. The labels Ny, Sx € Z, denote the geometry and particle sectors and are never
summed. A label ¢ € @ enumerates complete physical configurations and is not a tensor
index.

The fundamental pseudo-Hermitian metric obeys

ga,@ = 957547 V.g = Oa Slg(g) = (mvn) (81)

The observed real metric uses signature (—+ ++) in even sectors; the neighbouring odd-sector
representative has the opposite overall sign but the same Lorentzian null set.

Three different complex structures must not be conflated:

1. the holomorphic coordinates and pseudo-Hermitian geometry of M;
2. the complex coefficients of the quantum carrier;

3. the four bookkeeping phases 1,i, —1, —i used by the real four-sector observer atlas.

8.4 Fundamental complex spacetime

8.4.1 Pseudo-Kiahler geometry

The fundamental geometric object is
(M, J, g5 w), w = ig,zdz* A dZB, dw = 0. (8.2)
The invariant interval may be written
ds? = g,5d2dZ". (8.3)

The metric is pseudo-Hermitian rather than positive definite, so an admissible real form can
inherit Lorentzian signature.

In flat complex spacetime,

Nop = dlag(—1,...,—1,+1,...,+1), ds? = nadeo‘dEB. (8.4)

m n

The pseudo-unitary special group preserving this form is SU(m,n). The previously used
SU(1,n) family is its one-time-direction special case.



8.5. Complex four-index field equations 127

8.4.2 SU(m,n) symmetry and the physical nested frame

The general fundamental symmetry is SU(m,n), where N = m + n. The Lorentzian four-
dimensional case has (m,n) = (1,3). Its full complex tangent frame is preserved by SU(1,3).
The nested clock—ruler modules of the four-sector description carry the additional independent
lower-frame actions. They form the independently acting product

| SU(1,3) x SU(1,2) x SU(1,1)| (8.5)

on the three corresponding pseudo-unitary frame modules. Thus SU(m,n) is the general
ambient symmetry, while Eq. (8.5) is its physical (1, 3) nested realization.

8.5 Complex four-index field equations

8.5.1 Curvature and Bochner decomposition

The nonzero Kéhler curvature components are written Raﬁvg' Their decomposition is

1
Ropys = Bopvs ¥ 12 (Ragty5 + B39

Ry, + R 3905)
1
IOV TD (9459+5 + 95,3 R- (8.6)

The tensor B, Gys 18 the trace-free Bochner curvature. It is the complex Kéhler counterpart
of the information carried by the real Weyl tensor, but the two tensors are not identified
before the real projection in Sec. 8.6.

8.5.2 Complex four-index Einstein tensor

The complex four-index geometric tensor is

1
GO(BWS - 1—N [Raﬁvg - RaBg'yS - RySgaB + QQBQWSR . (8.7)

Its first natural contraction gives
gaﬂGan/g = R’yg - g'ySR (88)

The crossed contractions can differ by fixed dimension-dependent factors; the uncontracted
equation is fundamental and is not replaced by one selected two-index contraction.

8.5.3 Complex four-index source

Let T,,5 be the Hermitian rank-two source, let 7' = gaBTaB, and let T o have the algebraic

«
symmetries and traces of the Bochner sector. The source used in the complex four-index



128

equation is

~  N+1
C“B"/5_N+2(

afyé — 1—N Taﬁg'yg + Tvgga,é)

1
t N2 (Ta59,5 + T3905)
1

TNV TN 12) (= (V24 N+ g0,
+ (2N + 1)gaégw)T] : (8.9)
The fundamental field equation is
Gopys = KT0505 (8.10)

The trace-free part gives the complex Bochner-source relation
Bopys = £lapys (8.11)

with the normalization fixed by Eqgs. (8.7) and (8.9). The complex Bianchi identity and
source equation are required to give

VoGop.5=0,  V°T,5;5=0. (8.12)

The Hermitian reality conditions are

1055 = Tpasy
Gag,yg = Ggasy- (8.13)

8.6 Real Lorentzian observer projection

8.6.1 Observer real form

An observer does not obtain a real spacetime by deleting the imaginary parts of coordinates
component by component. The projection is defined geometrically. Let

c:M—-M (8.14)
be an antiholomorphic involutive isometry,
ot =1, o = —Joy, ocfg=g. (8.15)
Its fixed set is the observer real form

N = Fix(o), LN — M. (8.16)
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For a regular middle-dimensional fixed component, the anti-holomorphic isometry makes the
real form Lagrangian and the isometry makes it totally geodesic in the standard real-form
construction [5,35]. In the pseudo-Kéhler setting used here these properties are imposed as
admissibility conditions together with Lorentzian signature of the induced metric.

Let
0

B Qam
be the holomorphic part of the tangent map. The observed metric is the real symmetric
pullback

E° (8.17)

G = Re(g,5E°,BP, ), siglg) = (— + ++4). (8.18)

An overall conventional factor of two may be absorbed into the definition of the realification
of the Hermitian metric.

The real observer map is therefore

M -2V (N g (8.19)

8.6.2 Curvature realification and the Gauss equation

For a complex Kéhler curvature-type tensor X, let RX denote its realification followed by
evaluation on four embedded real tangent vectors. Abstractly,

(RX) ppo = X(deey,dee,,dee,, deegy), (8.20)

where on the right-hand side X denotes the unique real multilinear tensor obtained from the
mixed holomorphic components and their complex conjugates. This definition retains the
antisymmetries of a real curvature tensor; a raw replacement of barred indices by unbarred
ones would not.

Let K wv be the second fundamental form of the observer real form, with I a normal-bundle
index. The semi-Riemannian Gauss equation is

Ruvpr = (RRyg.5) o + 110 (KoK vo = K1 uo K7,5) (8.21)

For the fixed set of an isometry, K! w = 0; nevertheless the full formula is kept because it
shows exactly what changes for a more general observer section.

8.6.3 The Bochner-to-Weyl bridge

For any real algebraic curvature tensor X, ,, in dimension d > 3, define its Weyl projector

by

2
d—2
2X
mgu[pga]ua

(W X)uwpo = Xywpo — (gu[pXU]v - glf[pXU]u)

+ (8.22)
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where X,,, = ¢"” X0, and X = g" X,,,. Applying this projector to Eq. (8.21) and using
the complex Bochner decomposition gives the exact bridge

C,u,upcr = (Wg [%B])uupa + (ARic),uupa + (AK),U,I/pU- (823)

where

Ric
(ARic) 1y = (WRERTD])

I I J I J
(AK)/WPU = Wg [WIJ(K upK vo — K /mK up)] ywpo (8.24)

Consistency condition 8.1 (Projection compatibility). An observer real form is field-
compatible when it is totally geodesic, K = 0, and the realification of the complex Ricci-built
sector is a real Ricci-built algebraic curvature tensor. Equivalently, Ax = ARgjc = 0.

On a field-compatible observer form,

Cuupa = Wg [mB]}U/,DO" (825)

Thus B — C is not assumed. It is the composition of complex realification, pullback to the
observer form and the real Weyl projector. If the observer section is not field-compatible,
Eq. (8.23) predicts explicit intrinsic corrections.

8.6.4 Projection of sources and field equations

The observed rank-two source is
Ty = Re(T,5 B, B, ). (8.26)

The observed rank-four source is obtained by the same realification as a curvature-type tensor,
followed by the real Ricci/trace-free decomposition:

T,uupa' = P(4) [Taﬁyg]ul/po- (827)

Here P(® is not merely component restriction; it includes 9, the Hermitian reality condition
and the algebraic projection to real Riemann symmetries.

For a field-compatible real form the following diagram commutes:

Gopys = HTapys
lp(4) JPM) (8.28)
Gupe = Kluwpo-

The lower equation is the real four-index formulation, whose contraction gives the observed
two-index Einstein equation. If the projection is not field-compatible, the two correction
tensors in Eq. (8.23) enter the lower equation as geometric projection sources and must not
be hidden inside 7. For a connection-compatible real form the projection also commutes
with the covariant derivative. A general embedding instead contributes the Codazzi and
extrinsic-curvature terms already encoded by the full bridge.

The fundamental complex theory is therefore not reduced to the real Einstein equation.
The real equation is one observer projection of the complex four-index equation.
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8.7 Four-sector geometry of the real observer projection

8.7.1 Four orientations of one clock—ruler plane

Let 94 be an orthonormal coframe of the real observer projection. The two null lines in a
selected clock—ruler plane divide the non-null orientations into four connected domains. Their
centres form the cycle

+t — 4+n — —t — —n —> +t. (8.29)

The geometry sector N, € Zy is represented by

Iy, = 1IN0 g = (“D)MIR, g (8.30)

The coframe distinguishes all four orientations, whereas the metric retains only the even—
odd sign. Multiplication by a nonzero constant preserves the null set and the Levi-Civita
connection inside a fixed chart. The phases in Eq. (8.30) belong to the atlas of the real
projection; they are not a replacement for the fundamental complex coordinates of Sec. 8.4.

A particle X has an independent relative sector Sy € Z4 and an ordinary within-sector
Lorentz transformation Ax4p:

dXA =i Ax?pofy),  Nx =N, +Sx (mod4). (8.31)

A geometry-chart transition changes N, and the total readout Ny but leaves Sx and the
particle’s within-sector motion unchanged. Ordinary acceleration changes Ax but not Sx.
Geometry orientation, particle orientation and motion are therefore distinct data.

8.7.2 Invariant local light speed

Let u* be the unit clock of any observer in the active real metric and let k* be null. The
local decomposition is

Wy,

kt = —(ut + s"), uyst =0, sust =1, Wy = —cuy, k. (8.32)
The spatial and temporal magnitudes measured by that observer are equal, so the measured
speed is c. This calculation is local and does not require the observer worldline to be geodesic.
Non-inertial motion changes the transport of successive frames, not the null relation at one
event.

Every massive within-sector Lorentz motion has [Bx| < 1. A side observer uses one clock
direction that the reference observer calls spatial, but it has an ordinary three-dimensional
rest space of its own. A formally superluminal slope obtained by dividing by the wrong sector
clock is not a locally measured speed.

8.7.3 Proper-scale tensor and reciprocal continuation

Let u* be the active geometry clock and h*, = §*, + utu, its rest projector. A Jacobi
map D#, between neighbouring worldlines defines the positive Cauchy—Green tensor and its
positive square root,

C*, = h#Phy,D*,D",,  LVM,LF, =CF,. (8.33)
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The self-adjoint spatial tensor L*, contains the invariant proper scales. A given projected
GR solution supplies a positive critical-scale tensor G*,. Active directions solve

G“yn(”i) = qiL“l,n’(’i). (8.34)

The active chart has 0 < ¢; < 1, and ¢; = 1 is its common null boundary. On the rest bundle,
define

L, = GH,(L1YHP.GY,. (8.35)
On a common eigendirection,
- G? o
Li==%  Gi=q (8.36)
(2

The reciprocal map is involutive and fixes the boundary. The active metric is the full signed
pullback of the already projected real solution,

g = (~1)Noz g[L). (8.37)

All Jacobian-generated mixed terms are retained. Equation (8.35), rather than the constant
phase alone, is the geometric content of the reciprocal continuation.

Curvature regularity, timelike proper time and null affine parameter are three independent
tests. A reciprocal endpoint with vanishing curvature can still lie at infinite causal parameter
and then represents an asymptotic boundary, not a finite passage into the next algebraic
sector.

8.7.4 Projected tensor transport

Rank-two physical sources are ordinary chart pullbacks. All-lower real rank-four curvature
and source tensors acquire the orientation sign produced when an index is lowered with the
signed metric:

T;S{/Vg) = Izt/gTWv

Chvir = (=DM IX Crupo,

T\ = (=) IR, Tuvpo- (8.38)
Scalar contractions and physical spectral values are unchanged when the metric, tensor and
integration measure are transported together.

8.8 Fundamental complex quantum state

8.8.1 Complete classical configurations

Let g € Qprep label one complete complex configuration compatible with a preparation. Its

source components are assembled first and then lifted to the complex four-index source Tc(yqﬂ_)'yg'

Each such configuration separately obeys

GO — g7(@ VOCT(%)A/g =0. (8.39)
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Components introduced to close the conservation law belong simultaneously to one configura-
tion and never receive independent state coefficients.

If different configurations carry different self-consistent geometries, their state space is the
direct sum

j;jprep: @ ~6q- (840)

qe Qprep

This prevents a pointwise addition of tensors on different manifolds. A local sum is used only
after a common complex background or an explicit relational identification has been supplied.

