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Abstract
Exact rapid maintenance behaves singularly at the boundary of quantum state space. Let a

finite-dimensional target 𝜌 have support projector 𝑃, and let an uncontrolled quantum Markov
semigroup have outward support-leakage rate 𝑎 = Tr

[
(1 − 𝑃)𝐿 (𝜌)

]
. We prove that, whenever

𝑎 > 0, the nonequilibrium free-energy loss has the universal short-time form

𝐹 (𝜌) − 𝐹 (exp(𝑡𝐿)𝜌) = 𝑘B𝑇𝑎𝑡 log(1/𝑡) +𝑂 (𝑡).

Under an explicit fresh-resource-cell ledger, the optimal period-𝑡 exact-refresh power therefore di-
verges as 𝑘B𝑇𝑎 log(1/𝑡). For GKLS generators, 𝑎 is a positive sum of squared support-crossing
jump amplitudes. We prove the complete dichotomy: 𝑎 > 0 gives logarithmically infinite rapid
power, while 𝑎 = 0 gives finite rapid power even when Hamiltonian rotation produces population
outside the fixed initial support at second order. We also define a periodic threshold-reset cor-
ridor and prove its sharp 𝑘B𝑇𝑎 log(1/𝑟) + 𝑂 (1) small-corridor law. The general singularity has
an unexpected geometric consequence. In a fixed-parity dual-rail SSH code, a boundary transfer
has desired logical weight 𝑤2

𝑥 , but its exact summed zero-mode-to-bulk weight is 𝑤𝑥 (1 − 𝑤𝑥).
At the remote boundary, these scale respectively as Θ(𝜁4ℓ) and Θ(𝜁2ℓ). Thus a soft spectral tail
changes the exponential rate of bounded-latency refresh from 4| log 𝜁 | to 2| log 𝜁 | unless the tail
itself is suppressed at least as 𝜁2ℓ . We prove the more general rate formula min{4𝑚, 2𝑚+𝑞}, where
𝑚 = − log 𝜁 and 𝑞 is the exponential suppression rate of the spectral tail. Exact rapid maintenance
and the wide-membrane limit do not commute: every nonzero tail gives infinite rapid power at
fixed width, while fixed-period power still vanishes exponentially with width. The result turns
perfect filtering from a technical convenience into the sharp boundary between finite and singular
exact maintenance.

1 Maintenance at the boundary of state space

For a faithful thermal reference

𝛾 = exp(−𝛽𝐻)/Tr exp(−𝛽𝐻),

write
𝐹 (𝜌) = Tr(𝐻𝜌) − 𝑘B𝑇𝑆(𝜌).

Only free-energy differences will be used. Let 𝑇𝑡 = exp(𝑡𝐿) be an uncontrolled quantum Markov
semigroup and let 𝜌 be the target. The target need not be faithful. Denote its support projector by 𝑃
and set 𝑄 = 1 − 𝑃. The key quantity is the outward support-leakage rate

𝑎𝐿 (𝜌) = Tr
[
𝑄𝐿 (𝜌)

]
.
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Positivity of 𝑇𝑡 (𝜌) for 𝑡 ≥ 0 implies 𝑎𝐿 (𝜌) ≥ 0. The case 𝑎𝐿 (𝜌) > 0 means that population appears
outside the target support at first order in time. This paper distinguishes three tasks.

• Fixed-period exact refresh. Free evolution for time 𝜏 is followed by an exact restoration to 𝜌.
• Rapid exact maintenance. The fixed-period optimum is taken first and then 𝜏 → 0.
• Periodic threshold corridor. Exact refreshes are periodic, while the probability outside 𝑃 may

not exceed a tolerance 𝑟 during a cycle.
The third task is an explicitly restricted periodic protocol class. We do not identify it with the optimum
over arbitrary autonomous feedback controllers.

1.1 Novelty boundary

The nonanalyticity of von Neumann entropy at rank-deficient states is standard matrix analysis. In
particular, Grace and Guha derive perturbation formulas for support-extending quantum states whose
kernel term contains the same nonanalytic entropy contribution. The contributions here are its op-
erational conversion into an exact-maintenance power theorem, the positive GKLS support-crossing
formula, the complete finite/infinite rapid-power dichotomy, the threshold-corridor law, the exact SSH
leakage sum rule, and the resulting exponent and order-of-limits theorems. We do not claim a new
perturbation theory for entropy, a new weak-coupling derivation of Davies generators, or a general
autonomous controller.

2 Universal support-leakage expansion

We first isolate the finite-dimensional analytic fact used throughout.

Theorem 2.1 (Boundary free-energy expansion). Let 𝜌𝑡 be a twice differentiable path of density ma-
trices for 𝑡 ≥ 0 with

𝜌𝑡 = 𝜌 + 𝑡𝑋 +𝑂 (𝑡2)

in operator norm. Let 𝑃 = supp(𝜌), 𝑄 = 1 − 𝑃, and

𝑎 = Tr(𝑄𝑋).

Then 𝑄𝑋𝑄 ≥ 0, 𝑎 ≥ 0, and
𝑆(𝜌𝑡 ) − 𝑆(𝜌) = 𝑎𝑡 log(1/𝑡) +𝑂 (𝑡).

Consequently, for every fixed Hamiltonian 𝐻,

𝐹 (𝜌) − 𝐹 (𝜌𝑡 ) = 𝑘B𝑇𝑎𝑡 log(1/𝑡) +𝑂 (𝑡).

