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Abstract

06!, where Ry is the radius

We identify a universal geometric hierarchy Ry /lp ~ 1
of the observable universe and ¢p is the Planck length, and show that this single
dimensionless ratio unifies five apparently independent results in modern cosmology.

This hierarchy is formalized by the master inequality:
2Ry - 107" < {p,

which establishes the physical resolution interval n € [61,62): the number of dec-
imal places of m needed to describe the geometry of the observable universe with
sub-Planckian precision. The same scale governs the Bekenstein-Hawking entropy
bound Smax ~ 47(Ry/Lp)?, the fine-tuning condition §p/p ~ 10799 and the discrep-
ancy factor of the vacuum catastrophe ~ 10122, We further propose two falsifiable
predictions: (1) the resolution parameter n(t) evolves with cosmic expansion as
n(t) =~ 61.4 + logyo(t/to), and (2) the cosmological constant satisfies A(t) oc t72, a
relation testable with next-generation surveys such as Euclid and LSST. The uni-
fying thread throughout is spherical geometry: m appears in all these expressions

because the observable universe is a sphere.

1. Introduction

The number 7 is not merely a mathematical constant. It appears structurally in every
fundamental equation of physics: in electromagnetism through ¢y and pg, in quantum
mechanics through h = h/27, in general relativity through the Einstein field equations

G, = 81G/c*T,,, and in statistical mechanics through the distribution of quantum
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states. This ubiquity is not coincidental: 7 is the geometric signature of spherical sym-
metry, and the universe is fundamentally spherical at its largest observable scale.

The observable universe has a radius Ry ~ 4.4 x 10*® m. The Planck length, /p ~
1.616 x 1073° m, represents the minimum physical scale below which current notions of
space and time cease to be meaningful. Their ratio defines the fundamental resolution

scale of the cosmos:
RU _ 4.4 x 1026

Up  1.616 x 1035

This number has a direct and precise geometric interpretation: to calculate the cir-

~ 2.7 x 10%, (1)

cumference of the observable universe with a margin of error smaller than one Planck
length, exactly 61 decimal places of 7m are necessary and sufficient. This result, noted
independently in the scientific literature [13, 14], establishes that beyond the 61st decimal
place m becomes physically unobservable. The universe lacks the resolution to distinguish
between 7 truncated at 61 decimals and 7 carried to any higher precision.

The same scale appears in the maximum information content of the observable uni-

verse. The Bekenstein—-Hawking entropy bound gives:

47 R?,
7

Smax = ~ 10" bits. (2)

The factor 47 here is not incidental: it is the surface area of a unit sphere, confirming
that the entropy bound is fundamentally a geometric statement about spherical surfaces.
Crucially, 10'*? = (10%')?, meaning the maximum information content of the universe is
the square of its fundamental resolution scale. This is not a numerical coincidence but
a geometric necessity: entropy measures surface area, and surface area is the square of a
linear dimension.

In this paper we identify a universal geometric hierarchy Ry /fp ~ 10% and show that
it unifies five apparently independent results in modern cosmology through the master
inequality 2Ry - 107 < {p. Rather than claiming that 7 imposes a physical limit on
the universe, we show that the universe’s own geometric structure determines how many
decimal places of m are physically meaningful — and that this same structure governs

entropy, fine-tuning, vacuum energy, and the cosmological constant.

This work does not aim to present a complete fundamental theory, but to highlight a simple

geometric hierarchy that connects several known cosmological scales.

2. The Master Inequality

The central formal contribution of this work is the following inequality. Given the cir-

cumference of the observable universe C' = 27 Ry, the error introduced by truncating m
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at n decimal places is:
AC =2Ry - 107", (3)

We require this error to be smaller than or equal to one Planck length:

2Ry - 107" < (p. (4)

Solving for n:

—35
g < tp _ 1616x10

= ~ 1. 10762
S SRy axadx10m o8 xI0T ()

n > 62. (6)

This establishes the physical resolution interval:

2Ry - 107" </(lp <= ne€|6l,62), (7)
where )
P —62 —61
— 10 10 ) 8
o, € (1077 1077 (8)

The interval n € [61,62) has a precise physical interpretation:

e n = 61: error of order /p — exact physical threshold.

e n = 62: first sub-Planckian decimal — physically unobservable.
e n > 62: mathematically valid, physically nonexistent.