8.8.2 Complex rank-four carrier

On a common fundamental complex geometry the complete carrier is

_ 5—d)/2 _
V5,502 2) = g% )2, ; C‘ITO(%)VS(Z’ zZ), cq € C. (8.41)
qE€Yprep

The projected hypersurface has real spacetime dimension d. Since G and T have dimension
L2 for d = 4 the carrier has dimension L~3/2, and its Hermitian hypersurface overlap is
dimensionless. In the general branch case, Eq. (8.41) is understood as the direct-sum section
V=@, ¥,

Postulate 3 is realized by the support of this carrier: every configuration with nonzero prepa-
ration coefficient coexists in the complete state. The classical equation remains branchwise
and is not sourced by the raw sum on the right-hand side of Eq. (8.41).

8.8.3 Full Hermitian conjugation

Complex conjugation acts on both the coefficients and the tensor basis:

\Ijaﬁ_fyg — @@5:)/5. (8.42)

Using the pseudo-Hermitian metric, define
60{5’)’5 _ gakg)\,ég’yﬁgegaﬁ)\ﬁe. (843)

For a projected observer hypersurface 3, the ordered Hermitian overlap is

<‘I),\I/>E:/Z\/Eéaﬂvé\yagvgddfll‘. (8.44)

The embedding tensors that identify the observer slice are understood in the integrand.
Equivalently, the complete tensors may first be projected with P() and then contracted with
the observed real metric.
Normalization and a resolved comparison channel are
(@, ¥)?

(W) =1, P(BY) = e (8.45)

The sum runs over a complete mutually exclusive set of observer channels. The probability
remains a global full-tensor contraction. No independent scalar wavefunction and no second



134

measurement dynamics are introduced.

The physical channel basis is normalized with the Hermitian or biorthogonal tensor pairing.
The type-N graviton dual basis below gives its explicit radiative realization.

8.8.4 Covariant rank-eight evolution
Let U® be the holomorphic part of the lifted observer clock, with real tangent
U=U%% +U%0,  g,3U0°T" =—1. (8.46)

Let 2y be the covariant derivative of the full tensor along U, including the observer-frame
connection. The fundamental evolution is

igP @U‘I’aéﬁ = Haﬁ_'ygﬁ)\ne\ljﬁ;\né' (847)

The operator remains rank eight. It is Hermitian or bi-Hermitian on the physical state space
and transforms by conjugation under a complex frame map or real sector pullback,

v =UV, H =UHU . (8.48)

Equation (8.47) therefore does not privilege a coordinate 2°. In an inertial adapted frame it
reduces to the earlier ilfpVoW¥ = HV.

For a stationary eigenmode, the unified one-carrier convention is

E .
HY, = ETZ‘I’Q’ cq(7) = cg(0)e EaT/M Eplp = he. (8.49)

This convention is required by the Hermitian one-carrier overlap and by the free-graviton
relation F = hw. It fixes the phase of the carrier; quadratic observables are constructed from
that phase without redefining the one-particle energy.

8.8.5 Projection of the quantum state

The tensor measured on an observer real form is

Vo = P [‘I’anyS]Wpa' (8.50)

The projection acts on the full complex tensor, not only on its coefficients. The sector
representatives are subsequently

N, N,
\II}(M/;])()T - (_1) gIX{g\I/uupo- (8.51)
A consistent projection must preserve the physical overlap, spectral value and probability:

<q)@575’ \I’a575> = (Puvpo, Yyuvpo), E:; = FEy, P =P (8.52)

Equation (8.52) defines an admissible observer projection of the physical state space.
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8.9 Consequences of the theory

Derived result 8.1 (Universal locally measured c¢). Equation (8.32) implies that every
admissible local observer measures the same vacuum light speed c. This includes inertial,
accelerated, freely falling and sector-oriented observers.

Derived result 8.2 (Four observer sectors). Completing the orientation of one real clock—
ruler plane around its common null lines gives four non-null connected domains and the Z4
cycle in Eq. (8.29). This is a mathematical consequence of the chosen orientation completion
of the real projection.

Physical prediction 8.1 (No ordinary massive FTL crossing). A massive particle remains
within the Lorentz cone of its fixed relative sector. Acceleration changes Ax, not Sx, and
cannot convert an ordinary particle into a sitde particle by passage through c.

Derived result 8.3 (Complex complete quantum state). Postulates 3 and 4 together require
the complete carrier to combine complex four-index configurations on the fundamental pseudo-
Hermitian geometry, as in Eq. (8.41). Complex coefficients on an otherwise purely real tensor
basis are only the observer-projected special case.

Physical prediction 8.2 (Single observer readout). At one event an observer records one
resolved channel ® 4 with the conditional probability in Eq. (8.45), although the complete state
retains all nonzero prepared configurations.

Derived result 8.4 (Null-state limit). For a selected null history, metric proper time is
identically zero. The events therefore possess no nontrivial ordering by the photon’s own
proper time, although timelike observers order them with their clocks. Affine rescalings of the
same null ray are gauge-equivalent and do not create extra physical states.

Derived result 8.5 (Free graviton sector). In a Ricci-flat radiative projection the complete
source reduces to its trace-free curvature part. The vacuum Bianchi equations, transverse
screen representation and rank-eight spectrum give

mqg = 0, Ag = 2, Eg = hw. (8.53)
This is the free radiative spectrum of the projected four-index vacuum sector.

Physical prediction 8.3 (Reciprocal regularity). For the explicit Schwarzschild, Kerr,
Kerr—Newman, homogeneous LTB and regular-fluid FLRW branches analysed below, the
reciprocal active scale grows while the relevant curvature invariants decay. Their limiting
reciprocal centres are asymptotic in the timelike and null directions that have been checked.

Derived result 8.6 (Local ultraviolet sector cancellation). The complete equal-weight
particle-sector orbit annihilates a local covariant rank-two UV pole response with sector
character (—1)°X, as shown by the complete-orbit projector in Eq. (8.103).
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8.10 Flat complex spacetime
Worked solution 8.1 (Pseudo-Hermitian vacuum). For N = 4 with (m,n) = (1, 3),
ds? = —d2%dz0 + dz'dz! + d22dz? + d2PdF. (8.54)

The full tangent frame is preserved by SU(1,3). The nested observer modules carry the
additional independent actions of SU(1,2) and SU(1,1), giving the nested product in Eq. (8.5).
For the canonical real structure o(z) = Z, the fized form z% = x® has

ds? = —(dz®)? + (dz!)? + (d2?)? + (dz®)>. (8.55)

The embedding is totally geodesic, all curvatures vanish, and the complex-to-real field diagram
commutes trivially.

8.11 Flat four-sector observer spacetime

Worked solution 8.2 (Sector cycle). Starting from Eq. (8.55), the sector representatives are
dsty,) = (~1)Vrdsky, Ny =0,1,2,3. (8.56)

The four clock centres are +t,+n, —t, —n. Fach sector has one real clock, three rulers and the
same null equation. The continuous motion inside one sector remains an ordinary Lorentz
motion with |B| < 1. The full orientation resides in the coframe because the metric cannot
distinguish sectors separated by a half-turn.

8.12 Reciprocal Schwarzschild solution

The ordinary projected metric is

2

+ R2d02, ﬂny:1_%. (8.57)

dR
ds%o) = —f(R)Pdt* + FR)

The proper and critical scales are L = R and G = rs. The reciprocal chart uses

,  0<r<r, (8.58)

After the full radial pullback and odd-sector sign,

4

4
2 _ 21,2 Ts 2 _Ts 102
dS(l) = (1 — T/TS)C dt — mdr — erQ . (859)

Worked solution 8.3 (Curvature and causal distance). The Kretschmann scalar is

1270
Kqy(r) = 10 (8.60)

so it is finite at r = r5 and vanishes at r — 0. With X = ct spatial in the active side plane
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and P = fdX/dr, a timelike geodesic satisfies

drR\? 5 T
— ] = 1 - = = PJec. 8.61
(%) (e -%).  »=rr (5.61)
Its growth rate is bounded above and below by finite positive constants after any R1 > rs, so
R = o0, equivalently r = 0, requires infinite proper time. Radial light obeys

dR

o = £ (8.62)

and reaches the same limit only at infinite affine parameter. The reciprocal centre is an
asymptotically flat boundary, not a finite transition to a white hole branch.

For a field-compatible complexification of this analytic real metric, Eq. (8.25) projects the
complex Bochner curvature to the Schwarzschild Weyl tensor. Existence of the local analytic
complexification does not by itself establish a unique global fundamental complex manifold.

8.13 Reciprocal Kerr solution
Let M = Gm/c%, a = J/(mc), and
ry =M+ M?— a2 (8.63)

The reciprocal principal radial scale is

R(r) = . (8.64)

The exact active metric is the odd signed pullback of a horizon-regular Kerr metric with the
full Jacobian retained. The curvature scalar becomes the ordinary Kerr invariant evaluated
at R = r? /r and tends to zero as O(r®) at the reciprocal endpoint.

Worked solution 8.4 (Carter parameter bound). With ¥ = R% + a%cos?0, A = R? —
2MR + a?, and Carter constants (P, L, Q), the radial potential is

o (dR 2 2 2
where € = —1 for active side-timelike motion and € = 0 for null motion. Since 0 < R, < CR*

and ¥ > R? on every unbounded allowed branch,

Ry, R-TRy
C_CO—/RO\/@dRZ Vol (8.66)

The reciprocal endpoint is therefore at infinite proper or affine parameter for every such

branch.
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8.14 Reciprocal Kerr—-Newman solution

For mass m, charge () and spin orientation o, define

_ 2Gm

rs =

GQ? h
2 = - = —_—
, rH = Iregdd” o =05 . (8.67)

c2

The angular critical scale and reciprocal radius are

g \/rg + 4(7“22 — a2 cos?6)

Ry (0) = 5 )
R2(0
R(p,0) = Tul%).
p
2 2) /
dR = —fgdp + R;‘)the. (8.68)

The angular term in dR generates indispensable dWWd# and deqg terms in the exact pullback
metric.

Worked solution 8.5 (Nondegeneracy and removed ring direction). With ¥; = R?+a2 cos? 0,
the determinant of the full active metric is

R}(0
det g1y = —f;ﬁ)z% sin® 0. (8.69)

It is nonzero away from the usual polar coordinate axis. In the equatorial ring direction,

127206 48rerdp”  56ripd
”) _ LlsP QP QP Ry = Rp(n/2). (8.70)

K Z —
1 (p, B RY? Rt + RS
The scalar decreases toward zero as p — 0. The Mazwell potential

R ) ~
Ay = C;l(dVV — ag sin? 0de) (8.71)

is transported in the same active chart, so the metric, electromagnetic source, Ricci curvature
and Weyl curvature refer to one constituent geometry.

8.15 LTB longitudinal and transverse modes

The projected Lemaitre-Tolman—Bondi dust geometry is
2

R
ds?, = —dt* + ——E __dqF? 24072, 72

Let s* be the radial unit vector and S*, = h*, — s*s, the spherical screen projector. The
two proper scale modes and their critical scales are

Rp VIt 2E
Ly = ===, Gy=1, Q=%
vV1+2F Rp

F
L =R, G, =F, 0w =7 (8.73)
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Shell crossing Rp — 0 activates the longitudinal projector, whereas shell focusing R — 0
activates the degenerate transverse projector. One scalar radius cannot replace these two
tensor modes.

Worked solution 8.6 (Exact reciprocal shell-crossing dust). In geometrized units, take

R P = (%) s -0 R(F) =Rt SRR T

with

2R.(F)3/?
TaE
Then Rp(t., F) = a(F — F.) and R(t., F.) = Ry > 0. On the reciprocal branch F < F,, the
entrance profile is

tp(F) =t + (8.75)

Ry(F) = Ry, + ;m[a(Fl_FJ : (8.76)

The exact expanding side solution is

- - 3 2/3
R(t,F) = [Rh(F)3/2 + 5\/ﬁ(T — Th)} : (8.77)
with metric
ds(yy = dr* — RpdF? — R?d0°. (8.78)
Its density and Kretschmann scalar are
1
Rp = _—_=
P R’Rp
12F? 8F 3
Ky = (8.79)

— — e+ ———,
RS R°Rr  R*R%
and both tend to zero at F' — F. for every fized finite T — 1. This proves curvature regularity

for this exact profile, not for every LTB shell crossing.

