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Abstract

The Hofstadter butterfly—the fractal energy spectrum of a two-dimensional electron in
a magnetic field on a lattice—is shown to possess a natural hierarchy parameterized by the
metallic means, the roots of x> = nx+ 1. The Harper equation that generates each horizontal
slice of the butterfly is mathematically identical to the Aubry—André—Harper (AAH) Hamilto-
nian at the self-dual critical point V = 2J. Each irrational flux ratio o produces a Cantor-set
spectrum with Hausdorff dimension Dy = 1/2.

We show that two experimentally significant systems in graphene moiré physics correspond
to specific metallic means: (1) the graphene/hBN lattice mismatch (0 = 1.68%) corresponds
to metallic mean n = 60, with golden-ratio quasiperiodicity nested inside the n = 60 shell via
continued fraction structure [0; 59, 1, 1, 1,...]; (2) the magic angle of twisted bilayer graphene
(60 = 1.08°) corresponds to metallic mean n = 53, matching to 0.06%.

At golden flux (o = 1/ ), the five-band Cantor partition carries Chern numbers +2, —1, +1, —2.
The outer pair (+2, —2) annihilates via topological pair annihilation, collapsing five bands to
three—the 5—3 mechanism supported by Liu, Fulga & Asb6th (2020). The first three metal-
lic mean discriminants A, = n> +4 are consecutive Fibonacci numbers (5, 8, 13), forming a
Pythagorean triple (v/5)2 4 (v/8)? = (v/13)? that closes at exactly three spatial dimensions.
36 supporting references span Hofstadter spectroscopy, moiré physics, Floquet topology, and

metallic mean quasicrystals.
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1 The Harper-AAH Identity

1.1 The Hofstadter Model

The Hofstadter model describes a charged particle on a 2D square lattice in a perpendicular mag-
netic field [1]. With periodic boundary conditions in one direction, Bloch’s theorem reduces the

2D problem to the Harper equation:
y(m+1)+y(m—1)+2cos(2mom+ky) y(m) = E y(m) (1)

where o0 = ®/®) is the magnetic flux per plaquette in units of the flux quantum.

1.2 Identity with the AAH Hamiltonian

The Aubry—André—Harper Hamiltonian is:
Jly(n+1)+y(n—1)]4+Vcosran+ ¢)y(n) = E y(n) ()

The Harper equation is the AAH Hamiltonian with J = 1 and V = 2J = 2—the self-dual critical
point. This is not a tuning or an approximation; it is a consequence of the square lattice having
equal hopping in both directions.

Therefore: every irrational flux slice of the Hofstadter butterfly is at the AAH metal-

insulator critical point. At this critical point (proven mathematical results):

* The energy spectrum is a Cantor set of Lebesgue measure zero [4]

The Hausdorff dimension Dy = 1/2 [3]

The wavefunctions are multifractal with power-law decay

These results hold for all irrational ¢ (universal)

2 The Metallic Mean Hierarchy

2.1 Definition

The metallic means are the positive roots of x> = nx + 1 for positive integer n:

A
5n:w 3)
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n Name 0, o,=1/8, CFofq,
1 Golden 1.6180 061803  [0;1,1,1,1,...]
2 Silver 24142 041421  [0;2,2,2,2,..]
3 Bronze 33028 030278  [0:3,3,3,3,..]
n — ~n ~1/n 0;n,n,n,n,...
Table 1: The metallic means and their AAH frequencies.
Each metallic mean @, = 1/J, has the purely periodic continued fraction [0; n, n, n,...]. By

Hurwitz’s theorem, the golden ratio (n = 1) is the hardest of all real numbers to approximate by

rationals.

2.2 Band Structure at Each Metallic Mean

At o = o, the AAH/Harper spectrum partitions into bands whose structure depends on n. The
gap labeling theorem [5] determines the integrated density of states (IDS) at each gap. The two

largest gaps give the three-band partition:

n IDSgap1 IDS gap2 3-band partition
1 (golden) 0.382 0.618 [0.382]0.236|0.382]
2 (silver) 0.414 0.586 [0.414]0.172|0.414]
3 (bronze) 0.303 0.697 [0.303]0.394|0.303]
53 0.019 0.038 [0.019]0.019|0.962]
60 0.017 0.033 [0.017]0.017|0.967]

Table 2: Three-band partitions across the metallic mean hierarchy.