If 𝑎 > 0, then
lim
𝑡↓0

[
𝐹 (𝜌) − 𝐹 (𝜌𝑡 )

]
/𝑡 = +∞.

If 𝑎 = 0, then
𝑆(𝜌𝑡 ) − 𝑆(𝜌) = 𝑂 (𝑡) +𝑂 (𝑡2 log(1/𝑡))

and
[
𝐹 (𝜌) − 𝐹 (𝜌𝑡 )

]
/𝑡 has a finite one-sided limit.

Proof. Positivity of 𝜌𝑡 on the kernel of 𝜌 gives 𝑄𝑋𝑄 ≥ 0. Let its positive eigenvalues, including
multiplicity, be 𝜇1, . . . , 𝜇𝑠; their sum is 𝑎. Degenerate perturbation theory at the zero eigenvalue gives
the eigenvalues emerging from the kernel as

𝜆 𝑗 (𝑡) = 𝑡𝜇 𝑗 +𝑂 (𝑡2)



Support leakage and rapid quantum maintenance 3

for 𝜇 𝑗 > 0; directions with 𝜇 𝑗 = 0 contribute 𝑜(𝑡 log(1/𝑡)). Their entropy contribution is

−
∑
𝑗

𝜆 𝑗 (𝑡) log𝜆 𝑗 (𝑡)

= 𝑎𝑡 log(1/𝑡) − 𝑡
∑
𝑗

𝜇 𝑗 log 𝜇 𝑗 +𝑂 (𝑡).

The eigenvalues initially inside 𝑃 stay bounded away from zero and contribute only 𝑂 (𝑡). This proves
the entropy expansion. If 𝑎 = 0, positivity and 𝑄𝑋𝑄 ≥ 0 imply 𝑄𝑋𝑄 = 0; kernel eigenvalues can
then emerge only at order 𝑡2 or higher, producing 𝑂 (𝑡2 log(1/𝑡)), while the support eigenvalues retain
an ordinary first derivative. Since Tr

[
𝐻 (𝜌 − 𝜌𝑡 )

]
= 𝑂 (𝑡), the energy term cannot change the singular

coefficient and always has a finite derivative. □

Remark 2.2 (Refined coefficient). If every positive 𝜇 𝑗 is retained, then the kernel contribution has the
sharper form

𝑎𝑡 log(1/𝑡) + 𝑎𝑡
[
𝐻 (𝑝) − log 𝑎

]
+𝑂 (𝑡),

where 𝑝 𝑗 = 𝜇 𝑗/𝑎 and 𝐻 (𝑝) = −∑
𝑗 𝑝 𝑗 log 𝑝 𝑗 . This spectral entropy can grow as the logarithm of the

number of leakage modes, but it cannot change an exponential rate when that number grows subexpo-
nentially.

Corollary 2.3 (GKLS leakage formula). Let

𝐿 (𝜌) = −𝑖
[
𝐾, 𝜌

]
+
∑
𝑗

𝛾 𝑗D
[
𝐿 𝑗

]
(𝜌),

where 𝛾 𝑗 ≥ 0 and

D
[
𝐿
]
(𝜌) = 𝐿𝜌𝐿† − 1

2
{𝐿†𝐿, 𝜌}.

Then
𝑎𝐿 (𝜌) =

∑
𝑗

𝛾 𝑗 Tr
[
𝑄𝐿 𝑗𝜌𝐿

†
𝑗

]
=
∑
𝑗

𝛾 𝑗 ∥𝑄𝐿 𝑗
√
𝜌∥2

2.

If 𝜌 is faithful on 𝑃, then 𝑎𝐿 (𝜌) = 0 if and only if

𝑄𝐿 𝑗𝑃 = 0

for every 𝑗 with 𝛾 𝑗 > 0.

Proof. The Hamiltonian term has zero 𝑄 trace because 𝑄𝜌 = 𝜌𝑄 = 0. The two anticommutator terms
also have zero 𝑄 trace by cyclicity and the same support identities. Only 𝐿 𝑗𝜌𝐿

†
𝑗 remains, giving the

squared Hilbert-Schmidt norm. Faithfulness on 𝑃 makes √𝜌 invertible on that subspace, proving the
final equivalence. □

The corollary upgrades the usual qualitative statement that a code is invariant. It identifies the exact
coefficient controlling the thermodynamic singularity when invariance fails. A Hamiltonian may rotate
𝑃 into𝑄 and create Tr(𝑄𝜌𝑡 ) = 𝑂 (𝑡2) relative to the fixed initial support, but unitary rotation preserves
rank and cannot create the first-order kernel spectrum responsible for the divergence.
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3 Exact-refresh power and the singular rapid limit

We use a fully specified resource-cell model. At the end of a free interval, the system may interact with
a Gibbs bath and fresh resource cells through a unitary commuting with the sum of their Hamiltonians.
The cost is the decrease of the resource marginals’ nonequilibrium free energies; final bath athermality
and correlations are discarded and not credited back. The standard multipartite relative-entropy ledger
gives, for every exact restoration from 𝜌𝜏 = 𝑇𝜏 (𝜌) to 𝜌,

𝑊𝜏 ≥ 𝐹 (𝜌) − 𝐹 (𝜌𝜏).

An identical fresh cell prepared in 𝜌 and an energy-conserving SWAP attain equality. Therefore the
optimal fixed-period power in this operational class is

𝑃∗
𝜏 (𝜌, 𝐿) =

[
𝐹 (𝜌) − 𝐹 (𝑇𝜏𝜌)

]
/𝜏.

This equality prices preloaded target cells; it is not a work-only autonomous controller.