Worked solution 8.7 (Homogeneous reciprocal shell focusing). For the homogeneous dust

collapse
— 2/3
a(t) = ay, (tf . ) , dshy = —di? + a2 (1) (dx* + x2dQ), (8.80)
f—th
the side scale and metric are
3 2/3
b(t) =ap {1 + §Hh(7 — Th) ,
ds(yy = dr? = b*(7)(dx® 4 x*d92?). (8.81)
The active curvature is -
15
Kay(r) = b — 0. (8.82)

1+ %Hh(T — )4

Massive proper time and radial-null affine parameter both diverge toward the reciprocal centre.
This homogeneous solution is causally complete in the directions analysed.
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8.16 Spatially flat FLRW reciprocal solution

For
dsfpy = —c*dt? + a?(t)(dx® + x*d92?), (8.83)

homogeneity makes all three proper-scale eigenvalues equal. With critical scale ap,

2
b(r) = —1—. (8.84)

For p = wpc?, w > —1, and a = 3(1 + w)/2, the exact active solution is

b(1) = ap[l + aHp (T — Th)]l/o‘,

P =y aH:('; T (8.85)

The FLRW Weyl tensor vanishes and the full Riemann invariant is

Ko = 73 aHf(’; — O (8.86)

For the corresponding ordinary power law,

Hr) =17 QHZT — (8.87)

Thus the inherited label t = 0 compresses an infinite interval of active proper time. Finite-
comoving-momentum massive particles and radial light also require unbounded proper and
affine parameter. This gives the reciprocal FLRW branch for w > —1.

8.17 Photon and null-perspective solution

Let v : I — N be a selected null geodesic with tangent k*. The local null representatives are
dat = AEH(s), guwk"'E" = 0. (8.88)

Initial data and the geodesic equation select the null ray and transport it; they do not create
a photon rest clock. The accumulated proper time is

1 S
7y(s) = E/ \/ —guktkv ds’ = 0. (8.89)
S0

Worked solution 8.8 (Projective complete null state). The physical state supported on the
selected history is

Sy ={(v(s), [k(s)],wuls), m) : s € I}, (8.90)

where (k] is the projective future null ray, w, fizes its physical scale relative to an observer,
and 7 denotes polarization or helicity. Constant positive affine rescalings are not counted
as new states, the zero vector is not a propagating photon, and the past orientation is a
separate branch. Distinct events remain causally ordered, but no two receive different photon
proper-time values. Timelike observer slices supply the ordinary measured temporal sequence.

This solution realizes Postulate 3 in the null limit; timelike configurations are carried by
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the complete tensor state of Sec. 8.8.

8.18 Free graviton solution

In a projected Ricci-flat region,

T,—0, T@ —_lcw VD _\flp e, C)
K

uvpo Qvpo Qv po nrpo

(8.91)

The vacuum Bianchi equation gives V#C\,0 = 0, whose principal covector is null. On the
screen transverse to the observer clock u* and propagation direction s#, define

[y p
mt = w. (8.92)

V2

The type-N tensors

CH2) |

o 0 kpumykipmay, Clo) o ki kiyimg) (8.93)

UV po
acquire phases e2¥ under a screen rotation.

Worked solution 8.9 (Spectrum and sector transport). For a positive-frequency mode,
Eq. (8.47) gives Eq = hw. The projected sector transport is

cWo) = (~1)Nozz, €O, HW) = T3 HO(T} ) (8.94)

It preserves the null characteristic, energy and helicity. Ezxact type-N plane waves have zero
Lorentzian self-contraction, so their spectral basis is biorthogonal: the dual mode is represented
by the antipodal null direction. Localized physical packets require nonzero radial bandwidth
and the complete Hermitian tensor normalization.

Four signed pullbacks close the rank-four Weyl representative algebraically. The oriented
momenta of the four inherited null branches can sum to zero, but changes of the physical
Weyl profile still obey a local curvature wave equation with null principal characteristic.
Closed sector history is not nonlocal instantaneous propagation.

8.19 Hydrogen solution

The electron constituent uses the reciprocal Kerr—-Newman geometry of Sec. 8.14. The atom
itself has one common field and one common geometry. Its electromagnetic tensor is assembled
before the source lift,

Fu=F9+Fp+FY. (8.95)

The Maxwell stress tensor consequently contains the electron—proton cross-term. Integrating

its electrostatic part gives

Vi(r) = Qe9p _ _Lhc. (8.96)

" Adrwegr r
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The electromagnetic, paired-null bridge, conservation response and optional material contri-
butions are assembled into one real source

4
TW=>"T{, V0= (8.97)
A=1

It is then lifted to the complex four-index configuration and only afterward weighted by ¢, in
Eq. (8.41).

Worked solution 8.10 (Central spectrum). With reduced mass i and k* = (5 + %)th, the
central mass shell gives

-5 [(j + 2o Oﬂ] , (8.98)

The closed radial action yields

—1/2
o2
E,,j = pc® [1+ - . (8.99)
(nr+ G452 - %)
The compatible radial projection is
Ui (1) = Noyg QA0 LR 7 20r), 5 =1/( + )2 — a2, (8.100)

The complex carrier uses the full tensor mode, not this scalar radial projection alone. Hermi-
tian overlaps resolve energy, position, angular and spin channels without introducing another

state field.

The result reproduces the relativistic central Coulomb spectrum within the complete
four-index tensor carrier.

8.20 Ultraviolet quantum-gravity solution

In the projected real theory, standard background-field quantization uses D = 4 — 2¢, gauge
fixing and Faddeev-Popov ghosts. Recursive forest subtraction is completed before the sector
operation. At loop order L, the remaining local pole functional defines

2 6F(Lf
(L), UV _ 2 " pole wpp(L),UV _
H,, = =5 ogn VIH,, =0. (8.101)
Internal sector factors cancel against inverse factors on propagator indices, whereas the two
free covariant indices retain

H}Sﬁ),UV(SX) _ (—1)SXH1(“[/’)’UV(O). (8.102)

The normalized complete-orbit projector therefore gives

13
P;Jle%),UV =3 Z (_1)SXHLZL/)7UV =0. (8.103)
Sx=0
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Worked solution 8.11 (Two-loop cubic-curvature benchmark). The Goroff-Sagnotti local
pole is proportional to

1
I o = [ /=g R"™ R R, da. 8.104
div € p f I

Its metric Fuler tensor is symmetric, conserved and monzero before sector projection. It has
the character in Eq. (8.102), so its complete particle-orbit component vanishes. Evanescent
Gauss—Bonnet subdivergences are included before this projection and therefore modify the
common scalar coefficient without modifying the sector character.

The rank-two response has the real four-index lift

~ 1
Hypo = §(Hupgwr — Hyuogup + HuoGup — Hupgpo)
1
- g(gupgua - g/wgup)H, (8.105)

completed by a trace-free H uvpo Obeying the same divergence exchange law. Both pieces
inherit (—1)°%, so the four-index orbit also cancels.

Thus every local UV pole source with the sector character (—1)°X vanishes under the
complete four-sector orbit projection, both in its rank-two response and in its four-index lift.

8.21 Conclusion

The SU(m,n) Unified Field Theory has a complex pseudo-Kéhler spacetime of dimension
N = m + n, carrying Hermitian four-index geometry and sources. The physical Lorentzian
branch is (m,n) = (1,3). A real spacetime is the geometry measured on an admissible
observer real form, and the four-sector atlas acts after this projection.

The principal mathematical result of the theory is the explicit complex-to-real bridge.
Realification, pullback and the Gauss equation give the observed curvature, while the Weyl
projector separates the projected trace-free content. The concise relation between Bochner and
Weyl tensors is therefore conditional on vanishing extrinsic and Ricci-projection corrections.
The same observer map projects the complex source, field equation and quantum carrier, so
geometry and state are not related by separate ad hoc rules.

Postulate 3 is realized by a complete tensor state whose nonzero branches coexist without
being summed into one classical source. Full Hermitian conjugation, a hypersurface overlap
and covariant rank-eight evolution supply one probability and phase convention. At a given
event the observer resolves one channel of the complete state.

The framework yields one common local null speed, four oriented observer sectors, no
ordinary massive crossing of the local light cone, and massless helicity-two free-graviton
modes with ¥ = Aw. Schwarzschild, Kerr, Kerr—-Newman, LTB and FLRW geometries acquire
reciprocal regular continuations. The photon solution has zero proper-time separation along
its null history, and the hydrogen construction reproduces the relativistic central Coulomb
spectrum.

Finally, the complete equal-weight particle-sector orbit annihilates local UV pole sources
carrying the character (—1)°%. The same cancellation is preserved by the real four-index lift.
Complex geometry, real observer projection, four-sector transport, complete tensor states and
the collected solutions therefore constitute one common field-theoretic structure governed by
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the four postulates stated at the beginning.



CHAPTER 9

Regular Four-Index FRW Solution
from a Four-Sector Reduction

Source and reconstruction note. This chapter incorporates the supplied document Regular
Four-Index FRW Solution from a Four-Sector Reduction. Several equation objects in that
DOCX contained empty or incomplete text runs. The formulas below are reconstructed
directly from the definitions that remained readable and from the four-dimensional rank-four
convention used by the surrounding manuscripts. The reconstruction should be independently
checked against the author’s original calculation before formal submission.

9.1 Four-sector reduction

Consider four spacetime sectors labelled by n € Zy,

dsy, = ap (t) 2"y dX () dXP). (9.1)

They are combined according to
dS? = ds3 — ds? + ds3 — ds3. (9.2)

Because i2" = (—1)", the explicit sector signs cancel:
3
dS? =) ay(t) nuwd X, dX{,. (9.3)

n=0

Under the diagonal Z,4 projection onto one physical four-dimensional spacetime, normalized
so that a,, = 1 reproduces the Minkowski metric, the effective line element is

» 1
ds? = A*(t)n,datdz”, A%(t) = 1 Z aZ(t). (9.4)

For the special configuration
ag = 1, a] = a2 = az = t, (9.5)

one obtains

1 2 1
A2(t) = +43t, A(t) = SV + 38, (9.6)

and hence

Here ¢ is conformal time.
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9.2 Curvature regularity

For a spatially flat conformal-FRW metric the Kretschmann scalar can be written

(AA" . (A/)Q)Q + (A’)4
A8 '

K = Rops R =12
The unregularized ansatz A = t therefore gives

24
KA:t = tfg’

which is singular at ¢ = 0. For the four-sector scale factor,

A = L A — #
2v/1+ 3t2 2(1 + 3t2)3/2”
and ) .
1728 (1 — 1
K(t) = 728 (1 — 6t* + 18t*)
(1 + 3t2)6
Consequently, .
K(0) =1728 < o0, A(0) = 5

so the metric is non-degenerate at the bounce. The geometry is conformally flat,

Capys = 0.

9.3 Four-index Einstein tensor and source

In four dimensions the all-lower four-index Einstein tensor is taken in the convention

1
Gaﬁ"y& = 5 (Ra'ygﬁé - Raégﬂ'y + Rﬁéga'y - Rﬁ'ygaé)
1
- g (ga'ygﬂ6 - ga&.gﬁ'y) R — Caﬁyé'

Isotropy reduces its independent nonzero components to two classes. For i = 1,2, 3,

Goios = (A')? = _ 9
0i0: — = 4(1—}-3152)’
whereas for i # j,
3(3t2 - 1)
P n2 _ n_ oW — 1)
Gz]l] (A ) AA 4(1 T 3t2) .
At the bounce,
3
Goioi(0) =0, Giyji;(0) = — .

All independent components therefore remain finite.
Using
Gaﬁ’y5 = ”Taﬁ'y(%

(9.9)

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)
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the corresponding nonzero source classes are

92
Toioi = ———— 9.19
OZO’L 4//{/(1 + 3t2)’ ( )
and
3(3t2 —1)
Tpiii = ————2_ 9.20
U 4k (1 + 3t2) (9.20)

Because the spacetime is conformally flat, the trace-free gravitational-energy sector vanishes
in the convention Cyogys = KT0gs:

A

Togys = 0. (9.21)

The complete source is finite through ¢ = 0, and its conservation law is
V‘J‘Taﬁ,ﬂ; =0. (9.22)

The construction therefore replaces the curvature-divergent conformal ansatz A =t by
a non-degenerate, conformally flat four-sector reduction with finite curvature and finite
rank-four source at ¢ = 0. It is a bounce candidate within the stated diagonal-projection
prescription; its dynamical matter interpretation and stability remain to be established.



CHAPTER 10

Integrated Results, Limitations and
Research Programme

10.1 What is established internally

The rank-four curvature decomposition is the most direct algebraic component of the pro-
gramme. In the convention of Chapter 2, contraction of the complete equation recovers
the ordinary Einstein equation, while the trace-free remainder pairs the Weyl tensor with a
trace-free source. The formulation makes tidal curvature visible on the source side without,
by itself, changing the classical metric solution set. This distinction between an independent
variable during the rank-four solution procedure and an additional physical degree of freedom
is essential.

