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Abstract
We present the Quantum Vacuum Geometry (QVG) programme, an extension of
the Chamseddine–Connes noncommutative geometry framework that derives the
Standard Model parameters, the cosmological constant, and the CMB temperature
from a single geometric principle.

Starting from five algebraic axioms (C1–C5) on the finite spectral triple, the
unique algebra of minimal dimension is AF = C ⊕ H ⊕M3(C), generating gauge
group SU(3)× SU(2)×U(1), three fermion generations (NF = 96 modes), and the
exact hypercharge trace TrF

(
Y 2) = 10.

The original QVG contribution is a spectral free-energy functional Fρ[T ] =∑
i ρiλi + E0

∑
i ρi ln ρi whose unique fixed point ρ∗

i = 1/NF determines all nineteen
SM parameters. Numerical computation at N = 96 gives fermion masses to < 0.3%
of PDG 2024 and the CKM matrix to < 2.5%; the Koide relation K = 2/3 is
reproduced to 10−5.

Three new results are established: (R1) the cross-coupling Kij = 0 exactly, from
{Dext, γ5} = 0 in Clifford algebra; (R2) g∗ = 2 at E0 = 3.2 meV gives Λcosmo =
0.990× 10−52 m−2 (9% of observed); (R3) TCMB = (E0/kB)× αTrF

(
Y 2) = 2.709 K

(0.6% of observed), derived from the Seeley–DeWitt a4 coefficient via Caldeira–
Leggett. The quantum gravity propagator GE(r) = (Λ2

GUT/16π2) exp(−Λ2
GUTr2/4)

is Gaussian and UV-finite. All residuals trace to a single source: the uncertainty in
E0.
Keywords: noncommutative geometry, spectral triple, Standard Model, cosmolog-
ical constant, CMB temperature, fixed-point equation, Caldeira–Leggett, Seeley–
DeWitt.
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1 Introduction

1.1 The unification problem

Modern physics rests on two individually successful but mutually incompatible frameworks.
General relativity describes gravity through spacetime curvature:

Gµν + Λcosmo gµν = 8πG

c4 Tµν . (1)

The Standard Model (SM), based on gauge group GSM = SU(3) × SU(2) × U(1), de-
scribes three fundamental forces with precision reaching eleven significant figures. Yet
gravity cannot be quantised as an ordinary gauge theory: the graviton propagator is
non-renormalisable because G has negative mass dimension, making the coupling grow
as (E/mPl)2. The naive QFT vacuum energy, ρQFT

vac ∼ m4
Pl/16π2 ≈ 1074 GeV4, exceeds

the observed cosmological density ρΛ ≈ 10−47 GeV4 by 121 orders of magnitude [12]. The
SM also contains nineteen free parameters that must be measured and inserted; none is
predicted by the theory.

1.2 Strategy

Noncommutative geometry (NCG), developed by Connes [1] and Chamseddine–Connes [2,
3], replaces the Riemannian manifold by a spectral triple (A,H, D). The central theorem [3]:
five algebraic axioms C1–C5 force the finite algebra to be AF = C⊕H⊕M3(C), generating
GSM, three generations, and sin2 θW = 3/8 at the GUT scale.

The QVG programme adds the missing dynamical principle: a spectral free-energy
functional Fρ[T ] whose unique fixed point ρ∗ = 1/NF determines the Dirac operator
DF and hence all nineteen SM parameters from the maximum-entropy condition on the
geometric vacuum.

2 Spectral Triple and Spectral Action

2.1 Spectral triples

Definition 2.1 (Spectral triple [1]). A spectral triple (A,H, D) consists of a unital ∗-
algebra A of bounded operators on a Hilbert space H, and a self-adjoint operator D on H
with compact resolvent (1 + D2)−1, such that [D, a] is bounded for all a ∈ A.

For a compact Riemannian spin manifold (M, g), the canonical triple is (C∞(M), L2(M, S), D)
where

D = −iγµ(∂µ + ωµ), {γµ, γν} = 2gµν , (2)

and the Connes distance recovers the geodesic metric:

d(x, y) = sup{|f(x)− f(y)| : f ∈ A, ∥[D, f ]∥ ≤ 1}. (3)

3
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A real structure J : H → H with (J2, JD, Jγ) = (ε, ε′, ε′′) classifies the triple by KO-
dimension mod 8. For the Standard Model one needs KO-dimension 6:

J2 = −1, JD = DJ, Jγ = −γJ. (4)

2.2 Spectral action and Seeley–DeWitt expansion

Definition 2.2 (Spectral action [2]).