Theorem 3.1 (Singular rapid-maintenance dichotomy). Let 𝑎 = 𝑎𝐿 (𝜌).
• If 𝑎 > 0, then

𝑃∗
𝜏 (𝜌, 𝐿) = 𝑘B𝑇𝑎 log(1/𝜏) +𝑂 (1)

and lim𝜏↓0 𝑃
∗
𝜏 = +∞.

• If 𝑎 = 0, then 𝑃∗
𝜏 (𝜌, 𝐿) = 𝑂 (1) and its one-sided rapid limit is finite. This includes Hamiltonian

rotations of the support and dissipative support extension beginning only at second or higher
order.

Proof. Apply Theorem 2.1 to 𝜌𝜏 = exp(𝜏𝐿)𝜌 and use the exact fixed-period ledger equality. When
𝑎 = 0, the possible kernel contribution is 𝑂 (𝜏2 log(1/𝜏)); after division by 𝜏 it vanishes, while the
support and energy derivatives remain finite. □

Thus arbitrarily weak leakage and exactly zero leakage are not perturbatively equivalent for rapid
exact maintenance.

Theorem 3.2 (Periodic threshold-corridor law). Assume 𝑎 > 0. Let

𝑞(𝑡) = Tr
[
𝑄𝑇𝑡 (𝜌)

]
and, for sufficiently small 𝑟 > 0, let 𝜏𝑟 be the largest time in a fixed short-time interval for which
𝑞(𝑡) ≤ 𝑟 for all 0 ≤ 𝑡 ≤ 𝜏𝑟 . Define the best periodic exact-refresh power compatible with that corridor
by

𝑃𝑝𝑒𝑟 (𝑟) = inf
0<𝜏≤𝜏𝑟

𝑃∗
𝜏 (𝜌, 𝐿).

Then
𝜏𝑟 = 𝑟/𝑎 +𝑂 (𝑟2)

and
𝑃𝑝𝑒𝑟 (𝑟) = 𝑘B𝑇𝑎 log(1/𝑟) +𝑂 (1)

as 𝑟 ↓ 0.

Proof. Since 𝑞(𝑡) = 𝑎𝑡 + 𝑂 (𝑡2) and 𝑎 > 0, 𝑞 is strictly increasing on a sufficiently short interval and
inversion gives 𝜏𝑟 = 𝑟/𝑎 +𝑂 (𝑟2). Theorem 3.1 is uniform on that interval in the form

𝑃∗
𝜏 = 𝑘B𝑇𝑎 log(1/𝜏) +𝑂 (1).

For every 𝜏 ≤ 𝜏𝑟 , log(1/𝜏) ≥ log(1/𝜏𝑟 ). Choosing 𝜏 = 𝜏𝑟 supplies the matching upper bound. Finally,

𝑎 log(1/𝜏𝑟 ) = 𝑎 log(1/𝑟) + 𝑎 log 𝑎 + 𝑜(1),

and the constant 𝑎 log 𝑎 is absorbed into 𝑂 (1). □
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The corridor removes the infinity only by keeping a nonzero tolerance. Its small-tolerance price is
logarithmic and has the same leakage coefficient as the exact singularity.

4 Block-respecting leakage and dimension control

The SSH application has additional structure. Starting from the logical code, the secular Davies jumps
create populations in orthogonal bulk sectors but no logical-bulk coherence. Hence

𝜌𝑡 = (1 − 𝑞𝑡 )𝜎𝑡 ⊕ 𝑞𝑡 𝜒𝑡 ,

with normalized states 𝜎𝑡 and 𝜒𝑡 . The entropy identity

𝑆(𝜌𝑡 ) = ℎ2(𝑞𝑡 ) + (1 − 𝑞𝑡 )𝑆(𝜎𝑡 ) + 𝑞𝑡𝑆(𝜒𝑡 )

is exact.

Proposition 4.1 (Leakage entropy bounds). Suppose 𝑞𝑡 ≤ 1/2 and the leakage block has dimension
at most 𝑑𝑄. Then

ℎ2(𝑞𝑡 ) + (1 − 𝑞𝑡 )𝑆(𝜎𝑡 )
≤ 𝑆(𝜌𝑡 ) ≤

ℎ2(𝑞𝑡 ) + (1 − 𝑞𝑡 )𝑆(𝜎𝑡 ) + 𝑞𝑡 log 𝑑𝑄 .

If 𝑞𝑡 = 𝑎𝑡 + 𝑂 (𝑡2), these bounds reproduce the coefficient 𝑎 in Theorem 2.1 and show that dimension
dependence enters only through 𝑎𝑡 log 𝑑𝑄.

Proof. Use the direct-sum entropy identity and 0 ≤ 𝑆(𝜒𝑡 ) ≤ log 𝑑𝑄. □

For a family with log 𝑑𝑄 = 𝑜(ℓ), this factor cannot alter the exponential rate in membrane width.

5 Fixed-parity dual-rail SSH code

We now derive a microscopic family in which desired logical transitions and support leakage have
different geometric powers. Take two identical odd SSH rails 𝑟 = 0, 1, each with sites 𝐴𝑟 ,0, . . . , 𝐴𝑟 ,ℓ
and 𝐵𝑟 ,0, . . . , 𝐵𝑟 ,ℓ−1. The number-conserving Hamiltonian is

𝐻ℓ =
∑

𝑟∈{0,1}

[
Δ𝑟𝑁𝑟 +

ℓ−1∑
𝑗=0

[
𝑡1𝑎

†
𝑟 , 𝑗𝑏𝑟 , 𝑗 + 𝑡2𝑎

†
𝑟 , 𝑗+1𝑏𝑟 , 𝑗 + h.c.