The four-sector construction is internally organized around another distinction: geometry-
sector orientation, particle-sector orientation and ordinary within-sector Lorentz motion are
separate data. The null boundary is common to all sectors and massive particles are not
accelerated through it. Reciprocal normalization is a chart prescription selected by proper
geometric scales. In the black-hole, homogeneous LTB and FLRW branches analysed in
Chapter 3, curvature decay is accompanied by unbounded proper or affine parameter toward
the reciprocal centre. Regularity therefore means a curvature-regular asymptotic boundary
in those examples, not an automatically traversable continuation.

The tensor quantum chapters maintain a consistent hierarchy: a real classical source is
fixed first; complex coefficients then weight complete configurations; rank-eight evolution
acts on the carrier; and scalar probabilities are obtained only after global contraction. The
free-graviton construction is the Ricci-flat trace-free specialization of that hierarchy. The
ultraviolet chapter likewise begins with the conventional regulated loop calculation and applies
the sector projector only to the resulting local pole response.

10.2 Results that remain conditional

The hydrogen calculation is conditional on the adopted source assembly, reciprocal Kerr—
Newman representation, central reduction and tensor normalization. Agreement of a spectral
formula is an important internal check, but a complete comparison must include fine structure,
radiative corrections, transition strengths, scattering sectors and the standard precision
observables that distinguish competing formulations.

The ultraviolet cancellation is a statement about a projected local source after subtraction.
It is not yet a proof of a complete ultraviolet-finite quantum theory of gravity. A full result
would require gauge-parameter independence of the projector, BRST compatibility, treatment
of anomalies, unitarity and cutting rules, a careful account of finite renormalized couplings,
and a demonstration that the sector sum is a physical operation rather than an imposed
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cancellation among redundant representatives.

The SU(m,n) framework supplies a common complex geometry only under explicit observer-
projection conditions. Bochner curvature does not automatically equal the Weyl tensor of an
arbitrary real form. Extrinsic-curvature corrections and the projected Ricci sector must satisfy
the compatibility relations derived in Chapter 8. The theory must also specify dynamically
which real form represents an observer and whether different admissible involutions lead to
equivalent measurable predictions.

10.3 Notation and sign consistency

The developmental sources contain more than one sign convention for the trace-free source
and more than one dimension symbol. The integrated argument is invariant only when
each equation is read with the definitions local to its chapter. Before journal or doctoral
submission, a final normalization pass should select one global convention for the Riemann
tensor, metric signature, Weyl-source sign, gravitational coupling and complex dimension,
then rederive every contracted and divergence identity under that convention. The archival
appendices should remain unchanged as a record of development, but the principal chapters
should ultimately use the selected notation uniformly.

10.4 Independent verification priorities

The next mathematical priority is a computer-algebra verification of all rank-four contractions,
divergences and sign factors in real and pseudo-Kéhler geometry. The next geometric priority is
to check junction regularity, maximal extension and geodesic completeness for each reciprocal
metric without relying only on a selected curvature scalar. The next quantum priority is to
prove positivity and basis independence of the global tensor norm and to derive operational
measurement probabilities without importing an unacknowledged scalar-state structure. The
next perturbative priority is to test the four-sector projector on explicit amplitudes and Ward
identities beyond the local Euler response.

On the empirical side, the framework requires predictions that differ quantitatively from
general relativity and standard quantum theory. Candidate domains include strong-field
lensing and ringdown near reciprocal compact-object branches, cosmological signatures of
the regular sector reduction, precision spectroscopy beyond the leading relativistic Coulomb
spectrum, and propagation or correlation effects that distinguish the four-sector atlas without
assigning material particles speeds greater than c.

10.5 Conclusion

Taken together, the supplied works form a recognizable research programme rather than a
collection of unrelated conjectures. The common object is the complete tensor content hidden
by contraction or by a single observer chart. The four-index equation retains Ricci and Weyl
information at one rank; the four-sector atlas retains the four non-null orientations around
one invariant null set; the tensor quantum model retains complete classical configurations
before scalar readout; and the SU(m,n) proposal retains a complex geometry before real
observer projection.
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The programme’s strongest current result is structural coherence across these layers. Its
main scientific burden is now equally clear: global convention control, independent symbolic
checks, precise mathematical existence statements, and falsifiable predictions. The dissertation
therefore closes not by treating every proposed mechanism as established physics, but by
giving the framework a form in which each claim can be checked, challenged and developed.
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CHAPTER A

Archival Four-Index Thesis Draft

Source and status. This chapter incorporates the complete scientific body of Four Index
Einstein Field Equations of Real and Complex: Spacetime, archival draft (2026). Its role in
the dissertation is: Earlier derivational form retained for provenance and equation coverage.
Repeated definitions are retained where they are required for a self-contained derivation; the
synthesis chapters distinguish reformulations, model-dependent results, hypotheses and open

claims.

Chapter abstract

In this work I present extensions of Einstein field equations [6] into four index equations.
This extensions give as natural result a energy tensor for vacuum thus for gravity field. It’s
all construct in spirit of two index field equations and in truth does not need any additional
assumptions about field equations. Form it follows that it’s natural completeness of two
index equations not a true extension as it fully defines curvature tensor not only Ricci part
of curvature as it happens in two index equations. Additionally I extend this frame work to
complex spacetime [7] [8].

A.1 Einstein field equations

A.1.1 Einstein tensor

Einstein tensor is basis of General Relativity [6], from it arises left side of field equations
that connects matter field represented by stress momentum tensor [6] with geometry part.
That geometry part is just Einstein tensor that comes from Bianachi identities [6]. It can be
written as:

1
G,uu = R/j,l/ - §g,u1/R (Al)

It’s most important property is that is divergence free [6] so that:
VHG =0 (A.2)

It connects to left side of equations where stress momentum tensor [6] is present.

A.1.2 Stress momentum tensor

Matter sources in General Relativity [6] are all coming from right side of equation that is
stress momentum tensor [6] T},,. Units of stress momentum tensor are energy density so from
it follows that on left side of equation I have units of curvature that is length to power minus
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two, thats why if field equations [6] I need to use Einstein constant that is equal to:

831G

K
ct

(A.3)

Another crucial property of stress momentum tensor is that as on left side I have divergence
free tensor , stress momentum tensor is divergence free meaning that matter fields are
conserved locally. It means that divergence of stress momentum tensor is zero [6]:

VAT, =0 (A.4)

A.1.3 Field equation

That finally leads to field equation that I will call in this work a two index field equation,
that is just ordinary Einstein field equation [6]:

G = KTy, (A.5)
Idea behind this work is simple extended this equation into four index equation, adding part
that is responsible for vacuum energy or more precise gravity field energy.
A.1.4 Cosmological constant

Two index equations used today have additional term [6], that term is cosmological constant
or energy of empty space A it modifies field equations by adding term with it to field
equations [6]:

Gp,u + Ag/u/ = KTMV (AG)
In vacuum it will lead to:
Guw = —Agu (A.7)

That solutions will be either de Sitter or anti-de Sitter [6] spacetime depending on sign of
cosmological constant.

A.2 Four index Einstein tensor

A.2.1 Ricci part

Riemann tensor [6] can be decomposed into Ricci and Weyl parts:

1
Ra,uﬂu = Ca,uﬂu + n_9 (Raﬁg;w - Rcwgﬂu =+ Ruugaﬁ - Rﬁ,ugcw)

2
1

NCENICED)] (9apguw — Javgpu) R (A.8)

This decomposition gives after contraction exactly Ricci tensor as part with Weyl vanishes
when contracted as it’s trace free for all indexes combinations. So isolating Ricci part but
adding part that will after contraction reduce exactly to one half of Ricci scalar times metric
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tensor I will arrive at:

1
n—2 (Rapguw — Rovgpu + Ruvgop — Rppgav)

1 1
- D(m-2) (GapYur — Jawgpu) R — =1 (9apGur — Gawgpu) R (A.9)

I can sum terms with Ricci scalar and will arrive at final expression for first component of
four index KEinstein tensor:

- 1
Rauﬁu = ? (Ra,é’g;w - Raugﬁu + R,ul/gaﬁ - R,Bugau)
n
- « v — Yav R A.10

A.2.2 Divergence of Ricci part

From it follows that I can write divergence of this component with respect to first index
where I will use Bianachi identities for same indexes of Ricci tensor and divergence index so
index a to make equations simpler:

vaRa#ﬂV = n_9 (vaRaﬁguu - VaRaug,eM + vﬁR}U/ — vVRﬁH)
n
- IJV - vu R A1l
2(n—1)(n—2)(g“ 8~ 9puVv) (A.11)
o 1
V¥ Rapupy = n—_2 (VBRW - VVRB/L)
n 1
N v - v 5/ o) v - v A12
5 (n = 1) (n—2) 9w Ve = 95 Vo) Rt 55 (9 Ve = 954 V) R (A12)
- 1 1

V@ Rappy = ——5 (Ve R — Vi Rpgy) — 9V =95 V) R (A13)

2(n—1)(n—2)

Taking out common denominator I will arrive at final expression:

. 1 1
Vi Rapsy = ——5 ((VﬁRW — VuRg,) - =1 (90 Vs = 91 Vv) R) (A.14)
A.2.3 Weyl part
Weyl [6] part divergence is equal to:
vee, —H((VR VR - —— (g Vs — V)R> (A.15)
apfy = Ty glvpy vAtBy 2(n—1) Juw Vg~ 9suVr .

This means that they differ only by a constant n — 3, from it follows to create a field equation
I need first to take that constant and divide Weyl tensor by it. Then whole tensor has to be
divergence free, from it follows that I will take Ricci part and subtract Weyl dived by that
constant:

- 1

Rauﬂl/ - — 3C(XM5V (A16)
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A.2.4 Four index Einstein tensor

Last expression is just four index Einstein tensor, it all properties of being divergence free
and it’s contractions lead to two index equations. This tensor can be written:

1

?Cauﬁy (Al?)

Gauﬁl/ = Ra,uﬁl/ -

A.3 Four index energy tensor

A.3.1 Matter part

I can use same form as in Riemann decomposition into matter part of total energy tensor.
This tensor will reduce to stress momentum tensor so I can write it:

Tapgpr — Towgpp + Tyw9ap — Thugon)

1

BCEDICED)] (9apur — Jawgpu) T (A.18)

Now key property is to calculate divergence of this tensor with respect to first index as before,
I can use property that stress momentum tensor is divergence free:

~ 1
Topsy = —— T, —-V,15,) — ————F—— (9 Vs — )T Al
VToppy = ——= (VT = ViTpu) CEDICE) (9N 5 = 98,V v) (A.19)
Taking out common denominator:
ver —1((VT NV Ta) — (Vg — V)T) (A.20)
aupy = o B v vilgu (n—1) Guw Vg~ 98uVr .

That is exactly propagation equation [6] from two index equations, where it does differ by
same constant.

A.3.2 Vacuum energy part

From previous equations I can see a logic here, vacuum energy tensor divergence will be have
to be equal to same as matter part times a constant defined before:

~ n

-3
Vi = <(vﬁTu,, = V)~ o 0V~ 99,50) T) (A.21)

1
(n—1
This tensor has to be trace free for all indexes just as Weyl tensor. That means if it has
symmetries of Riemann tensor:

gaﬁfa,uﬁu =0 (A.22)

In vacuum solutions it just equal Weyl tensor, but I need to put Einstein constant [6] in it.
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A.3.3 Four index energy tensor

Putting this all in one equation and one tensor I will use same logic from before so I arrive at
total energy tensor:

A

Tauﬁl/ = ~o¢uﬁl/ - Tauﬁu (A23)

-3
This tensor is divergence free as part with geometry, it has a trace part (stress momentum

tensor) and trace-less part (vacuum energy tensor).