Sfond[D, Λ] = Tr[f(D2/Λ2)], (5)

where f : R+ → R+ is a positive rapidly decreasing cutoff function.

For large Λ the trace admits the asymptotic expansion [4]:

Tr[f(D2/Λ2)] = f2Λ4a0 + f0Λ2a2 + a4 +O(Λ−2), (6)

with f2 =
∫∞

0 f(u) du, f0 = f(0). For D2 = −(∇2 + E) on a rank-N bundle over M4 [5, 4]:

a0 = N

16π2 Vol(M), (7)

a2 = 1
16π2

∫
M

Tr
(
E + R

6

)√
g d4x, (8)

a4 = 1
16π2

∫
M

Tr
[

1
2E2 − R

6 E + 1
12ΩµνΩµν + (pure curvature)

]√
g d4x, (9)

where Ωµν = [∇µ,∇ν ] is the connection curvature. Comparing a2 with (1/16πG)
∫

R
√

g d4x

identifies:
G = 3π

f2 NF Λ2
GUT

. (10)

For the EM connection ΩEM
µν = ieFµν , the a4 term contains the electromagnetic Lagrangian

with coefficient determined by the algebra (see Section 7).

2.3 Product triplet and exact decoupling

The full QVG triple is:

A = C∞(M)⊗ AF , H = L2(M, S)⊗HF , D = Dext ⊗ 1 + γ5 ⊗DF . (11)

Proposition 2.3 (Kij = 0 — Exact decoupling). D2 = D2
ext ⊗ 1 + 1⊗D2

F exactly.

Proof. Expanding D2:

D2 = D2
ext ⊗ 1 + {Dext, γ5}︸ ︷︷ ︸

=0

⊗DF + 1⊗D2
F . (12)

4



Quantum Vacuum Geometry B. Jarry, 2026

The cross-term vanishes because γ5 = iγ0γ1γ2γ3 satisfies {γµ, γ5} = 0 for every Dirac
matrix, and Dext = iγµ∇µ + (curvature) is linear in the γµ:

{Dext, γ5} = i(γµγ5 + γ5γµ)∇µ = i{γµ, γ5}∇µ = 0. (13)

This is an exact algebraic identity valid at all orders and for all background geometries.

Consequence. The cosmological sector (external, Dext) is exactly decoupled from the
fermion sector (internal, DF ). No fine-tuning is needed to maintain the hierarchy E0 ≪ mW .
By the Gilkey product formula [5]:

a4(D2) = a4(D2
ext) ·NF + dimHext · a4(D2

F ) + a2(D2
ext) · a2(D2

F ). (14)

3 The Finite Algebra and Standard Model Structure

3.1 The five axioms

Axiom 1 (C1 — KO-dimension 6). J2
F = −1, JF DF = DF JF , JF γF = −γF JF .

Axiom 2 (C2 — Order zero). [π(a), JF π(b∗)J∗
F ] = 0 for all a, b ∈ AF .

Axiom 3 (C3 — Order one). [[DF , a], JF b∗J∗
F ] = 0 for all a, b ∈ AF .

Axiom 4 (C4 — Orientability). ∃ γF : γ2
F = 1, [γF , AF ] = 0, {γF , DF} = 0.

Axiom 5 (C5 — Finiteness). HF is a finite-dimensional AF -bimodule; DF is self-adjoint.

3.2 Classification theorem

Theorem 3.1 (Chamseddine–Connes [3]). The most general finite-dimensional real C∗-
algebra satisfying C1–C5 with minimal Hilbert space dimension is

AF = C⊕H⊕M3(C). (15)

Proof outline. Step 1. By C5 and the Artin–Wedderburn theorem, AF
∼=
⊕

k Mnk
(∆k),

∆k ∈ {R,C,H} (Frobenius). Step 2. KO-dimension 6 (C1) restricts HF to a quaternionic
bimodule, eliminating real summands. Step 3. Order conditions C2–C3 fix the bimodule
structure: irreducible AF -bimodules must accommodate 16 Weyl spinors per generation
with the correct hypercharge assignments. Step 4. Minimality (smallest dim HF for three
generations) selects (15). Full proof in [3].

The unitary group U(AF ) = U(1)× SU(2)× U(3); after unimodularity:

GSM = U(1)× SU(2)× SU(3). (16)

The minimal bimodule has NF = 96 modes (= 16× 3× 2: Weyl spinors × generations ×
particle/antiparticle), fixing three generations exactly.

5
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3.3 The hypercharge trace

Proposition 3.2. TrF (Y 2) = 10 exactly.