] ]
,

where 0 < 𝑡1 < 𝑡2, 𝜁 = 𝑡1/𝑡2 < 1, and Δ𝑟 > 𝑡1 + 𝑡2. Put 𝛿 = Δ1 − Δ0 > 0. Each rail has an exact zero
singular mode

𝑓 †0,𝑟 =
ℓ∑
𝑗=0
𝜓 𝑗𝑎

†
𝑟 , 𝑗 ,

𝜓 𝑗 = 𝑁ℓ (−𝜁) 𝑗 ,
𝑁2
ℓ = (1 − 𝜁2)/(1 − 𝜁2ℓ+2).

The other single-particle energies are Δ𝑟 ± 𝑠𝑘 , where

𝑠2𝑘 = 𝑡21 + 𝑡22 + 2𝑡1𝑡2 cos
[
𝑘𝜋/(ℓ + 1)

]
and 𝑠𝑘 > 𝑡2 − 𝑡1 uniformly in ℓ. The logical code is

Hlog = span{|0𝐿⟩, |1𝐿⟩},
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|0𝐿⟩ = 𝑓 †0,0 |𝑣𝑎𝑐⟩, |1𝐿⟩ = 𝑓 †0,1 |𝑣𝑎𝑐⟩. Both states have total number one and odd fermion parity, so
arbitrary coherence inside the code is physical under parity superselection. At corresponding boundary
sites 𝑥, use the even number-conserving transfer

𝑆𝑥 = 𝑎†1,𝑥𝑎0,𝑥

and its adjoint. The interaction with a thermal reservoir is parity respecting and conserves system
fermion number. In the Davies decomposition, the desired logical frequency is 𝛿, while zero-mode-to-
bulk frequencies are 𝛿 ± 𝑠𝑘 . Define the single-rail boundary weight

𝑤𝑥 = |𝜓𝑥 |2.

Proposition 5.1 (Exact logical and leakage sum rules). For a transfer from rail zero to rail one,

|⟨1𝐿 |𝑆𝑥 |0𝐿⟩|2 = 𝑤2
𝑥 .

Summed over every bulk eigenmode 𝑓𝑘,1 of the destination rail,∑
𝑘

|⟨𝑘, 1|𝑆𝑥 |0𝐿⟩|2 = 𝑤𝑥 (1 − 𝑤𝑥).

The reverse transfer obeys the same identities.

Proof. Expand the boundary field on either rail as

𝑎𝑟 ,𝑥 = 𝜓𝑥 𝑓0,𝑟 +
∑
𝑘

𝑢𝑥𝑘 𝑓𝑘,𝑟 .

Acting on |0𝐿⟩,
𝑆𝑥 |0𝐿⟩ = 𝜓𝑥

[
𝜓𝑥 |1𝐿⟩ +

∑
𝑘

𝑢𝑥𝑘 |𝑘, 1⟩
]
.

The logical squared amplitude is 𝑤2
𝑥 . Completeness of the single-particle eigenbasis at site 𝑥 gives∑
𝑘

|𝑢𝑥𝑘 |2 = 1 − |𝜓𝑥 |2 = 1 − 𝑤𝑥 ,

which proves the leakage identity. □

This is the microscopic hinge: the desired transition must find the zero mode on both rails, whereas
leakage needs the zero mode only on the occupied source rail and may land anywhere in the orthogonal
destination space.

Corollary 5.2 (Remote-boundary powers). At 𝑥 = ℓ,

𝑤far = (1 − 𝜁2)𝜁2ℓ/(1 − 𝜁2ℓ+2)

and
(1 − 𝜁2)𝜁2ℓ ≤ 𝑤far ≤ 𝜁2ℓ .

For ℓ ≥ 1,
(1 − 𝜁2)2𝜁2ℓ

≤ 𝑤far(1 − 𝑤far) ≤ 𝜁2ℓ ,

while
(1 − 𝜁2)2𝜁4ℓ ≤ 𝑤2

far ≤ 𝜁4ℓ .

Proof. The weight bounds follow from the exact geometric normalization. Since 𝑤far ≤ 𝜁2ℓ ≤ 𝜁2, one
has 1 − 𝑤far ≥ 1 − 𝜁2. Multiply the bounds. □
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6 Soft filters and a uniform leakage coefficient

An exact filter sets the bath spectrum to zero at every zero-mode-to-bulk Bohr frequency. A soft filter
instead leaves small nonzero coefficients. Let 𝜀ℓ ≥ 0 measure the tail amplitude. Assume the Davies
coefficients at every relevant zero-mode-to-bulk frequency obey the two-sided envelope

𝑔−𝜀ℓ ≤ 𝐺𝑡𝑎𝑖𝑙
𝑟 𝑘 ≤ 𝑔+𝜀ℓ ,

where 0 < 𝑔− ≤ 𝑔+ < ∞ are independent of ℓ, the direction 𝑟, and the bulk label 𝑘 . This assumption
holds, for example, when a fixed positive continuous tail profile is multiplied by 𝜀ℓ on the compact
bulk-frequency bands. If only an upper envelope is known, only the upper bounds below survive. Let
𝜌 be any faithful logical density matrix, with logical populations 𝑝0, 𝑝1 > 0. The coherences do not
enter the outward trace because distinct secular jumps land in orthogonal bulk sectors.