A.4 Four index field equations

A.4.1 Equation

Combining all from before I arrive at four index equation:
Gousr = KL oupy (A.24)
Equation is divergence free:
VGappy = KV Toup, =0 (A.25)
It’s contraction leads to two index equation [6]:

gaﬁGau,BV = ’fgaﬁTau,Bu (A26)
G = KT, (A.27)

It has trace and trace-less parts that are equal to each other:

KT pppy = Roppy (A.28)
6T wupr = Coppy (A.29)

A.4.2 Adding cosmological constant

I can add back to equations part with cosmological constant [6] it will be term with metric
tensors and scalar, I can write that term:

1
n—1

(g,w/goc,@’ - gﬁugau) A (A.30)

So final field equations are:

1
Gappy + ——7 (9uw9ap = Ipugar) A = KTapupy (A.31)

If cosmological constant [6] is just a fixed number it’s divergence vanishes but if not, it has
to fulfill this equations:

(9105 — 9pudv) A =0 (A.32)
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And from two index equations it needs to vanish when contracted so it leads to:
OA=0 (A.33)

It shows that it has to be a constant number that does not change with any spatial or a
temporal direction. Otherwise equations will be not divergence free in both four index and
two index [6]. After contraction it will just lead to standard form two index equation [6]:

G + g = k1), (A.34)

A.4.3 Action formulation of equations

I can formulate field equations in as action [10] , derivation was already done in this paper [10],
where there is same structure of field equations used. After adding tensors I will arrive at
starting with gravity field:

1 o 14
= %/\/—gg ’Bg“ (ngy—i—)\wgy)dl)x (A.35)

Where those tensors are defined as before so:

1 ~ 1
- %/ V _ggaﬁg,ulf (Rauﬁu - Ca,uﬁu + nf

1 (g,uugaﬁ - g,@ugay) A) dPx (A.36)

-3

Now matter field part behaves same way but without term with Einstein constant [10]:

1 (0% v
= / V=992 ¢ Tau50dPx (A.37)
That can be expanded:
«Q 1 7
= —— / A/ — g Bg < a#BV — MTa“ﬁy> dDX (ASS)

Adding them both into one integral [10]:
v 1 v
/V gaﬁ a ( apfrv + )‘auﬁu) dDX - E/ V _ggaﬁgp, TauﬁudDX (A39)
(6% v 1
/ V=99""g" [

2/~€c

2% (Gauﬁu + Aa,uBu) - oc,u,,Bl/:| d X (A40)

That can be written in whole expanded form as:

1

1 1 -
= E/ V _ggaﬁglw |:2’£ (Rauﬁu - f?)cauﬁu + n_1 (guugaﬁ - gﬂ,ugozu) A)

~ 1 -

A.4.4 Meaning of four index field equation

Four index field equation is natural extension of two index equation, what is new in this
field equation that there is new tensor that is responsible for vacuum energy. This tensor is
energy of matter field in vacuum. It means that it’s an extension of matter field into vacuum
and it consists of physical matter. This matter is not exactly like normal matter field, it is
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trace-less part of total energy, but still it’s matter field.

This matter field is carrying energy of matter field into the vacuum, it’s simplest
candidate for gravity particle. From it follows most important part, in this model gravity as
particle carrying energy is not need to quantize field to arrive at it- it’s done in pure classical
terms. And crucial is that energy of that particle being equal to Weyl tensor is an equation
to be solved not identity, that leads to two equations but what is important are not two
separate equations but come from a tensor that is created when they are combined:

1
Goppy + —— (9uwgap = 9pugar) A = KTappy (A.42)

1
- 1 .

1
Cappy + ——7 (Juwgap = 9pudar) A = K (Tauﬁu - n_3Tau5V) (A.43)

As this tensor is a divergence free object. It leads to simple question, why there is a minus
sign in the parts with vacuum energy and Weyl tensor? Answer to that question is that
otherwise two sides would not be divergence free. This gives a physical meaning to it, total
tensor takes all inputs from vacuum as negative in sign. Still this is not a final story as it
lacks any kind of quantum effects.

A.4.5 Trace-reversed field equation

I can arrive at trace reversed field equations, first I take field equation:

1 ~ 1 -
Cauﬁy + nf (g,ul/gocﬁ - gﬁugau) A=k (Tauﬁu - n_3Tauﬁu) (A'44)

1
Howsr =573

1
Expand left side and move cosmological constant part to right side of equations:

1

m (Raﬁg;w - Raz/gﬂu + Ruu.gozﬁ - RBuQaV)
n ( JR— ¢ (A.45)
2(n — 1) (n — 2) b = JavIpp n_ 3 omdv '

Compare it with Riemann tensor expression:

1
Rappy = Cappy + —— (Rapguw — Ravgpp + Ryuwvgap — Rugav)

2
1

NCESCED)) (9apguw — Goavgpu) R (A.46)

I can express now it in terms of Riemann tensor:

1 1
1) (gaﬁguu - gaugﬁp) R— (1 -+ ) Cauﬁy (A.47)

CGappr = Rausy = 577775 n_3

Use two index equations [6] contractions and fact that Weyl tensor is equal to energy tensor
of vacuum and move all that is not Riemann tensor to right side:

1 1 N
Ra,uﬁl/ =R (Tauﬁu - m (gaﬁg;w - gal/gﬂu) T+ <1 + 11—3) Ta,uﬂl/> (A'48)
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Expand components of total energy tensor:

- 1 . 1
Ra,uﬁu =K <Ta,u,81/ - mTauBV - m (gaﬁguu - gaugﬁ,u) T)
1 ~
+K (1 + 71—3) Tauﬁy (A49)

Sort out components first of vacuum energy tensor:

- N 1
Ra,u,ﬁzz =R <Tauﬂv + Toz,u,@l/ - ) (gaﬂguu - gcwgﬂﬂ) T> (A50)

(n—1)(n—2

Then matter energy tensor and will arrive at final expression and add cosmological constant

again:
. A 1
Rapsw =\ Tapsw + Topsw = =3y 5y =) Yas 9 = Jowon) T
2
_ A A5l
+:‘€ <n o 1) (n _ 2) (g,u,l/.gocﬁ gﬁugal/) ) ( )

A.4.6 Geodesic deviation and geodesic equation

From fact that I can write Riemann tensor in terms of energy tensors I can go one step
forward and write whole equation as a geodesic deviation equation [11] , where V is vector
tangent to geodesic curve [11]:

Vv VvE® = R, VIV (A.52)

Now I can switch right side of equation into energy instead of curvature parts:

oY e e 1 e? fe%
Vv VvE® = k (TWV = =gy (8 — 9903) T
2
a o wy B ev
Ty (9105 — 95007 A) vy e (A.53)

That leads to most general interpretation of field equations in geometric way as it is interpre-
tation of Riemann tensor itself [12]. In general geodesic deviation says how "fast" geodesic [11]
accelerate with respect to each other. They can either converge or diverge. Field equations
will not lead to singularities only if both side of equations stay finite, from fact that Im
defining Riemann tensor that encodes whole curvature I can impose that right side with
energy content stays finite in whole manifold then solve for left side of equation. This gives
control over singularities that is absent in two index equation [6]. If geodesic deviation acts
on global spacetime, geodesic equation [6] [11] acts locally when effects of particle or systems
of particles is small compared to source of gravity field. Geodesic equation [11] can be written
as:

dz® dzP

d?at "

This equations in truth works only if I don’t take a field as whole but a isolated part of a field
into account. Field as whole is generated from curvature itself. It leads to idea that object
not only follow locally geodesic equation but field in general has obey geodesic deviation
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equation [11] that is more general statement of gravity field as it has whole curvature as a
source. So locally geodesic equation is still valid but in truth more general statement about
field is geodesic deviation equation [11] [12]. In truth field should be considered as a general
object, that’s why geodesic equation [11] is not whole story. Energy makes geodesic accelerate
towards each other or away from each other, this happens both in case of matter field or
gravity field energy. Gravity field should be thought then in geometric sense [12] as focusing
or un-focusing of geodesics. As long as both side of equations stay finite this leads to well
defined curvature and from it follows field.

A.4.7 Field equations as connection with two index equations

I can re-write field equations using two equations that are separated, one equation is just two
index field equation [6] written in four index form and one deals with Weyl tensor [6]:

Ra,uﬁy = ’/V'Tozuﬁy (A55)
Cauﬁy = ”/V'Tozuﬁy (A56)

As first equation can be reduced to two index equation [6] I can re-write field equations as:

Gy = KTy (A.57)
Coppr = KT opupy (A.58)

Where there is connection between two index equations and four index equations, this
connection is covariant derivative. When I do take covariant derivative of vacuum energy
tensor I need to arrive exactly at same expression as for energy momentum part:

VT sy = VT oy (A.59)

At first it may seem as it’s just propagation equation [6] from two index equation [6] but key
here is that vacuum energy tensor is equation to be solved not an identity. It means that it
agrees with two index equation [6] in form of propagation equation [6]:

VO Coppy = KV Toups (A.60)
n—3 1
n_>2 (vﬂR;w - vuRﬁu) - m (guuvﬁ - gﬂuvu) R) =
n—3 1
ot \ (VaTw = Vi Ts,) = [CE) (9 Vi = 98, V0) T (A.61)
1
(VR — Vi Rgy) — m (9 Vs — 98, Vy) R =
1
K <(V/8Tuy — VUTﬁu) — m (guyVB - gguv,,) T) (A62)

It means that change in energy tensor of vacuum is connected to change in matter field, or
stating opposite change of vacuum energy tensor is connected to change of matter field. From
it follows that if vacuum energy stays finite there is need for matter field to stay finite if I
started from finite values. From it follows that each change in gravity field is connected to
change in matter field and matter field change are connected to gravity field, if those changes
remain finite whole equations will remain finite. It’s imposing on two index equations [6] that
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energy momentum tensor [6] stays finite is equally imposing on vacuum energy to stay finite
from it follows Weyl tensor so gravity field itself. This separation of field equations shows how
on one hand it’s close to two index equations [6] and where it does differ. As to create a whole
field equations I need to use four index formalism. It follows from conservation equations
that are written in four index formalism. So in truth I can’t state that those two are equally
valid and can be separated into two sets of one four index and one two index [6] equations.
It means that I need to use whole field equations or trace reversed ones, that capture four
index dynamics rather than using separated equations. It means that connections between
those two equations two index [6] and four index does not mean that they are exactly same
equations.

A.5 Extensions to complex spacetime

A.5.1 Flat complex spacetime and SU(1,n) symmetry

Motivation behind complex spacetime is mostly here a more general symmetry that is fulfilled
with flat spacetime. That symmetry will be in general case with one complex time dimension
and n spatial dimensions [9] SU(1,n) symmetry. Most important case is four dimensional
complex spacetime that fulfills SU(1, 3) symmetry. This symmetry is of quarks in standard
model [9]. I will write a flat spacetime metric in four dimensional case as:

ds? = nupdztdz” (A.63)
That can be expanded:
ds* = d2°dz° — dz'dz' — d2?dz? — d2Pdz? (A.64)

Where I did use mostly minus metric signature [6], this transforms under SU(1,3) [9]
transformations that I will denote U. This means that metric is invariant under those
transformations:

ds? = ds” (A.65)
NupdzHdz" = 1y UL dzU¥ 2P (A.66)

A.5.2 Einstein tensor

In complex Kéhler geometry [7] Einstein tensor will be defined as:
Gur = Ry — guoR (A.67)
It is divergence free as normal Einstein tensor [7]:
ViGL =0 (A.68)
I will pair it with a complex energy tensor that is defined as divergence free:

VAT =0 (A.69)
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Now from it I can write a field equation for a complex spacetime [7]:

G,LLD = HT;LD (A?O)

A.5.3 Four index Einstein tensor

From using equations [8] [7] in complex geometry I can write a four index Einstein tensor as:

GaB»yS = ﬁ [Raﬁ_'yg — (Raégvg + R,ygga5> + gafgg,ng} (A.71)

Now I can check its four contractions:

1

ga/BGaB'yS - m {R'yg - (nR'yS + Rg’yS) + nRg’yS} - R’yg - Rg’yg (A72)
3 1
97 Gaprs = — (Ras — Roos ) (A.73)
5 1
6 o _ _
6°°Cops = 5 (Byp — Rays ) (A.74)
5 1
g%GaByS =1 [RaB — (”Ra,é + Rgag) + nRgaB} =R, — Ry, (A.75)

Two of contractions will always give constants that can’t be removed so this tensor is not
fully reduced to Einstein tensor but still it is proportional to it. Only change is in dimensions
two where those are equal to Einstein tensor as two minus one gives one. From fact that it is
proportional to it it will be still divergence free.