The inequality (4) has three fundamental properties:

Necessity. Any geometric calculation involving the observable universe requires at
least 61 decimal places of 7 to achieve Planck-scale precision.

Sufficiency. No physical calculation within the observable universe can benefit from
more than 62 decimal places of m. Additional decimals describe differences smaller than
{p, which have no physical meaning in current spacetime theory.

Universality. The inequality depends only on Ry and ¢p, the two fundamental scales
of the observable universe. It is independent of any specific physical theory beyond the
existence of a minimum length scale.

The master inequality therefore defines a resolution horizon: a boundary beyond which
mathematics continues but physics stops. This horizon, located at n € [61,62), reappears

in the following sections as the unifying scale of the observable universe.
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3. The Entropy Limit

The Bekenstein-Hawking entropy bound establishes the maximum information content

of any physical system enclosed within a surface. For the observable universe:

Ar R?
Smax - E—QU (9)
P

Substituting the known values:

¢ 47 X (4.4 x 10%6)?
(1,616 x 10735)2

~ 9.3 x 10" bits. (10)

This result connects directly to the master inequality through a geometric extension
from one to two dimensions. Where Section 2 established the linear resolution limit, the

surface extension gives:
4TRY 107" < (% <= n€[6l,62). (11)

The same interval. The same threshold. Because the same geometric scale governs both.
The factor 47 is the surface area of a unit sphere, and its presence confirms that the
entropy bound is fundamentally a statement about spherical geometry. The universe is a
sphere, and 7 must appear wherever its surface is measured.
The relationship between the entropy bound and the resolution scale is exact by geo-

metric necessity:

2
Srmax = 4#(%) ~ 47 x (10) = 47 x 10122, (12)
The 47 factor clarifies what might appear as a numerical discrepancy. The entropy is
not simply (10%1)% = 10'?2 but 47 x 10'?2, This additional factor is not a correction: it is
the signature of spherical geometry, present because we are measuring a sphere and 7 is
the geometric constant of spheres.
Conclusion of this section. The maximum entropy of the observable universe is a
direct geometric consequence of the master inequality extended to two dimensions. The
resolution interval n € [61,62) governs both the linear and surface limits of the observable

universe.
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4. Fine-Tuning and the Geometric Compatibility Condition

The fine-tuning problem refers to the observation that the initial density of the universe
p had to coincide with the critical density p. with extraordinary precision:

N 1079, (13)

p

This is the flatness problem: if the initial density had deviated from the critical density
by more than 1 part in 10, the universe would have either collapsed immediately or
expanded too rapidly for any structure to form.

The critical density itself is defined through the Friedmann equation:

3H?

=2 14
Pe= g (14)

where 7 appears explicitly, confirming that the fine-tuning condition is embedded in
spherical geometry from its very definition.
The connection to the master inequality is direct. The required precision of the initial

density falls within the resolution interval established in Section 2:
107% € (107%%,107%") ~ n € [61, 62). (15)

This establishes a geometric compatibility condition:

o, tr

p 2Ry 10

The fine-tuning of the universe cannot be more precise than the geometric resolution that
spacetime itself can sustain. If the laws of physics required 100 decimal places of precision,
the geometry of the universe — limited to n € [61,62) — could not support them.

The universe is not fine-tuned beyond its own resolution capacity. The precision of the
initial conditions and the geometric resolution limit of spacetime are the same constraint
viewed from two different angles. The flatness condition and the geometric resolution
limit are not two independent coincidences converging at 10%!: they are two expressions
of the same spherical geometry, made explicit by the presence of 7w in the Friedmann

equation.
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5. The Vacuum Catastrophe: A Geometric Interpretation

The vacuum catastrophe represents the largest numerical discrepancy in the history of

physics. Quantum field theory predicts a vacuum energy density of:

Ppredicted ™~ 10113 J/m3 (17)
The observed value is:
Pobserved ™~ 10_9 J/In3 (18)
The discrepancy is:
Ppredicted N 10122. (19)
Pobserved

This factor of 10?2 has resisted explanation since it was first clearly articulated [9]. We
propose that it is not a failure of quantum field theory but a geometric projection factor

that emerges naturally from the master inequality.