Theorem 6.1 (Uniform microscopic leakage bounds). For a soft-filtered bath coupled at 𝑥, the outward
support-leakage coefficient satisfies

𝑔−𝜀ℓ𝑤𝑥 (1 − 𝑤𝑥)
≤ 𝑎ℓ,𝑥 (𝜌) ≤

𝑔+𝜀ℓ𝑤𝑥 (1 − 𝑤𝑥).
At the remote boundary,

𝑔−𝜀ℓ (1 − 𝜁2)2𝜁2ℓ

≤ 𝑎ℓ,far(𝜌) ≤
𝑔+𝜀ℓ𝜁

2ℓ .

Proof. Corollary 2.3 expresses 𝑎 as the sum of support-crossing squared jump amplitudes. In the
forward direction their unweighted sum is 𝑝0𝑤𝑥 (1 − 𝑤𝑥); in the reverse direction it is 𝑝1𝑤𝑥 (1 − 𝑤𝑥).
Since 𝑝0 + 𝑝1 = 1, applying the coefficient envelope gives the first pair of bounds. Corollary 5.2 gives
the remote bounds. □

The constants are volume independent. No rate-inheritance assumption is imported: the rates are
computed from the microscopic boundary matrix elements.

Lemma 6.2 (Uniform crossing-generator norm). Let 𝐶cross
ℓ be the sum of all Davies dissipators whose

jumps connect the logical and one-particle bulk blocks, including both KMS directions. On Hermitian
operators, with the induced trace norm,

∥𝐶cross
ℓ ∥1→1

≤ 8𝑔+𝜀ℓ𝑤𝑥 (1 − 𝑤𝑥)
≤ 𝐶𝑐𝑎ℓ,𝑥 (𝜌),

where
𝐶𝑐 = 8𝑔+/𝑔− .

Moreover, in the interaction picture of the bare logical Hamiltonian there is a width-independent con-
stant 𝑀∗ such that

∥𝐿ℓ (𝜌)∥1 ≤ 𝑀∗.

Proof. For every jump 𝐽,
∥D

[
𝐽
]
∥1→1 ≤ 2∥𝐽∥2.

There are two rail directions and their two KMS reverse directions. Proposition 5.1 makes the sum of
squared support-crossing amplitudes in each rail direction 𝑤𝑥 (1 − 𝑤𝑥). Applying the upper spectral
envelope and the dissipator bound gives the factor eight. Theorem 6.1 gives 𝑎ℓ,𝑥 ≥ 𝑔−𝜀ℓ𝑤𝑥 (1 −
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𝑤𝑥), proving the ratio bound. On the initial logical state, bulk-bulk terms vanish. The desired logical
generator has uniformly bounded coefficients and operator norm, while the crossing contribution is
bounded above by the first inequality and 𝜀ℓ , 𝑤𝑥 ≤ 1. Their sum supplies a finite 𝑀∗ independent of
width. □

Corollary 6.3 (Exact corridor coefficient). For every fixed finite ℓ with 𝜀ℓ > 0, the periodic threshold-
corridor power obeys

lim
𝑟↓0

𝑃𝑝𝑒𝑟,ℓ (𝑟)/log(1/𝑟) = 𝑘B𝑇𝑎ℓ,far(𝜌).

Consequently the coefficient of the logarithmic corridor divergence has two-sided scaling

Θ(𝜀ℓ𝜁2ℓ).

Proof. Combine Theorem 3.2 with Theorem 6.1. □

7 Exponent transmutation at fixed latency

The rapid limit is infinite for every nonzero tail at fixed width. A different and experimentally natural
question fixes a short refresh time 𝜏 > 0 and asks how the power scales as the membrane is widened.
Let 𝑃ℓ,𝜏 denote the exact resource-cell refresh power after free evolution for this fixed 𝜏. Assume:

• the desired logical Davies coefficients are bounded above and below independently of ℓ, so their
scale is 𝑠ℓ = Θ(𝑤2

far);
• the soft-tail envelope of Section 6 holds;
• the logical and tail Davies components satisfy detailed balance with the same faithful Gibbs refer-

ence;
• the Davies dynamics maps an initially logical state into a direct sum of logical and bulk blocks;
• the number of one-particle leakage modes grows subexponentially, here linearly in ℓ;
• the logical target is nonthermal for the unit-strength logical dissipator.

Write
𝑚 = − log 𝜁 > 0

and suppose the tail amplitude has an exponential rate 𝜀ℓ = exp
[
−𝑞ℓ + 𝑜(ℓ)

]
, 𝑞 ≥ 0.

Lemma 7.1 (Fixed-time leakage mass). There exists a width-independent 𝜏0 > 0 such that for every
fixed 0 < 𝜏 ≤ 𝜏0,

1
2
𝜏𝑎ℓ,far

≤ Tr
[
𝑄𝑇 (ℓ )

𝜏 (𝜌)
]
≤

(3/2)𝜏𝑎ℓ,far

for every ℓ. One admissible choice is

𝜏0 = min 1, (𝐶𝑐𝑀∗)−1,

with the explicit width-independent constants of Lemma 6.2.

Proof. Write 𝐿ℓ = 𝐵ℓ + 𝐶cross
ℓ , where 𝐵ℓ preserves the logical and bulk blocks separately. For every

block-diagonal Hermitian 𝑋 ,
Tr
[
𝑄𝐵ℓ (𝑋)

]
= 0.