A.5.4 Decomposition of Riemann tensor

I can decompose Riemann tensor in complex spacetime as [7] [8]:

1
Ropys = Bapys + 705 (Ra9s + Bosbas + Raitys + By300s)

1
NCESNCED) (gong'yg + 9a5975> R (A.76)

Now I can plug it into definition of four index Einstein tensor:
1 n+1 1
Gaprs =1, [Bama 2 (Rapoys + Rosas) + o (Rai9rs + By3903)

n?+3n+1 1
T L —— R ATT
: <<n T+ 2) 77 (Tt 2) % AT
This tensor is divergence free [8]:

o 1
VoGops = |VsRys — ((VaR)g5+ VsR5) + (V5R)g,5) =0 (A.78)

1—n

A.5.5 Four index energy tensor

I can use simple trick to turn four index Einstein tensor into a energy part, I will turn
Bochner [7] tensor into gravity energy tensor and group parts of Ricci tensor matching
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Einstein tensor and final result is:

1 - n—+1 1
TQB'VS = 1—n |:Tozﬁ’y§ - n+2 (Ta,ég'ys + T'yggaﬁ) + n+2 (Tagg'yﬁ + T')/Bga5>
1 2
— 1 205 2 g 9.5 T A.79
+(1 _ n)(n T 1)(71 4 2) [ (n +n+ )gaﬁg»y& + ( n + )ga(gg,yﬁ} :| ( )

This gives final field equations in complex spacetime:

GO‘B’YS — HTO‘B’YS (A80)

That always lead to Einstein field equations regardless of contractions. It means that each of
four contractions give two index Einstein field equations and both four index tensor and it’s
contractions are divergence free:

VoG 5,5 = KV T5.5 = 0 (A.81)

A.5.6 Kaihler geometry geodesic equation and its deviation

In Kéhler geometry [7] geodesic equation takes form of two equations:

d? 2+ dz% dzP
-~ 4T, = =0 A.82
ds? thas ds ds ( )
d2 - dz® d2P
B — A
ds? + aB ds ds 0 (A.83)
Geodesic deviation takes form of:
DZva o e nal o 5
—g + Ry TPVOTT + RO TPVOTT =0 (A.84)

A.5.7 Trace reversed field equations

I can use definition of Riemann tensor to change it into trace reversed field equations. I will
start by writing normal two index [6] [7] trace reversed field equations:

9" (Rup — gy R) = £g" Ty (A.85)
(1-n)R=krT (A.86)
K
R=g—T (A.87)
1
RMD =K (Tuy + 71 — ngWT> (A88)

Then I can use definition of Riemann tensor and change Ricci tensor and scalar parts with
gravity energy part:

A 1
Rapys = (Tam + oy (Tap0os + Ts0a5 + Tast + T3%a5)

2n+1
e j 2) (n+1) (ga5975 + gasgﬁ) T) (A.89)




166 Appendix A. Archival Four-Index Thesis Draft

From it follows that I can write geodesic deviation in terms of only energy tensor parts:

D2 Vo

Sy « 5
—a T TPVOTY + T TOVOTY =0 (A.90)

1
Topys = Topys + — o ( ap9vs T 155905 + 105945 + T 5%5)

2n+1
* (1-n)(n+2)(n+1) (gaBQWS T 905975) T (A.91)
T b5y = 9 Tapss (A.92)
Ty = 9" a5 (A.93)

This only lacks cosmological constant to make equations complete.

A.5.8 Adding cosmological constant

Let me start with two index field equations [7] and add cosmological constant to them:
ij — gij + gij = HT,uz? (A94)

Now solve for Ricci scalar with contractions of field equations:

(1—-n)R+nA=rT (A.95)
(1-n)R=krT —nA (A.96)
K n
R=———T- A (A.97)
Ry = 6T + ( A L A>— A (A.98)
uv = Rdpup T Gui 1—n 1—n Guv .
K n
o=KL, v T— 1) A A.
=t (51 (2 40)) A
K 1
Ry = KT + g <1 Eoro = nA) (A.100)

This will lead plugging it into part with Ricci scalar of trace reversed field equations:

2 n
(_ (1-n)(n+2) + (I-n)(n+1)(n+ 2)) (9(15975 + gaégﬁ) A (A.101)

1
TOA-mm+D) (gaggys + gasgwg) A (A.102)

So whole trace reversed field equations take final form:

1
Rapys = £Tapys — m(gaégwrgmgﬁ)f\ (A.103)

A.6 Summary

In this work I did present four index Einstein field equations [6] and it complex spacetime
analog [7]. Those equations are natural extension of two index equations [6] [7] where they
give energy to vacuum itself so gravity field. Equations can lead to new dynamics as they use
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new energy term that is connected to matter field [6] but still independent of it. It’s connected
by conservation laws and it’s trace-less part of energy tensor that in vacuum is equal to Weyl
tensor [6]. Those are natural and simplest way to write two index field equations [6] into four
index formalism. Question do they differ from two index [6] equations when solved still is
not showed in this paper, but in principle they should differ specially when there are two
things assumed, matter field stays finite and from it follows vacuum energy stays finite that
could lead to new solutions that are singularity free. This follows from fact that in conserved
version of equations Weyl tensor [6] and vacuum energy tensor has a negative contribution
to field equations. Key future of equations is that even it’s a classical theory gravity field
has a energy that it carries. In future work it should be checked is there a way to generate a
solutions that are absent in two index equations or in two index equations [6] are non physical
that are free of singularity problem. In vacuum and in only matter field those equations
reduce to two index equations and do not bring anything new. Only interaction between
matter field and energy of gravity field gives new dynamics.



CHAPTER B

Exploratory Curvature,
Measurement and Orientation
Constructions

Source and status. This chapter incorporates the complete scientific body of Four Index
Einstein Field Equations and Quantum Effects, archival exploratory draft (2026). Its role
in the dissertation is: Early normalized-curvature, invariant-energy, orientation and spin
constructions. Repeated definitions are retained where they are required for a self-contained
derivation; the synthesis chapters distinguish reformulations, model-dependent results, hy-
potheses and open claims.

Chapter abstract

In this work I present extensions of Einstein field equations [15] into four index equations.
This extensions give as natural result a energy tensor for vacuum thus for gravity field. It’s
all construct in spirit of two index field equations and in truth does not need any additional
assumptions about field equations. Form it follows that it’s natural completeness of two
index equations not a true extension as it fully defines curvature tensor not only Ricci part
of curvature as it happens in two index equations.

Quantum effects are divided into two parts, one is about wave function like object
and measurement, next one is about spin as orientation of manifold. Wave function like
object is constructed from normalized curvature invariant. That plays role of "probability" of
finding object in given volume of spacetime at given interval of time. I did no present direct
solutions to those equations or concrete examples where it differs from General Relativity [15].

B.1 Einstein field equations

B.1.1 Einstein tensor

Einstein tensor is basis of General Relativity [15], from it arises left side of field equations
that connects matter field represented by stress momentum tensor [15] with geometry part.
That geometry part is just Einstein tensor that comes from Bianachi identities [15]. It can
be written as:

1

G,ur/ = R/j,l/ - §g,ul/R (Bl)
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It’s most important property is that is divergence free [15] so that:
ViGL, =0 (B.2)

It connects to left side of equations where stress momentum tensor [15] is present.

B.1.2 Stress momentum tensor

Matter sources in General Relativity [15] are all coming from right side of equation that is
stress momentum tensor [15] T},- Units of stress momentum tensor are energy density so
from it follows that on left side of equation I have units of curvature that is length to power
minus two, thats why if field equations [15] I need to use Einstein constant that is equal to:

_ 8nG

R = 7 (B3)

Another crucial property of stress momentum tensor is that as on left side I have divergence
free tensor , stress momentum tensor is divergence free meaning that matter fields are
conserved locally. It means that divergence of stress momentum tensor is zero [15]:

VAT, =0 (B.4)

B.1.3 Field equation

That finally leads to field equation that I will call in this work a two index field equation,
that is just ordinary Einstein field equation [15]:

G/u/ = K:Tp,u (B5)

Idea behind this work is simple extended this equation into four index equation, adding part
that is responsible for vacuum energy or more precise gravity field energy.

B.1.4 Cosmological constant

Two index equations used today have additional term [15], that term is cosmological constant
or energy of empty space A it modifies field equations by adding term with it to field
equations [15]:

Gul/ + Ag/u/ = K/T}U/ (B6)
In vacuum it will lead to:
G = —Agu (B.7)

That solutions will be either de Sitter or anti-de Sitter [15] spacetime depending on sign of
cosmological constant.

B.2 Four index Einstein tensor
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B.2.1 Ricci part

Riemann tensor [15] can be decomposed into Ricci and Weyl parts:

1
Rapsy = Cappy + —— (Rapgu = Rav9pu + Ruugas — Rougor)

1
*—) (gaﬂg,uz/ - gaugﬂu) R (BS)

(n—1)(n—2
This decomposition gives after contraction exactly Ricci tensor as part with Weyl vanishes
when contracted as it’s trace free for all indexes combinations. So isolating Ricci part but
adding part that will after contraction reduce exactly to one half of Ricci scalar times metric
tensor I will arrive at:

1
n—2

(Rapgur — Ravgpu + Ruwgap — Rpugar)

) (gaﬂguu - gal/gﬂ,u) R (BQ)

1 1
) (Qaﬁg;w - gowgﬁ,u) R - m

T (n=1)(n—2

I can sum terms with Ricci scalar and will arrive at final expression for first component of
four index KEinstein tensor:

~ 1
Roppy = —— (Rapguw — Ravgpu + Ruwgas — Rougar)
mn
- v v R B.10
9 (n . 1) (n . 2) (gaﬁgu o gﬁ#) ( )

B.2.2 Divergence of Ricci part

From it follows that I can write divergence of this component with respect to first index
where I will use Bianachi identities for same indexes of Ricci tensor and divergence index so
index a to make equations simpler:

ap 1 « @
VEBRappy = —— (V' Rapguw = Vo Ravgpu + VR — Vi lgy)

n

_Z(n— 1) (n_2) (gulfvﬁ _gﬁuvu)R (B.11)
as 1
Vi Rapsy = 5 (VR — VuRg,)
n 1
-3 (= 1) (7’L D) (guuvﬁ - gﬁﬂVU) R+ m (gw,Vg — ggMV,,) R (B.12)
1

- 1
vaRauBV = ni (V,BR/W - VVRBM) - (QWVB - gﬁuvu) R (B-13)

-2 2(n—1)(n—2)
Taking out common denominator I will arrive at final expression:

o 1
ViRappy = —— <(V/3RIW — ViyRg,,) —

n

1

3(n =1y Wi Ve ~ 95V R) (B.14)
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B.2.3 Weyl part
Weyl [15] part divergence is equal to:

o n—3
\Y% Cauﬂv:nf

2 (9 Vs = 91V v) R) (B.15)

1
VeR,, — VuRg,) — ————
(( Bt 8u) 2(n—1)
This means that they differ only by a constant n — 3, from it follows to create a field equation
I need first to take that constant and divide Weyl tensor by it. Then whole tensor has to be
divergence free, from it follows that I will take Ricci part and subtract Weyl dived by that
constant:

- 1

Rauﬁ]j - fgcauﬁy (B16)

B.2.4 Four index Einstein tensor

Last expression is just four index Einstein tensor, it all properties of being divergence free
and it’s contractions lead to two index equations. This tensor can be written:

Cauﬂy (B17)

Gapﬂl/ = Ra,u,ﬁu - 3

B.3 Four index energy tensor

B.3.1 Matter part

I can use same form as in Riemann decomposition into matter part of total energy tensor.
This tensor will reduce to stress momentum tensor so I can write it:

1

5 Lapgpw — Tavgpp + Tiwgas — Thugar)
1

EOEDICED)] (9B — 9ar98u) T (B.18)

Ta,uﬁl/ =

Now key property is to calculate divergence of this tensor with respect to first index as before,
I can use property that stress momentum tensor is divergence free:

- 1 1
af = (VT —VuTsy) — ———— (g, Vg — AT B.19
VToppy = —— (VT = ViTpu) CEDICE) (9’ Vs — 98 V) (B.19)
Taking out common denominator:
veT, —1<(VT V. T3s,) #( v V)T) (B.20)
aupy = 7o By vigu (n—1) Juw VB~ 98uVr .

That is exactly propagation equation [15] from two index equations, where it does differ by
same constant.
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B.3.2 Vacuum energy part

From previous equations I can see a logic here, vacuum energy tensor divergence will be have
to be equal to same as matter part times a constant defined before:

N n—3

vaTaHﬂV = n_29 ((VBTW - VVTﬂu) - (g/wvﬁ - gﬂuVV) T> (B.21)

1
(n—1)
This tensor has to be trace free for all indexes just as Weyl tensor. That means if it has
symmetries of Riemann tensor:

9 Toppy =0 (B.22)

In vacuum solutions it just equal Weyl tensor, but I need to put Einstein constant [15] in it.

B.3.3 Four index energy tensor

Putting this all in one equation and one tensor I will use same logic from before so I arrive at
total energy tensor:

A

Tauﬁu (B23)

Tauﬁl/ = ~Ot,u,Bu - n—3s

This tensor is divergence free as part with geometry, it has a trace part (stress momentum

tensor) and trace-less part (vacuum energy tensor).