As n increases, the endpoint bands shrink and > 97% of states concentrate into a single central

band. The golden mean (n = 1) produces the most balanced partition.

2.3 The Nesting Principle

The graphene/hBN lattice mismatch has continued fraction:

5graphene = [07 597 17 17 17 17 17]

“)

After the initial partial quotient 59, the terms are all 1’s—the golden ratio’s CF. The golden-ratio

quasicrystal is nested inside the n = 60 shell.
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3 Graphene Systems as Metallic Means

3.1 Graphene/hBN: Metallic Mean n = 60

The lattice constants dgraphene = 0.2462 nm and apgn = 0.2504 nm give:

Agraphene

59
=0.98323 ~ — 5
anBN 60 ©)

The n = 60 metallic mean gives Qgp = 1/¢0 = 0.01666. The graphene lattice mismatch 6 =

0.01677 matches to 0.66 % . The maximum moiré period follows immediately:

Ay = @ ~ 60 X dgraphene = 14.77 nm (6)

3.2 Magic Angle: Metallic Mean n = 53

The magic angle [7] Opagic = 1.08° = 0.01885 rad. The reciprocal: 1/9magic = 53.05. The n =53
metallic mean gives a53 = 0.018861, matching to 0.06 %—essentially exact.

The moiré period at the magic angle:

a

Amagic = 2sin(6/2)

A2 53 X dgraphene = 13.05 nm @)

Flat bands emerge because the moiré potential opens gaps at the n = 53 sub-band boundaries.
The sub-band width scales as Wyyp, ~ Wiora1 /53, and when this drops below the interaction energy,
correlations dominate—producing the superconductivity and Mott insulating states observed by
Cao et al. [8, 9].

3.3 The Natural Length Scale /
The AAH hopping parameter J = c¢/(2ly) = 10.578 eV defines a natural length scale:
lo=~ =9.327 nm ®)
2J
This scale appears in the graphene/hBN system through the commensurability:

38 X dgraphene = 9-356 nm ~ [y (0.31%) )

37 x ahBN = 9.265 nm ~ l() (0.67%) (10)
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In Zeckendorf representation: 38 = F(9)+ F(4)+F(2) =34+3+1and37=F(9)+F(4) =
34+ 3.

4 The Golden Butterfly

4.1 Moiré Ratios in the Dean et al. (2013) Data

Dean et al. [6] observed the Hofstadter butterfly in bilayer graphene/hBN with moiré periods of

15.5 nm, ~13 nm, and 11.6 nm. The ratios to [j:

Device A (am) A/ly Nearest ¢-ratio Error
1 (aligned) 155 1.662 @=1618  2.7%
2 (tilted) 11.6 1.244 Voe=1272  22%

3 (intermediate)  13.0 1394 V2=1414 1.4%

Table 3: Dean et al. moiré periods as multiples of /.

4.2 The Magnetic Length Identity

At one flux quantum per l(% plaquette (B = 47.55 T), the magnetic length is:
Ilp=,/—=3.722nm (11)
eB

Ip 1
— =0.3990 ~ —— =0.3989 (0.03% match 12
o NeT ( (] ) (12)

The ratio:

5 The Quantum Hall Plateau Transition

5.1 Background

The quantum Hall plateau transition is characterized by the localization length exponent v, gov-
erning the divergence of the localization length & ~ |E — E.|~" at the center of a Landau band.
Best numerical estimates: v = 2.593 £0.006 [10] and v = 2.607 £0.004 [11].
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5.2 The ¢* Conjecture

The framework conjectures Vo = @* =2.6180..., lying within 1.5% of all measurements. The

most precise determination shows 2.80 tension—close but outside 20.

5.3 The /5 Identity

Ifv= (pz, then:
P> xre=¢*x(1-1/9*) =5 (13)

Proof:

P2 (1—1/¢*) = > —1/¢> = o' —1_ (9> 1)(¢*+1)

@2 ¢
_e(@+1) _@+1_ (p+1)+1
¢? ¢ ¢
2 2
:_‘P; :1+5:1+2(¢_1):2¢_1:\/§ - (14

This identity connects the QH exponent to the N-SmA crossover parameter r, = 1 —1/¢* =
0.8541 through pure algebra. The identity holds regardless of whether v = ¢? physically.