Thus, with 𝑞ℓ (𝑡) = Tr
[
𝑄𝑇 (ℓ )

𝑡 (𝜌)
]
,

𝑞′ℓ (𝑡) = Tr
[
𝑄𝐶cross

ℓ 𝑇 (ℓ )
𝑡 (𝜌)

]



Support leakage and rapid quantum maintenance 9

and 𝑞′ℓ (0) = 𝑎ℓ,far. Complete positivity and trace preservation make 𝑇 (ℓ )
𝑡 contractive in trace norm on

Hermitian operators. Since the generator commutes with its semigroup,

∥𝑇 (ℓ )
𝑡 (𝜌) − 𝜌∥1

≤
∫ 𝑡

0
∥𝑇 (ℓ )

𝑠 𝐿ℓ (𝜌)∥1𝑑𝑠

≤ 𝑡𝑀∗.

Therefore Lemma 6.2 gives
|𝑞′ℓ (𝑡) − 𝑎ℓ,far |

≤ ∥𝐶cross
ℓ ∥1→1𝑡𝑀∗

≤ 𝐶𝑐𝑀∗𝑎ℓ,far𝑡.

Integration yields the explicit remainder

|𝑞ℓ (𝑡) − 𝑡𝑎ℓ,far |

≤ 1
2
𝐶𝑐𝑀∗𝑎ℓ,far𝑡

2.

The displayed choice of 𝜏0 turns this into the two-sided bound. This calculation is the resummed Dyson
estimate: the crossing norm appears once, while all remaining words are controlled by semigroup
contractivity rather than counted mode by mode. □

Lemma 7.2 (Uniform free-energy sandwich). Let 𝑞ℓ = Tr
[
𝑄𝑇 (ℓ )

𝜏 (𝜌)
]

and let 𝑑𝑄,ℓ be the one-particle
leakage-block dimension. For each fixed 0 < 𝜏 ≤ 𝜏0 there exist positive width-independent constants
𝑐0(𝜏), 𝐶0(𝜏), 𝐶1(𝜏) and ℓ0(𝜏) such that, for ℓ ≥ ℓ0(𝜏),

𝑐0(𝜏)𝑠ℓ + (𝑘B𝑇/𝜏)𝑞ℓ log(1/𝑞ℓ) − 𝐶1(𝜏)𝑞ℓ
≤ 𝑃ℓ,𝜏 ≤

𝐶0(𝜏)𝑠ℓ + (𝑘B𝑇/𝜏)𝑞ℓ
[
log(1/𝑞ℓ) + 1 + log 𝑑𝑄,ℓ

]
+ 𝐶1(𝜏)𝑞ℓ .

Proof. Let 𝑇0
𝑡 denote the exact-filter semigroup, extended trivially on the initially empty bulk block,

and put 𝜂ℓ = 𝑇0
𝜏 (𝜌). At zero tail, differentiability in the logical rate gives[

𝐹 (𝜌) − 𝐹 (𝑇 𝑖𝑑𝑒𝑎𝑙
𝜏 (𝜌))

]
/𝜏 = 𝑐∗𝑠ℓ +𝑂 (𝑠2ℓ)

with 𝑐∗ = 𝑐∗(𝜏) > 0, because the faithful logical target is nonthermal for the primitive unit-strength
logical dissipator. Choose ℓ0(𝜏) so that this term lies between two positive multiples 𝑐0(𝜏)𝑠ℓ and
𝐶0(𝜏)𝑠ℓ after absorbing the quadratic remainder. For nonzero tail the state is the exact direct sum

(1 − 𝑞ℓ)𝜎ℓ ⊕ 𝑞ℓ 𝜒ℓ .

The required analytic remainder can be bounded without expanding Dyson words. Duhamel’s formula
and trace-norm contractivity of the two CPTP semigroups give

∥𝑇 (ℓ )
𝜏 (𝜌) − 𝑇0

𝜏 (𝜌)∥1

≤
∫ 𝜏

0
∥𝐶cross

ℓ 𝑇0
𝑠 (𝜌)∥1𝑑𝑠

≤ 𝜏∥𝐶cross
ℓ ∥1→1

≤ 𝜏𝐶𝑐𝑎ℓ,far ≤ 2𝐶𝑐𝑞ℓ ,

where the last inequality is Lemma 7.1. If 𝐴ℓ = 𝑃𝑇 (ℓ )
𝜏 (𝜌)𝑃 = (1 − 𝑞ℓ)𝜎ℓ , compression and normal-

ization therefore yield, for all sufficiently large ℓ,

∥𝜎ℓ − 𝜂ℓ ∥1 ≤ 2(2𝐶𝑐 + 1)𝑞ℓ .
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Let 𝜆∗ = 𝜆min(𝜌)/2. Decreasing 𝜏0 once, if necessary, ensures 𝜂ℓ ≥ 𝜆∗𝑃 uniformly: the ideal logical
rate is at most one and the logical generator is width bounded. The preceding estimate then gives
𝜎ℓ ≥ (𝜆∗/2)𝑃 for ℓ ≥ ℓ0(𝜏). On this fixed faithful two-dimensional neighborhood, both entropy and
logical energy are Lipschitz. If 𝐸∗ bounds the single-particle energy band, one may take, for example,

𝐾∗ = 𝐸∗ + 𝑘B𝑇
[
1 + | log(𝜆∗/2) |

]
as a width-independent Lipschitz constant for the logical free energy. Hence the logical-block perturba-
tion contributes at most 2𝐾∗(2𝐶𝑐 +1)𝑞ℓ/𝜏 to the power. The bulk energy contributes at most 2𝐸∗𝑞ℓ/𝜏;
these terms are absorbed into the displayed 𝐶1(𝜏)𝑞ℓ . The only nonanalytic terms are therefore those
explicit in the direct-sum entropy. For 0 < 𝑞 ≤ 1/2,

𝑞 log(1/𝑞) ≤ ℎ2(𝑞) ≤ 𝑞
[
log(1/𝑞) + 1

]
.