5.1. The Volumetric-Surface Projection

Quantum field theory calculates vacuum energy as a volumetric quantity: energy per
unit volume distributed uniformly throughout space. However, the Bekenstein—-Hawking
entropy bound implies that the physical information content of the universe is fundamen-
tally a surface quantity. The universe stores information on its surface, not in its volume.
This is the holographic principle of 't Hooft and Susskind |3, 4].

When quantum field theory assigns energy to every volumetric degree of freedom, it
overcounts the physical degrees of freedom by exactly the ratio of volumetric to surface

degrees of freedom:
V/E  ATRLIE Ry
A3 ATRE )0 3lp

~ 10°%. (20)

5.2. The Inverse Square Law as Projection Mechanism
The mechanism that projects volumetric energy onto the surface is the inverse square law:

1
Amr?’

I x (21)
This law is not an independent physical principle. It is a direct consequence of spherical
geometry: energy or information emanating from a point dilutes over the surface of a
sphere of radius r. The factor 47 is again the surface of a unit sphere.

When applied to the full scale of the observable universe, this dilution factor is:

1 1
ArRZ /2 10122

(22)
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This is precisely the discrepancy factor of the vacuum catastrophe. The predicted volu-
metric energy density, when projected onto the physical surface of the universe through

the inverse square law, is reduced by exactly 10'%2.

5.3. Interpretation
We propose the following geometric interpretation:

The vacuum catastrophe is not a prediction error. It is the numeric signature
of the projection from volumetric quantum degrees of freedom onto the surface

information limit established by the master inequality.

The factor 10?2 appears as three independent expressions of the same spherical ge-

ometry:

e The square of the resolution scale: (10°1)% = 10122,
e The maximum entropy of the observable universe: Spa, ~ 1022,

e The ratio of predicted to observed vacuum energy: 1012,

All three are governed by the same resolution interval n € [61,62).

6. Dynamic Fine-Tuning and the Expanding Resolution Horizon

The master inequality (4) contains a subtle but important implication that connects the
static analysis of the preceding sections to the dynamical evolution of the universe.

The radius of the observable universe Ry is not a fixed quantity. It grows with cosmic
expansion:

Ry (t) = ct, (23)

where t is the age of the universe and c is the speed of light. As Ry increases, the

resolution interval shifts accordingly:

n(t) € [loglo %(;(t), logyo 2R€(;(t> + 1). (24)

At the Planck epoch (t ~ 107 s), Ry ~ fp and n ~ 0: the universe required
essentially no decimal places of m because there was no hierarchy of scales. Today, n €
[61,62). In the far future, as Ry grows, n will increase further.

The universe gains decimal places with time.

This has a direct consequence for the fine-tuning condition. The geometric compati-

bility condition established in Section 4,

(25)
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evolves with the expansion. At earlier epochs, less precision was required. At later epochs,
more precision is geometrically sustainable.

This provides a natural framework for dynamic fine-tuning: the initial conditions of
the universe were not adjusted to a fixed arbitrary precision, but to the maximum precision
geometrically available at the moment of their imprinting. The universe is not fine-tuned
beyond its own resolution capacity at any epoch — it is tuned exactly to it.

This interpretation also addresses the observation that Ry is not a fixed constant:
rather than weakening the thesis, the time-dependence of Ry enriches it. The resolution
interval n € [61,62) is not an eternal absolute but a cosmological parameter that tracks

the geometric hierarchy of scales at each moment in the history of the universe.

7. Falsifiable Predictions

A geometric framework gains scientific weight when it yields predictions that can be tested
against observation. We propose two such predictions that follow directly from the master
inequality and the dynamic fine-tuning framework of Section 6.