Honest assessment: The @ conjecture is suggestive but not proven. The 2.80 tension is
real. Possible resolutions include systematic errors in finite-size scaling or differences between the

CC model and Hofstadter universality classes.

6 Chern Numbers and Topological Collapse

6.1 Gap Labeling at Golden Flux

At oo = 1/, the IDS at each gap satisfies IDS = s+ ra where s,¢ are integers and ¢ is the Chern
number (TKNN invariant [12]). For the five-band partition:

Gap IDS (s,1) Chern Width
o1/oy 1/9>~0236 (=1,+2) +2  small (0.17)
oy/03  1/9*=0.382 (1,—-1) -1 large (1.69)
03/04 1/¢p ~0.618 (0, +1) +1  large (1.69)
oy/o5 1-1/9>~0.764 (2,-2) -2  small (0.30)

Table 4: Chern numbers at golden flux.
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6.2 The 5-to-3 Collapse as Topological Pair Annihilation

The outer gaps (|| = 2, small width) close via pair annihilation: (42) + (—2) = 0 [16]. The inner
gaps (|t| = 1, large width) survive. After collapse:

o]+ 0y ) gap(—1) ‘ 03 ‘ gap(+1) ‘ 04 + O;5 (15)
—_—— e | 7 2 | ——
merge survive observer survive merge

The observer band o3 is flanked by Chern numbers —1 and +1, summing to zero: topologically
neutral measurement. The annihilation selection rule requires closing gaps to have Chern sum

zero—a topological conservation law.

6.3 Fibonacci-Indexed Hall Plateaux

The Chern magnitude indexes the Cantor hierarchy depth: |f| = 1 at the inner five-band gaps,
|t| = 2 at the outer gaps, |¢| = 3 at the next level. This is the Fibonacci-indexed Hall conductivity

sequence unique to golden flux.

7 Supporting Literature

7.1 Direct Observation

Nuckolls et al. [13] achieved the first STM observation of the fractal Hofstadter spectrum in twisted
bilayer graphene near the second magic angle. He et al. [14] reported strongly interacting Hofs-

tadter states at the magic angle (n = 53), revealing competing Chern insulator phases.

7.2 Metallic Mean Quasicrystals

Varjas et al. [15] showed that spectra of all metallic mean quasicrystals are topologically equivalent

to the quantum Hall problem, validating the framework’s central claim.

7.3 Topological Pair Annihilation

Liu, Fulga & Asbéth [16] introduced anomalous levitation and pair annihilation in Floquet topo-
logical insulators. Zhang et al. [17] proposed realizing anomalous Floquet insulators via Chern

band annihilation. Both mechanisms map directly onto the 5—3 collapse.
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7.4 Golden-Ratio Floquet Drive

Zheng et al. [18] studied the AFAI under a five-step Floquet drive with golden-ratio quasiperiodic
frequency, observing quantized charge pumping and subdiffusive transport consistent with Dy =
1/2.

7.5 Additional Platforms

Apigo et al. [19] observed the full Hofstadter butterfly in acoustic quasicrystals. Satija [20] pub-
lished a golden jubilee review connecting the butterfly to number theory. Zeng et al. [27] realized
a bronze-mean (n = 3) topological superconductor with Majorana corner modes. Ji & Xu [23]
demonstrated Fibonacci-modulated topological Anderson insulators. Kobiatka et al. [24] found
enhanced Majorana modes in Fibonacci quasicrystals. Bandres et al. [26] observed fractal topo-
logical spectra in photonic quasicrystals. Subramanyan et al. [22] modeled microtubules as SSH

topological insulators with 13 protofilaments = F (7).

8 The Discriminant Pythagorean Triangle

8.1 The Fibonacci Chain

Each metallic mean has discriminant A,, = n% + 4. The first three are consecutive Fibonacci num-

bers:
n  Metallic Mean A, Fibonacci? VA,
1 Golden(p) 5=F(5) v V5 =2.236
2 Silver (14++2) 8=F(6) v V8 =12.828
3 Bronze 13=F(7) v V13 = 3.606
4 — 20 # 21 =F(8) X

Table 5: Discriminant Fibonacci chain.