Finally 0 ≤ 𝑆(𝜒ℓ) ≤ log 𝑑𝑄,ℓ . Insert these bounds into the exact direct-sum entropy identity and divide
the free-energy loss by 𝜏. This proves both inequalities with constants independent of width and makes
every mode-count dependence explicit. □

Theorem 7.3 (Soft-filter exponent transmutation). For every fixed 0 < 𝜏 ≤ 𝜏0,

lim
ℓ→∞

−1
ℓ

log 𝑃ℓ,𝜏

= min{4𝑚, 2𝑚 + 𝑞}.

More explicitly, when 𝑞 < 2𝑚, the leakage contribution has the form

𝑃ℓ,𝜏 = exp
[
−(2𝑚 + 𝑞)ℓ + 𝑜(ℓ)

]
and dominates the ideal logical term exp

[
−4𝑚ℓ + 𝑂 (1)

]
. For a fixed nonzero soft tail, 𝑞 = 0, the

exponential rate is halved from 4𝑚 to 2𝑚.

Proof. By Theorem 6.1 and Lemma 7.1, the leakage mass satisfies

𝑞ℓ (𝜏) = exp
[
−(2𝑚 + 𝑞)ℓ + 𝑜(ℓ)

]
.

Lemma 7.2 now supplies explicit upper and lower bounds. The analytic logical terms have rate 4𝑚.
The binary leakage term has rate 2𝑚 + 𝑞, because log(1/𝑞ℓ) = Θ(ℓ). The leakage-block dimension is
linear in ℓ, so 𝑞ℓ log 𝑑𝑄,ℓ has the same exponential rate. For fixed 𝜏, the 𝐶1(𝜏)𝑞ℓ remainder lacks the
growing logarithm and cannot cancel the lower bound. Hence the slower of 4𝑚 and 2𝑚 + 𝑞 determines
the logarithmic limit. □

Corollary 7.4 (Filter-quality threshold). The ideal exponent 4𝑚 survives if and only if the tail is sup-
pressed at exponential rate

𝑞 ≥ 2𝑚,

equivalently
𝜀ℓ ≤ exp

[
−2𝑚ℓ + 𝑜(ℓ)

]
= 𝜁2ℓ+𝑜 (ℓ ) .

A width-independent fabrication floor in the filter therefore changes the asymptotic law even when its
amplitude is arbitrarily small.
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8 Noncommuting limits

The soft-filter family exhibits a sharp order-of-limits effect.

Theorem 8.1 (Rapid-control and wide-membrane limits do not commute). Assume 𝜀ℓ > 0 for every
finite ℓ and no persistent near channel. Then

lim
ℓ→∞

lim
𝜏↓0

𝑃ℓ,𝜏 = +∞,

whereas
lim
𝜏↓0

lim
ℓ→∞

𝑃ℓ,𝜏 = 0.

With an exact filter, 𝜀ℓ = 0, the rapid power is finite and scales as Θ(𝜁4ℓ).

Proof. At every finite width, Theorem 6.1 gives 𝑎ℓ,far > 0; Theorem 3.1 makes the inner rapid limit
infinite. For the opposite order it is enough to take any fixed 0 < 𝜏 ≤ 𝜏0: Theorem 7.3 makes the
power vanish exponentially with ℓ, and the subsequent 𝜏 ↓ 0 limit remains zero. Under exact filtering
the logical support is invariant, and the ordinary finite entropy-production formula applies with scale
𝑤2

far. □

This is a singular perturbation, not a small correction to the exact-filter rapid theorem.

9 Scope of microscopic exactness

The SSH statements concern the Davies generators obtained after the standard weak-coupling limit
at each fixed finite ℓ. The single-particle bulk gap 𝑡2 − 𝑡1 permits a width-independent separation
between the logical and zero-to-bulk frequency bands. We do not claim a weak-coupling convergence
estimate uniform in ℓ, nor do we interchange the microscopic coupling limit with ℓ → ∞. The two-
sided tail envelope is an explicit physical assumption. A continuous positive spectral profile on the
compact unwanted-frequency bands supplies it; a spectrum with additional zeros may reduce leakage
and requires its own envelope. Bulk-to-bulk transitions do not affect the initial leakage coefficient
because they annihilate the no-bulk target, although they matter at longer times. The fixed-period and
corridor equalities use fresh target-state cells. They quantify a declared scalar free-energy ledger and do
not solve autonomous work-only stabilization. The divergence theorem is nevertheless a lower bound
within that enlarged operational class: restricting the controller cannot make exact rapid maintenance
cheaper.

10 Numerical verification

The analytic claims were checked independently in finite precision.
• Boundary coefficient. For a rank-two state in dimension four and a support-crossing GKLS jump,

the direct coefficient and the squared-jump formula agreed exactly. A regression of refresh power
against log(1/𝑡) over the seven smallest times recovered 𝑎 = 0.2583 with error 1.6𝑒 − 7.

• Finite branch and uniform short-time control. A Hamiltonian that rotates the target support
produced zero entropy drift to machine precision, while 𝑞(𝑡)/𝑡 fell to 3.1𝑒−8, confirming the 𝑎 = 0
branch. In the leaking example, 𝑞(𝑡)/(𝑎𝑡) stayed between 0.9687 and 1.0000 for 10−4 ≤ 𝑡 ≤ 10−1,
well inside the theorem’s explicit short-time corridor.