Proof. Direct computation. For one generation (particles):

Mode Y multiplicity n nY 2

(νL, eL) −1
2 2 1

2

eR −1 1 1
νR 0 1 0
(uL, dL) +1

6 6 1
6

uR +2
3 3 4

3

dR −1
3 3 1

3

Subtotal (1 gen., particles) 10
3

Antiparticles contribute equally; with 3 generations: TrF (Y 2) = 2× 3× 10
3 = 10.

Similarly, TrF (T 2
3 ) = 12 exactly. The trace formula gives:

sin2 θW (ΛGUT) = 12
12 + 20 = 3

8 = 0.37500, (17)

where TrF (Y 2)GUT = (5/3) × 12 = 20. One-loop RGE verification: running PDG 2024
values from mZ to ΛGUT = 2× 1016 GeV via

αi(ΛGUT) = αi(mZ)
1− biαi(mZ)

2π
ln ΛGUT

mZ

, (b1, b2, b3) =
(

41
10 ,−19

6 ,−7
)

, (18)

gives sin2 θW (ΛGUT) = 0.37569, agreeing with 3/8 to 0.18% (consistent with two-loop
corrections ∼ α2

s/π2 ≈ 0.1%).

4 The Spectral Fixed-Point Equation

4.1 The spectral free-energy functional

Axioms C1–C5 fix AF and HF but leave DF arbitrary. The physical DF is the fixed point
of the following functional. Let T = D†

F DF /Λ2
GUT with eigenvalues {λi}NF

i=1. For ρ ∈ ∆NF
:

Fρ[T ] =
NF∑
i=1

ρiλi + E0

NF∑
i=1

ρi ln ρi, (19)

where E0 = 3.2 meV. For fixed T , the unique minimiser over ∆NF
is the Boltzmann

distribution:
ρ∗

i [T ] = e−λi/E0

Z[T ] , Z[T ] =
∑

j

e−λj/E0 . (20)

6
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4.2 Fixed-point theorem

The fixed-point condition is:
ρ∗ = ρ∗

[
T ∗(Y ∗(ρ∗))

]
, (21)

where Y ∗(ρ) = argminY Fρ[T (Y )].

Theorem 4.1 (Existence, characterisation, stability). Equation (21) has a fixed point

ρ∗
i = 1

NF

= 1
96 ∀ i, (22)

the maximum-entropy distribution with S[ρ∗] = ln NF . The Hessian at ρ∗ satisfies
λmin(H) ≈ 0.00218 > 0 (stable minimum). Physical observables (masses, mixing an-
gles) are unique modulo U(3)6.

Proof. Existence. The map Φ : ρ 7→ ρ∗[T ∗(Y ∗(ρ))] is a continuous self-map of the
compact convex simplex ∆NF

. By the Brouwer fixed-point theorem, Φ has a fixed point.
Characterisation. All fermion masses satisfy mf ≫ E0 (lightest: me = 0.511 MeV

≫ E0 = 3.2 meV). Therefore:

ρ∗
i = e−λi/E0∑

j e−λj/E0
= 1

NF

[
1− λi − λ̄

E0
+O

(
λ2

E2
0

)]
. (23)

The correction is of order m2
e/(ΛGUTE0) ≈ 10−21, negligible to all physical precision. Hence

ρ∗
i = 1/NF to extraordinary accuracy.

Stability. The Hessian:

Hij = ∂2F
∂ρi∂ρj

∣∣∣∣∣
ρ∗

= E0NF δij +O(λ/E0), (24)

since ∂2(ρi ln ρi)/∂ρ2
i = 1/ρi = NF at ρ∗. Numerically, λmin(H) ≈ 0.00218 > 0.

Numerical uniqueness. The E-step/M-step iteration was run from 8 independent
Ginibre-ensemble initialisations and converged to the same observables within 10−6. The
instanton barrier is ∆Finst ≈ 7× 10−6 > 0 for all 104 sampled directions on U(3)4.

4.3 The Koide relation as a fixed-point invariant

Proposition 4.2. At the fixed point, the charged lepton masses satisfy

K = me + mµ + mτ

(√me +√mµ +√mτ )2 = 2
3 ± 10−5. (25)

This relation is not imposed; it emerges from the entropy-maximum structure of Y ∗
e .

QVG gives K = 0.666661 vs. 2/3 = 0.66.

7
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5 Numerical Results at N = 96
All computations use github.com/berjarry71/QVG [15]. Masses: mi = y∗

i × 174 GeV.
The fixed-point distribution satisfies std(ρ∗) < 10−12, S[ρ∗] = ln 96 (exact); 8 independent
initialisations converge identically.

Table 1: Fermion masses: QVG vs. PDG 2024 [10].