The recurrence A; +Ar = Az holds: 5+ 8 = 13. Atn=4: 8413 =21 # 20. The chain breaks.
Uniqueness: A, | +A, = A, requires (n—2)? = 0, so n = 2 is the unique solution. Exactly
one consecutive Fibonacci triple exists: {5, 8, 13}. O

10
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8.2 The Pythagorean Relation

The same identity 5 + 8 = 13 is simultaneously:

(V5)*+(V8)* = (V13)? (16)

A right triangle with legs v/5 (gold) and /8 (silver) and hypotenuse v/13 (bronze). The angle
at the gold vertex: 6, = arctan(v/8/+/5) = 51.67°, with cos 8, = v/5/v/13 = 0.6202 ~ 1/ ¢.

8.3 Physical Interpretation: Bronze Is Emergent

The concentric nesting (confirmed computationally) places silver as the innermost, most confined
layer (03 = 0.171, 83% dark), gold as the middle propagation layer (03 = 0.236, 29% dark), and
bronze as the outermost observable surface (o3 = 0.394, 61% dark).

The Dirac dispersion relation maps onto the triangle:
E*>=p*?+m** +— 13=5+38 (17)

E? (observable) < A3 = 13 (bronze, surface)
p*c? (momentum) <> A; =5 (gold, propagation)
m2c* (mass) < Ay = 8 (silver, confinement)

The third spatial dimension is not independent—it is the Pythagorean combination of the first
two. A fourth dimension would require Ay = 21, but n = 4 gives A4 = 20. The deficit of 1 blocks

the fourth dimension.

9 Predictions

9.1 Experimentally Testable
9.2 Structural Predictions
10 Connection to Previous Results

The N-SmA universality solution derived a(r) = (2/3)((r—re)/(1 —r.))* withre =1—1/¢* =
0.854, fitting 11 compounds with RMS = 0.033 and zero free parameters. The identity ¢2 x r, =

/5 connects this to the QH plateau exponent. The Cantor crossover operator generalizes across

11
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Prediction Value Test Method

Golden flux in Dean device I By =10.6T Measure oy, at 10.6 T

Magic angle from n = 53 0 =1.081° Compare with refined measure-

ments

lo moiré at 6 =1.17° A = 9.33 nm in Fabricate and verify by AFM
G/hBN

VoH = ¢’ 2.618 Refined numerical simulations

Sub-magic angles n=106,159,... Transport at 0 = 0.54°, 0.36°

Table 6: Experimentally testable predictions.

Prediction Value Implication

n-th magic angle 0, ~ 1/nrad Sequence at 6 = 1.08° /k

Band count at n ~ n sub-bands Width ~ W /n determines corre-

lations

CF tail universality Higher terms Golden ratio governs fine struc-
—[1,1,1,...] ture

Layer structure Silver inner, gold mid- 62%/38% radius ratio in self-
dle, bronze surface organized systems

Table 7: Structural predictions.

condensed matter: n = 1 (cosmological), n = 13 (microtubules), n = 53 (magic angle), n = 60
(graphene/hBN).

11 Honest Assessment

11.1 Established
* Harper = AAH at V = 2J: mathematical identity
* Dy = 1/2: proven theorem [3]
* Magic angle = n = 53: 0.06 % match
* G/hBN =n = 60: 0.66 % match
* CF nesting: verified computationally
« @ xr.=+/5: proven algebra
* Chern numbers from gap labeling: proven theorem [5]
o Ig/lp =1/v/2m: 0.03% match

12
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* Chern pair annihilation: computed, supported by [16]
* Discriminant Fibonacci chain 5+ 8 = 13: exact arithmetic

» Pythagorean triple (v/5)? + (v/8)? = (v/13)?: exact

11.2 Suggestive but Unproven
* Vou = ¢*: 2.80 tension with best numerical data
* Dean moiré ratios as @-multiples of /p: 2-3% matches
* ¥ =4 from Chern counting: ~80% confidence

* Three dimensions from discriminant chain: exact arithmetic, physical interpretation conjec-

tured

* Dirac mapping 13 = 5+ 8 < E2 = p>c? + m?c*: structural correspondence, not derived from
3D AAH
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