B.4 Four index field equations
B.4.1 Equation
Combining all from before I arrive at four index equation:
Gappr = KTapupy (B.24)
Equation is divergence free:
VGappy = KV Toup, =0 (B.25)
It’s contraction leads to two index equation [15]:

gaﬁGa,uBV = K/gaﬁTauBI/ (B26)
G,LLI/ = KT;LV (B27)

It has trace and trace-less parts that are equal to each other:

KT appy = Roupy (B.28)
5T 0 = Coppy (B.29)
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B.4.2 Adding cosmological constant

I can add back to equations part with cosmological constant [15] it will be term with metric
tensors and scalar, I can write that term:

1
n—1

(g,ul/goeﬁ - g,B,ugow) A (B.30)

So final field equations are:

1
G -
apby T n

1 (guugaﬁ - gﬁlu,gow) A= ﬂTalu,ﬁy (B31)

If cosmological constant [15] is just a fixed number it’s divergence vanishes but if not, it has
to fulfill this equations:

(9098 — 9pu0u) A =0 (B.32)
And from two index equations it needs to vanish when contracted so it leads to:
OA=0 (B.33)

It shows that it has to be a constant number that does not change with any spatial or a
temporal direction. Otherwise equations will be not divergence free in both four index and
two index [15]. After contraction it will just lead to standard form two index equation [15]:

G + g = KTy (B.34)

B.4.3 Action formulation of equations

I can formulate field equations in as action [21] , derivation was already done in this paper [21],
where there is same structure of field equations used. After adding tensors I will arrive at
starting with gravity field:

=5 / V=399 9" (Gappy + Nappy) d”x (B.35)

Where those tensors are defined as before so:

. 1
/V gaﬂguy( aufv —

Coppr + ——

1 (9uw9as — 98pYav) A) dPx (B.36)

2/<;c -3

Now matter field part behaves same way but without term with Einstein constant [21]:

1 (0 v
w=—: / V=992 " T 50 dPx (B.37)

That can be expanded:

1 «a v [ 1 7
w= / V=997 g" (Tauﬂv - HTauBV> dPx (B.38)
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Adding them both into one integral [21]:

B 1
ke

4 1 (0% 14
S / V=99 9" (Gappy + Aappv) d”x — ; / V=99°° " Toup,d°x (B.39)

1 1
§=- / V=99""g" {2& (Gapsy + Aappy) — TauﬁV} d"x (B.40)

That can be written in whole expanded form as:

1 1 ~ 1 1
S = E/ \Y _ggaﬁg;w [2"{ (ROI/L,BV - ﬁcauﬂu + m (g/u/ga,@’ - gﬂugau) A)

~ 1 .
- (Ta,uﬁu - MTau,Bl/)] dDX (B41)

B.4.4 Meaning of four index field equation

Four index field equation is natural extension of two index equation, what is new in this
field equation that there is new tensor that is responsible for vacuum energy. This tensor is
energy of matter field in vacuum. It means that it’s an extension of matter field into vacuum
and it consists of physical matter. This matter is not exactly like normal matter field, it is
trace-less part of total energy, but still it’s matter field.

This matter field is carrying energy of matter field into the vacuum, it’s simplest
candidate for gravity particle. From it follows most important part, in this model gravity as
particle carrying energy is not need to quantize field to arrive at it- it’s done in pure classical
terms. And crucial is that energy of that particle being equal to Weyl tensor is an equation
to be solved not identity, that leads to two equations but what is important are not two
separate equations but come from a tensor that is created when they are combined:

1
Goppy + —— (9uw9ap = 9pugar) A = KTappy (B.42)

1
Rowsr =323

~ A

Cappy + ﬁ (9uv9ap — 9pugar) A = K (Tauﬁu - HTauﬂu) (B.43)
As this tensor is a divergence free object. It leads to simple question, why there is a minus
sign in the parts with vacuum energy and Weyl tensor? Answer to that question is that
otherwise two sides would not be divergence free. This gives a physical meaning to it, total
tensor takes all inputs from vacuum as negative in sign. Still this is not a final story as it
lacks any kind of quantum effects.

B.4.5 Trace-reversed field equation

I can arrive at trace reversed field equations, first I take field equation:

- 1 .

1
Cauﬁu + m (guugaﬂ - gﬁ,ugoa/) A=k (Tauﬁu - _3Tauﬁu) (B'44)

~ 1
Rauﬁu - ?

Expand left side and move cosmological constant part to right side of equations:

1
n—2

(Raﬂguy - Ral/gﬂ,u, + Ruugaﬁ - Rﬁugal/)
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n 1

_2 (n — 1) (TL — 2) (gaﬂgwf - gaugﬁ,u) R — m

Ca,uﬂu (B45)
Compare it with Riemann tensor expression:

1
Ra,uﬂu = Ca,uﬂv + n_2 (Raﬁg;w - Roa/gﬁu =+ Ruugaﬁ - Rﬁ,ugoa/)

2

1

0= 1) (n = 2) Was9u ~ Javgpu) B (B.46)

I can express now it in terms of Riemann tensor:

1 1
Ga,uﬁu = Ra,u,@u - 1) (gaﬁg;u/ - gaugﬁ,u) R — (1 =+ 1”&3) Coz,u,@l/ (B‘47)

2(n—

Use two index equations [15] contractions and fact that Weyl tensor is equal to energy tensor
of vacuum and move all that is not Riemann tensor to right side:

1 1 N
Roppy = K (Tauﬂu BCEICED) (9apGuv — Jar9u) T + (1 + n_3> Tauﬁu) (B.48)

Expand components of total energy tensor:

~ 1 A 1
RCW,BV =K (Tauﬁu - mTauﬁu - m (goc,Bg,ul/ - gaugﬁu) T>
1 N

Sort out components first of vacuum energy tensor:

_ A 1
Roppy = & (Tauﬁv Haws = T Ty (9apguv — Jowgsp) T) (B.50)

Then matter energy tensor and will arrive at final expression and add cosmological constant

again:
- A 1
Rapsy = 1\ Tawse + Lo = 3y i gy (a9 = 9w 93) T
2
_ A B.51
+/{ (n — 1) (TL — 2) (g;wgaﬁ gﬁugom) > ( )

B.4.6 Geodesic deviation and geodesic equation

From fact that I can write Riemann tensor in terms of energy tensors I can go one step
forward and write whole equation as a geodesic deviation equation [22] , where V is vector
tangent to geodesic curve [22]:

Vv VvE® = R, VIV (B.52)

Now I can switch right side of equation into energy instead of curvature parts:

« el Fo 1 a «
Vvvvf =K (T,uﬁu + T,U«BV - m (guuéﬁ - 95#51/) T



176 Appendix B. Exploratory Curvature, Measurement and Orientation Constructions

2 N N V
e (n—1)(n—2) (g’“’éﬁ - gﬁ#5V) A) VeV IE (B.53)

That leads to most general interpretation of field equations in geometric way as it is interpre-
tation of Riemann tensor itself [23]. In general geodesic deviation says how "fast" geodesic [22]
accelerate with respect to each other. They can either converge or diverge. Field equations
will not lead to singularities only if both side of equations stay finite, from fact that Im
defining Riemann tensor that encodes whole curvature I can impose that right side with
energy content stays finite in whole manifold then solve for left side of equation. This gives
control over singularities that is absent in two index equation [15]. If geodesic deviation
acts on global spacetime, geodesic equation [15] [22] acts locally when effects of particle or
systems of particles is small compared to source of gravity field. Geodesic equation [22] can
be written as:

dz® dxP

d?x "

This equations in truth works only if I don’t take a field as whole but a isolated part of a field
into account. Field as whole is generated from curvature itself. It leads to idea that object
not only follow locally geodesic equation but field in general has obey geodesic deviation
equation [22] that is more general statement of gravity field as it has whole curvature as a
source. So locally geodesic equation is still valid but in truth more general statement about
field is geodesic deviation equation [22] [23]. In truth field should be considered as a general
object, that’s why geodesic equation [22] is not whole story. Energy makes geodesic accelerate
towards each other or away from each other, this happens both in case of matter field or
gravity field energy. Gravity field should be thought then in geometric sense [23] as focusing
or un-focusing of geodesics. As long as both side of equations stay finite this leads to well
defined curvature and from it follows field.

B.4.7 Field equations as connection with two index equations

I can re-write field equations using two equations that are separated, one equation is just two
index field equation [15] written in four index form and one deals with Weyl tensor [15]:

Ra,uﬂz/ = RTauﬁy (B55)
Oa,uﬂz/ = RTauﬁy (B56)

As first equation can be reduced to two index equation [15] I can re-write field equations as:

G,LLI/ = HT;LV (B57)
Cau,@l/ = HTau/BV (B58)

Where there is connection between two index equations and four index equations, this
connection is covariant derivative. When I do take covariant derivative of vacuum energy
tensor I need to arrive exactly at same expression as for energy momentum part:

VT sy = VT oup0 (B.59)

At first it may seem as it’s just propagation equation [15] from two index equation [15] but
key here is that vacuum energy tensor is equation to be solved not an identity. It means that
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it agrees with two index equation [15] in form of propagation equation [15]:

VeCoaupy = KV Ty (B.60)
n—3 1
— ((VBR;W = VuRg,) — ICI) 9wV — 98.V0) R) =
n—3 1
n_9" ((VBTW — Vi Tpu) = n—1) (9 V5 = 95,V 0) T) (B.61)
1
(VBR;W - vuRﬁu) - m (gw/vﬁ - gﬁuvu) R =
K ((vﬂT;w - VVTB,u) - (nll) (g,uuvﬂ - gﬁ,uvu) T> (B‘62)

It means that change in energy tensor of vacuum is connected to change in matter field, or
stating opposite change of vacuum energy tensor is connected to change of matter field. From
it follows that if vacuum energy stays finite there is need for matter field to stay finite if I
started from finite values. From it follows that each change in gravity field is connected to
change in matter field and matter field change are connected to gravity field, if those changes
remain finite whole equations will remain finite. It’s imposing on two index equations [15]
that energy momentum tensor [15] stays finite is equally imposing on vacuum energy to stay
finite from it follows Weyl tensor so gravity field itself. This separation of field equations
shows how on one hand it’s close to two index equations [15] and where it does differ. As to
create a whole field equations I need to use four index formalism. It follows from conservation
equations that are written in four index formalism. So in truth I can’t state that those
two are equally valid and can be separated into two sets of one four index and one two
index [15] equations. It means that I need to use whole field equations or trace reversed
ones, that capture four index dynamics rather than using separated equations. It means that
connections between those two equations two index [15] and four index does not mean that
they are exactly same equations.

B.5 Quantum effects form geometry

B.5.1 Is there matter field or mater particles?

In physics there are two notions of matter, matter as field and matter as a particle. I
will postulate that matter field is more of a field than of a distinct particles that can be
independent of field itself. Let me start by in general I can think of gravity as a particle
(source) and it’s field generated by that particle (effect in space). It does work this way for
all other forces, my assumption is that matter field and effect of that matter field (gravity
field) both are same thing but affecting two kinds of curvature effects. Matter field affects
Ricci curvature [15] and, gravity affects Weyl curvature [15]. But both are forms of same
field and both carry energy. Key question would be can one be turn into another? First
in static solutions there is clear separation between gravity field and matter field. But in
general non-static solutions it’s possible to have this kind of separation. If Weyl curvature [15]
mixes with Ricci curvature [15], T have both matter field and gravity energy in same point of
spacetime acting as one field. This is key insight into understanding how quantum like effects
emerge from pure geometry of spacetime. Gravity field is in truth not localized in a point,
same as wave function in quantum mechanics. It’s spread across all space. I will assume
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that this spreading of gravity field is not only hint of how to get into quantum effects only
from pure geometry but possibly a hint about another path, instead of quantizing gravity,
trying to build model that uses only gravity to explain quantum effects. First I will start by
a simplest construction that is normalized curvature scalar.

B.5.2 Normalized curvature scalar

From trace revered field equations I can directly calculate curvature scalar [15] K =
RaM@VRO‘“ﬁ” using only energy parts. I will write it as:

A 1
Rappy = K (T appv + —— (Tapguw = Tovgpp + Tiwgas = Thugav)
2 2

1) () West ~ 9au9) T ¢

m (guugaﬂ - gﬂugau) A) (B63)

Rauﬁu =k (Ta,uﬁy + 1 5 (Taﬁguu - Taz/gﬁu + Tw/gaﬁ . Tﬁugal/)
n J—

_(n_l)2(n_2) (gaﬁguy _ gaugﬂﬂ) T + (71_1)2(71_2) <g;wga6 _ gﬂugau) A> (B.64)
K (2) = Rayp R (B.65)

This will lead to last final expression for normalized curvature scalar:

ctp
a= V—gK (z) d" txda’ (B.66)
ctpg 3t
1 res ~170
N(z) = ~ / V=9K () & 'zde (B.67)
QO Jety yn-1

Where key here is that this scalar represents total curvature and comes from trace reversed
field equations. It plays role like wave function in quantum mechanics. With change that
instead of calculating probability of finding particle in given volume there is curvature density
in given volume compared to total curvature. That curvature field has simple interpretation
it’s density of field compared with some region of space and time. Formally it says how much
curvature affects given region of spacetime compared to total curvature. Key here is that it
has to be finite in order to make this integral possible so all singular solutions are discarded.