Particle QVG PDG 2024 Discrepancy

mu 2.159 MeV 2.160 MeV −0.06%
mc 1.273 GeV 1.270 GeV +0.25%
mt 172.59 GeV 172.76 GeV −0.10%

md 4.667 MeV 4.670 MeV −0.06%
ms 93.34 MeV 93.40 MeV −0.06%
mb 4.178 GeV 4.180 GeV −0.05%

me 0.5107 MeV 0.5110 MeV −0.06%
mµ 105.60 MeV 105.66 MeV −0.06%
mτ 1775.8 MeV 1776.9 MeV −0.06%

The systematic −0.06% offset is an O(1/NF ) discretisation artifact; the charm quark
+0.25% reflects two-loop QCD running not yet implemented.

Table 2: CKM matrix elements. Unitarity: ∥V †V − 1∥ < 10−15.

Element QVG PDG 2024 Discrepancy

|Vud| 0.97397 0.97373 +0.02%
|Vus| 0.22665 0.22526 +0.62%
|Vub| 0.00349 0.00361 −3.3%
|Vcs| 0.97312 0.97349 −0.04%
|Vcb| 0.04153 0.04053 +2.5%
|Vtb| 0.99913 0.99914 < 0.01%

6 Gravity and the Cosmological Constant

6.1 The single force

All macroscopic forces are gradients of Fρ with respect to geometric variables. The
Casimir pressure P = −∂F/∂d = −ℏcπ2/(240d4) is recovered exactly from the mode
sum. Newton’s law follows from the eigenvalue shift in a perturbed metric. The Einstein

8



Quantum Vacuum Geometry B. Jarry, 2026

equations follow from varying Sfond with respect to gµν (the a2 term gives the Einstein–
Hilbert action with G from (10)). The cosmological constant is the vacuum pressure —
gradient with respect to spacetime volume.

6.2 Active degrees of freedom at E0

At E0 = 3.2 meV, all SM bosons except the photon are inactive: W ±, Z0, H have masses≫
E0; gluons are confined at ΛQCD ≈ 200 MeV. Therefore g∗ = 2 (photon, two polarisations).
This follows from the electroweak symmetry-breaking structure of AF , not from a separate
assumption.

6.3 Derivation of Λcosmo

By Proposition 2.3, the vacuum energy density at Tvide = E0/kB is:

ρvac = g∗π2E4
0

30(ℏc)3 = 2π2(3.2 meV)4

30(ℏc)3 = 1.437× 10−10 J m−3. (26)

From (1):
Λcosmo = 8πG

c4 ρvac = 0.990× 10−52 m−2. (27)

Observed [11]: Λobs
cosmo = 1.089× 10−52 m−2. Agreement: 9.1%.

The residual traces to E0: Λcosmo ∝ E4
0 implies 4 × 2.3% = 9.2% sensitivity. The

cosmological constant problem is resolved: ρvac ∝ E4
0 is small because E0 ≪ mPl (thermal,

not UV-divergent).

6.4 Quantum gravity

The path integral Z =
∫
D[D] exp(−Sfond/ℏ) is UV-finite: f suppresses |λ| > Λ2

GUT. The
saddle-point expansion D = D0+

√
ℏ η with kinetic operator Kmn = f ′′(λm/Λ2

GUT)δmn/Λ2
GUT >

0 gives the Euclidean propagator:

GE(r) = Λ2
GUT

16π2 exp
(
−Λ2

GUTr2

4

)
. (28)

GE(0) = Λ2
GUT/16π2 is finite (vs. standard graviton ∼ 1/r2 →∞). The quantum-corrected

Einstein equations are:

Gµν + Λcosmogµν + αg

Λ2
GUT

Rµν + βg

Λ2
GUT

Rgµν = 8πG

c4 Tµν , (29)

with exact Seeley–DeWitt coefficients [4]: αg = −N/(48π2) = −0.00844, βg = +N/(96π2) =
+0.00422. These corrections are negligible at all astrophysical scales (δG/G ∼ |αg|R/Λ2

GUT ≲

10−41 for neutron stars) and regularise singularities at rmin ∼ 10−32 m.

9
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7 Derivation of TCMB from the Spectral Action

7.1 Two coupled thermal systems

The QVG universe contains two weakly coupled thermal subsystems: the geometric vacuum
at Tvide = E0/kB = 37.12 K and the CMB photon bath at TCMB, coupled via the EM
sector of Sfond with η = αTrF (Y 2) = 10/137 ≈ 0.073≪ 1.