7.1. Prediction 1: Evolution of the Resolution Parameter

Since Ry (t) ~ ct, the resolution parameter evolves as:

2Ry (t t
n(t) = log,, KU( ) ~ 61.4 + logy, (t_) : (26)
P 0

where ¢y ~ 13.8 Gyr is the current age of the universe.

This yields concrete values at different epochs:

Epoch Age n(t)

Planck epoch 1073 s ~0
Recombination 380,000 yr  ~ 55

Today 13.8 Gyr ~ 614
Double age 27.6 Gyr  ~61.7
Far future 101 Gyr  ~ 161

Table 1: Evolution of the resolution parameter n(t) across cosmic time.

The prediction is that the geometric hierarchy of the universe — and therefore the
precision required by its physical laws — grows logarithmically with cosmic time. This is
falsifiable in principle: any measurement that constrains the time-variation of fundamental

constants or the geometry of the universe at different epochs bears on this prediction.
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7.2. Prediction 2: Time-Variation of the Cosmological Constant

The cosmological constant is observationally related to the current expansion rate and

the scale of the universe:
3H§ 1

2 T p2
c Ry

A (27)

If the geometric hierarchy Ry /¢p evolves with cosmic expansion, then the effective cos-

mological constant should vary as:

A(t) %(t)? 2. (28)

This is a specific, quantitative prediction: A decreases as the square of the inverse cosmic
time. It is consistent with certain classes of dynamical dark energy models (quintessence)
but makes a more specific claim about the functional form.

This prediction is testable with next-generation cosmological surveys:

e Euclid Space Telescope (ESA): designed to measure the dark energy equation of
state w(z) to percent-level precision. A A o t=2 law would produce a specific w(z)

signature distinguishable from ACDM.

e LSST/Rubin Observatory: weak lensing and baryon acoustic oscillation mea-

surements sensitive to time-variation of A at the level predicted by this framework.

If future surveys confirm that A is consistent with a static value, this prediction is
falsified. If they detect a time-variation with the functional form ¢~2, it would constitute

strong evidence for the geometric hierarchy framework proposed here.

8. Conclusion

We have shown that the observable universe possesses a single fundamental resolution

scale:

LESNETOS (29)
P

This scale, formalized by the master inequality 2Ry - 107" < £p, unifies five fundamental
results that have previously been treated as independent:

The unifying thread is not numerical coincidence. It is spherical geometry. 7 appears
in every one of these expressions because the observable universe is a sphere, and 7 is
the geometric constant of spheres. The factor 47 appears wherever a surface is measured.
The inverse square law appears wherever energy propagates spherically. The resolution
interval n € [61,62) appears wherever the maximum and minimum scales of the universe

are related geometrically.
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Result Expression Scale
Geometric resolution 2Ry - 1075 < /p 1061
Maximum entropy Smax = 47(Ry /lp)? 10122
Fine-tuning dp/p ~ 1079 1001
Vacuum catastrophe pp/ Pobs ~ 1012 10122

Dynamic fine-tuning  n(t) = log,o(2Ry(t)/¢p) evolves with ¢

Table 2: The five results unified by the resolution scale Ry /{p ~ 10%L.

The central insight of this work is the following: the universe is a self-consistent
geometric system. The precision of its initial conditions, the maximum information it
can contain, the limit of meaningful calculation with 7, and the apparent discrepancy
of vacuum energy are not four separate facts. They are four expressions of a single
geometric constraint: the ratio of the largest to the smallest physically meaningful scale
in the observable universe.

Beyond the resolution interval n € [61,62), mathematics continues indefinitely.
remains irrational. Calculations remain valid. But physics stops. There is no physical
structure smaller than /p to register the difference. The universe is, in this precise and
formal sense, a finite geometric system rendered to 61 decimal places of .

We do not claim to have resolved the vacuum catastrophe. We propose that its charac-
teristic factor 1012 has a natural geometric interpretation consistent with the holographic
principle, and that this interpretation emerges directly from the master inequality without
additional assumptions.

The simplicity of the master inequality belies its scope. From a single relationship
between the radius of the observable universe and the Planck length, four of the most
significant numerical facts in modern cosmology emerge as geometric consequences of

spherical symmetry and the ubiquity of .
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