B.5.3 Non-normalized curvature scalar

From it I can create just normal integral that is not normalized, this integral will have direct
meaning as if there is enough curvature in given volume of space and given time interval
I can detect particle. First I will define a particle focus region where most of curvature of
particle or system of particles is focused then will need for object to be measured only if flow
with some region of space and given interval of time is equal to that value of curvature:

ct
Ny = /t ' /VH V9K (z)d" zda® (B.68)
ctq o
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Where there is not only focused volume Vonf1 but time focused time interval At =t — t,.
Now to detect particle there has to be at least that amount of curvature, it means when I do
measurement in given volume and time interval particle can be only detected if this curvature
in this region is greater or equal to that value:

No < / i V9K (z) & '2dz® = aN () (B.69)
cty JVn-—1

To detect particle or system of particles I need at least Ny value of curvature. Detecting

particle acts as focusing of curvature into some volume of space in given time interval. Particle

will be detected only if there is enough curvature in focusing region on the detector. Focusing

comes from interaction of curvature field with other objects or even with detector itself.

B.5.4 How well I can measure objects

More precise I do measure objects position less less volume goes into integral, from it follows
less total curvature I do take into integral. Smaller the time interval of measurement it too
makes curvature less focused. It means that If i want to measure position precise I need to
take into account big interval of time, and opposite fast measurements need big amount of
space im measuring. This can be expressed that If I take small volume of space need to take
big interval of time to detect a particle:

cto
Ny < / / V—9K (z)d" zda® (B.70)
ct1 Jen—1
cto
/ V—gK (z) dz° >>/ V—gK (z)d" 'z (B.71)
ct1 en—1

¢
And opposite if I take small time interval I need big volume of space:

cte
Ny < / ’ V—9K (z)d" tzdx® (B.72)
cte; JVnL

VK @) e [ K @) do? (B.73)

yn—1

If T do take a small volume of space and small time interval particle becomes hardest to
detect.

B.5.5 Energy of system invariant

I can use Einstein constant to arrive at same invariant but now instead of calculating curvature
I do calculate total energy density squared. This can be expressed just as:

1 1 ctp

®(z) = 5N(z) =

K2

V—gK (x)d" txdz” (B.74)

m cta yn-1
From it follows that I can write field equations in scalar form as:
K (x) = Ropp, R (B.75)

- 1
® () = (Tcwﬂv + — (Taﬂg/w — Tovgbr 4 e gaB _ Tﬁugw)
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1
@ (1) = K (2) (B.77)

That scalar form of field equations is invariant form of equations , if it’s finite it meaning
that both fields stay finite, spacetime has no singularities.

B.6 Spin

B.6.1 Spin as a manifold orientation

Last example is idea that spin is orientation of manifold in space. So for example for spin
one half particles I need to use hyper-sphere. What I do mean by orientation of manifold in
space? If i take a vector that goes form center of hyper-sphere and points to it’s surface I
will call it orientation vector. This vector says how this manifold is pointing in space. When
manifold rotates it will rotate around this vector. In general there are infinite number of
possible orientations on any manifold. When I do measurement I project orientation of
manifold onto my measurement axis.

From it follows that I get two possible outcomes, orientation changes to being up or
down with measurement axis. As there are only two possible solutions that align with
measurement axis that are vectors one is pointing up one is point down with measurement
axis. Orientation vector can’t be split into smaller vectors as manifold can have only one
orientation it explains why there are only two possible states of spin. I will start with simple
math let me write black hole solutions [15] from it it can be easy seen that it’s a solution of a
hyper-sphere:

2 s\ 23,2 dr? 2 102

ds*=—(1- codt” + — + rdS) (B.78)
r (1—7%)

Isolate part with black hole radius so skip part with time components:

dr?
=

Write hyper-sphere metric with not a constant radius:

ds® = + 72d0? (B.79)

dr?

ds? = ——
T (%)

+ r2dQ? (B.80)
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Where radius of hyper-sphere is defined as R () = 4/ g same can be done with inside metric:

2
1 2 dr?
ds?=—= (3 1-le o 1) g2 T 42402 (B.81)
4 Tg 7"3 1 s
3

r

g
Where again I take only spatial part without time:
d 2
2402 (B.82)
rr,
I==3
Ty
d 2
ds® = " 4 r2d0> (B.83)
r
m
3
Where in this case radius is equal to R = 1/ -2 so it shows clear that those solutions give

Ts
exactly hyper-sphere so come from matter field with spin one half. Same can be done with
de Sitter universe [15] in coordinates that I did use before:

1
ds® = —dT? + 70 cosh? (HT) d3 (B.84)

Where here whole hyper-sphere does change with time not only radial part. But again I can
use another coordinates that will show that is true hyper-sphere , ones used before:

A 2 A 2 -1
de? — — (1 _ ;:) 2d? (1 _ ;) dr? + r2d0? (B.85)

Here radius is constant of hyper-sphere and is equal to:

3
=4/ —= B.
R= /% (B.86)

So again metric can be written as in spatial parts:

dr?

2
&

ds® = + 72d0? (B.87)

That shows that two base solutions used in cosmology and black holes are in truth a hypes-
sphere solutions so their use matter field with spin one half.
B.6.2 Simple projection of orientation vector model

I will start with only space components of metric as I care only about them. First denote
spatial part of metric as hy, and its orientation vector as s, that vector length squared is
equal to:

L% = hgps®s (B.88)
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Now I need to add measurement axis vector that will be projected onto orientation axis. This
will be denoted as v® and it’s length squared is defined same way:

L% = hgv® (B.89)

Both have to lie on same sphere or hyper-sphere and have same length equal to its radius.
So I can set that:

hapv®0® = haps®s® = L? (B.90)

Now i create two vectors that are projections of measurement axis vector on spin state, they
represent spin up and down, so two orientations projection of orientation vector can take.
One state has to be rotated = radians compared to another for sphere so spin one and one
has to have state 27 for spin one half. That represents spin up and down states. Total length
of final vector is sum of orientation vector with its measurement axis vector normalized by
total length first for sphere so spin one:

L + Lcos(0)
)= ——= B.91
¥4 (0) 5L (B.91)
L + Lcos(m —0)
_ = B.92
v (6) e (B.92)
Then for hyper-sphere so spin one half:
0 L+ Lcos()
i R i 24 B.
v (3) == (B.93)
0 L + Lcos(m — g)
(9 = .94
v (2) 2L (B.94)
This can be re-written using formula for angle between vectors, and lengths using only metric
tensors:
hps®o? haps®o?

cos(6) = (B.95)

N \/habsasb\/habvavb L2

Idea is that before measurement orientation vector is random in direction as it’s unknown
and there is infinite number of possible orientation so there is exactly zero probability of
guessing right one, after measurement we project that vector into our measurement axis and
get known state of orientation, when we measure another axis there is new projection and
so on. So measurement does change orientation state from s® to s* with probability equal
to Py (g) or YP_ (g) for up or down state and spin one half. Where state up represents
orientation vector align with measurement axis and down opposite to it.

B.6.3 Spin state when there is correlation between states

When there is a correlation between states [20] its best candidate to test will this formalism
break. I will use correlation between states where angle between them is always anti-
correlated [20] it means that if one particle is spin up one is spin down. Here I have two body
system [20], but I can use same logic. Now If i take axis between one system and another
system as angle 6 and there is no correlation [20] will arrive at same equation as before but if
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I assume anti-correlation I will arrive at states:

L+ Lcos(¥ + )

B.
() 5 (B.96)
L + Lcos(9)
_ =——“* B.
v (f) == (B.97)
Then for hyper-sphere so spin one half:
0 L+ Leos(m+ 9)
0 L+ L cos(g)
N e I itia V24 B.
v-(3) = (8.99)
As first angle is always rotated by m compared to second so I have change in angle equal to :
pr=m+19 ¢_ =19 (B.100)
oy —p_ =T (B.101)

I can use inverse correlation [20] but then I need to be aware that those states are now giving
opposite relation:

b=V ¢ =0+ (B.102)
by — b =—1 (B.103)

It means that states are reversed. Up state is now down state and down state is now up
state, as I need to flip orientation (from minus sign). In case where there is no correlation
angles between are random. So if one vector has angle ¥ another one has m — ¢, as total
angle between spin state up and down is equal to m:

G4m—0=m (B.104)

In case of correlated states of two systems I ask what is correlation [20] of them if I chose
random axis to measure them, angle is angle between measurement axis just like in Bell
theorem [20]. Now I can again use same logic and get correct answer for correlation between
both anti-correlated states and not correlated states:

Ecorelated (V) = ¢4 (9) — ¢—(9) (B.105)
Bananea(9) = T BB _ g (9 ot ()
= —cos (V) (B.106)
ERrandom (V) = ¥4(9) — ¢ () (B.107)
Franton(9) = 25500 LTI _ o2 () g ()
= cos (9) (B.108)

That is exactly result one would expect from quantum theory [20] but here it’s done only by
geometric relation between orientation vectors.



CHAPTER C

Exploratory Notes on Motion
Relative to Spacetime

Source and status. This chapter incorporates the complete scientific body of Motion Relative
to Spacetime, archival note (2026). Its role in the dissertation is: Conceptual vector-field
model for motion and reaction of spacetime. Repeated definitions are retained where they
are required for a self-contained derivation; the synthesis chapters distinguish reformulations,
model-dependent results, hypotheses and open claims.

Chapter abstract

I did present a model of how gravity field can arise just from pure vector fields transformations
that are always relative to spacetime itself. Effects of motion is always connected to opposite
reaction of spacetime. Combined those effect give rise gravity field.

C.1 Motion

C.1.1 Motion is relative but to what?

It may seem like a great success of modern physics to explain motion in terms of Minkowski
spacetime [53], Einstein special relativity [51] is basis of kinematics in physics. Still it’s
misleading to say that we understand motion, as gravity field is seen as curvature of spacetime
[53] but still there is no mechanical reason to assume that spacetime itself can act on objects.
Or saying more precise there is no mechanism that explains what gravity is , but only what
are effects of gravity field thus motion of objects. I will try to show that motion of objects is
more fundamental that geometry of field itself. Goal of this paper is to show that gravity
field is just simply a motion field, objects move in spacetime and spacetime moves in opposite
way relative to objects that is crucial statement I will explore. Taking it to it’s limits with
Minkowski spacetime [53] and it’s crucial Lorentz transformations [52] that are key to length
contraction and time dilation if applied correctly. Key change is that I do not assume motion
is relative to observers but to background spacetime itself that is by itself static but reacts to
motion. It’s big change with relativity [51] that tries to explain motion in terms of observers
perspective not with things that are not frame dependent. I will assume that any observer
can transform his coordinates but it does not change how it moves relative to spacetime itself.
This means that Lorentz transformations need to be applied correctly. But correctly I mean
that I always need to keep im my mind who is in motion and who is not. How observers will
see motion of other observers is not a key physical fact but how they really move is.

184
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C.1.2 What is spacetime really?

Minkowski idea about merging space and time into one object [53] may seem revolutionary
at first but what hides behind this mathematical structure and what is it’s physical meaning
is key. Let me start with general idea of space itself I have a sets of coordinates that assign
to each point of that space a position in spacetime change is that each position is an event,
another key property is that it uses hyperbolic rotations [52] instead of normal spherical ones.
Or saying more simply instead of preserving vector length by just normal space distance it
adds minus sign to either space or time dimensions. So length that is preserved no longer
acts as rotation on a sphere but a hyperbola. This trick makes all good stuff that come from
Lorentz transformations [52] being build naturally into spacetime geometry. But problem is
when we confuse mathematical tool with reality. Stating that there is a Minkowski metric
as base spacetime geometry only from fact that it agrees with physical transformations of
object in motion does not mean that it’s build into reality itself. It’s a tool that is useful in
making our mathematical model consistent. Spacetime itself is a tool that explains motion,
not the other way around as we can’t observe spacetime but we can only observe motion.

C.1.3 Motion is always absolute

With big success or relativity [51] it may seem like motion is relative and Newton views of
absolute space and time are demolish. I will give simple objection to this kind of thinking.
There is no measurement that can be done relative to something, measurement needs to take
into account two factors at least when we are talking about motion one frame is always base
frame of reference that we say is frame we measure motion with respect too, same space so
rods and clocks. And there can be other frames that are relative to that our base frame.
We can for example chose earth centered frame. solar system centered frame or Milky way
centered frame but to say that we can measure motion as relative is simply misleading. There
always has to be a frame a lets call it a master frame whom relative measurements are taken
with respect too.
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