• SSH completeness. For 𝑡1 = 0.37, 𝑡2 = 1, and ℓ = 2, . . . , 40, the largest error in the exact far-
boundary weight was 3.5𝑒−18; the largest residual in the leakage identity 𝑤(1−𝑤) was 3.5𝑒−18.

• Exponent separation. The fitted logarithmic slopes differed from 4 log 𝜁 and 2 log 𝜁 by 2.3𝑒 − 5
and 6.1𝑒 − 5, respectively.
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Figure 1: Left: exact SSH weights for zeta=0.72. Center: the theorem-scale exact-filter term and soft-tail
asymptotic at fixed tau=0.08 and epsilon=0.002, showing the change from the fourth to the second geometric
power. Right: exact relative-entropy refresh power of a finite reversible star model at ell=8, compared with a
log(1/tau)+O(1). The verification suite in Section 10 separately uses zeta=0.37 for direct diagonalization.

The calculations use direct diagonalization of each odd SSH rail and matrix exponentiation of the finite
GKLS generator. They diagnose the formulas but are not substitutes for the proofs.

11 Relation to prior work

Davies generators and Spohn’s entropy-production identity provide the equilibrium open-system frame-
work. Recent work develops systematic constructions of Lindbladians with prescribed steady states
and perturbative guarantees for approximate thermalization. Those results control fixed points and
mixing; the present question is different: the target is rank deficient, exact restoration is repeated, and
the relevant nonanalyticity occurs at the initial boundary point. Resource-theoretic work shows that
nonequilibrium free energy governs asymptotic state conversion, while collision-model studies price
the restoration of coherent states. The fresh-copy ledger used here is deliberately explicit. The new
conclusion is that even this permissive controller has infinite rapid exact-refresh power when the un-
controlled generator leaks out of the target support. Grace and Guha’s support-extending perturbation
expansion identifies the known nonanalytic kernel contribution to von Neumann entropy. Theorems
2.1 and 7.3 instead identify its exact positive GKLS flow coefficient, price it in an operational refresh
task, and turn it into a microscopic geometric exponent law.

12 Status, limitations, and falsification

Proved here:
• the universal 𝑡 log(1/𝑡) free-energy loss for first-order support leakage;
• the complementary finite rapid-power branch when first-order leakage vanishes, including Hamil-

tonian support rotation;
• the positive GKLS support-crossing formula and invariant-support criterion;
• infinite exact rapid-refresh power under the resource-cell ledger;
• the sharp small-corridor coefficient for periodic threshold resets;
• the exact dual-rail SSH sum rule 𝑤(1 − 𝑤);
• volume-independent two-sided leakage-rate bounds and an explicit uniform fixed-time estimate;
• a free-energy sandwich with every leakage-dimension dependence exposed;
• the exponent formula min{4𝑚, 2𝑚 + 𝑞};
• noncommutation of the rapid-control and wide-membrane limits.

Not proved:
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• optimality of periodic threshold resets among arbitrary autonomous corridor controllers;
• uniform-in-width error bounds for the pre-Davies microscopic weak-coupling dynamics;
• a work-only implementation that does not consume preloaded target cells;
• the same exponent theorem for interacting many-body bulk spectra.

The central claim is falsified if any support-crossing jump with positive Davies coefficient fails to
produce the coefficient in Corollary 2.3, or if the exact SSH completeness sum differs from 𝑤𝑥 (1−𝑤𝑥).
The exponent theorem is conditional on the stated two-sided spectral envelope; measuring a different
tail envelope changes 𝑞 and therefore changes the predicted exponent through the displayed minimum
formula.

A Short derivation of the resource ledger

Let the initial global state be
𝜌𝜏 ⊗ 𝛾𝐵

⊗
𝑗

𝜔 𝑗

and let an energy-conserving unitary produce final state Ω 𝑓 with system marginal 𝜌. Against the prod-
uct Gibbs reference,

𝐷 (Ω 𝑓 ∥Γtot) =
∑
𝑖

𝐷 (Ω 𝑓 ,𝑖 ∥𝛾𝑖) + 𝐼tot(Ω 𝑓 ).

Invariance of global relative entropy under the allowed unitary gives∑
𝑗

[
𝐹 (𝜔 𝑗) − 𝐹 (Ω 𝑓 ,𝑅 𝑗 )

]
= 𝐹 (𝜌) − 𝐹 (𝜌𝜏) + 𝐹ex

𝐵 (Ω 𝑓 ,𝐵) + 𝑘B𝑇 𝐼tot(Ω 𝑓 )
≥ 𝐹 (𝜌) − 𝐹 (𝜌𝜏).

An identical cell in 𝜌 and SWAP attain equality. For the dual-rail code, the canonical graded fermionic
SWAP is even and number conserving; on the odd-odd one-particle sector its exchange sign is global.

B Positivity and off-diagonal blocks

The leading entropy coefficient depends only on 𝑄𝑋𝑄. Off-diagonal blocks 𝑃𝑋𝑄 + 𝑄𝑋𝑃 cannot
generate a first-order negative kernel eigenvalue because positivity of 𝜌 + 𝑡𝑋 +𝑂 (𝑡2) forces the Schur
complement constraint. They affect the nonzero support eigenvalues and the kernel eigenvalues only
at analytic or higher order once 𝑄𝑋𝑄 is fixed. Hence they enter the 𝑂 (𝑡) term but not 𝑎𝑡 log(1/𝑡).
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