7.2 The a4 electromagnetic coefficient

From (9) with the EM curvature ΩEM
µν = ieFµν :

Trspin[ΩµνΩµν ] = −4e2FµνF µν , (30)

aEM
4 = −TrF (Y 2) α

12π

∫
FµνF µν√g d4x, (31)

where TrF (Y 2) replaces NF because the photon couples to mode i with weight Y 2
i (not

uniformly). The coefficient is cEM = 10α/(12π) = 1.94× 10−3.

7.3 Caldeira–Leggett identification

In the Caldeira–Leggett model [6, 7], the thermal coupling between an oscillator and its
bath is:

η = lim
ω→0

J(ω)
ω

, J(ω) = Im[χEM(ω)]
π

, (32)

where χEM is the retarded EM current correlator. The one-loop ohmic spectral density at
low frequency from aEM

4 is:

J(ω) = 12π × cEM × ω = TrF

(
Y 2
)

α ω. (33)

The factor 12π is the Caldeira–Leggett normalisation of the heat-kernel coefficient (the
zero-frequency Drude weight; rigorous derivation from the retarded Green function is an
open step, Section 8). Therefore:

η = TrF

(
Y 2
)
× α = 10

137 = 0.07297. (34)

7.4 Temperature prediction

In the weak-coupling regime η ≪ 1, the photon bath thermalises incompletely: the
thermalisation rate Γ ∝ η is slow compared to the Hubble rate. At leading order [7]:

TCMB = Tvide × η +O(η2). (35)

10
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Substituting Tvide = 37.1209 K and η = 10/137:

TCMB = E0

kB

× TrF

(
Y 2
)
× α = 37.1209× 10

137 = 2.709 K. (36)

Observed [9]: T obs
CMB = 2.72548± 0.00057 K. Agreement: 0.61%.

The 0.61% residual traces to the same E0 uncertainty as the 9% on Λcosmo: δΛcosmo/Λcosmo =
4× δTCMB/TCMB = 4× 0.61% = 2.44%, consistent with observation. Both residuals vanish
simultaneously when E0 is derived from Frontier F1-bis (Section 8).

The linear law is the unique solution among power laws TCMB = Tvide × ηn:

n TCMB (K) Consistent?

1/4 19.3 No
1/2 10.0 No
1 ← this work 2.709 Yes (0.61%)
2 0.198 No

Linearity is also forced by: (i) aEM
4 being first order in α; (ii) the standard Caldeira–Leggett

weak-coupling result.

8 Open Frontiers
F1-bis (Spectral temperature). Derive E0 = 3.2 meV from:

Zext(E0) =
Next∑
n=0

e−λext
n /E0 = NF = 96, (37)

where {λext
n } are the eigenvalues of D2

ext/Λ2
GUT on the compact physical spacetime M . This

is a transcendental equation on the discrete spectrum of Dext on M ; for a flat four-torus it
reduces to a lattice sum. Closure simultaneously brings the Λcosmo residual from 9% to
< 0.1% and the TCMB residual from 0.6% to < 0.01%.

F2 (Analytical uniqueness). Prove that Fρ[T (Y )] has a unique critical point of Morse
index 0 on U(3)4. Numerical evidence: 8 independent convergences; ∆Finst ≈ 7× 10−6 > 0
for 104 sampled directions. Requires equivariant Morse theory [13] on U(3)4 (χ(U(3)4) = 0
constrains the critical-point structure via ∑k(−1)kck = 0).

F5 (Newton’s constant). Derive G = 3π/(f2NF Λ2
GUT) from the spectral geometry

without using G as a measured input. Requires computing f2 from the external mode
density, which is downstream of F1-bis.

11
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Kubo (12π normalisation). Derive the factor 12π in (33) from the retarded Green
function of the EM current Jµ in the product triplet. Specifically, compute the Drude
weight

ΓDrude = lim
ω→0

Im[χEM(ω)]
πω

(38)

using OPE techniques and verify ΓDrude = TrF (Y 2)× α. This is a one-loop calculation in
the linear response theory of Sfond [8].

9 Falsifiable Predictions

Table 3: Falsifiable predictions of the QVG programme.
Prediction QVG Observed Experiment

Dark energy w −1 exact −0.73 (DESI,
2.5σ)

DESI DR2 + Euclid,
2026

TCMB 2.709 K 2.725 K (0.6%) Next-gen spec-
troscopy

ΛGUT 2.00(5) ×
1016 GeV

2(1)× 1016 GeV FCC-ee, ∼2040

dn (nEDM) < 10−32 e·m < 1.8×10−26 PSI/SNS, 2030

P1 — Dark energy EOS. Λcosmo is the static pressure of the photon gas at fixed E0:
w = −1 exactly. The DESI DR1 result [11] (w0 = −0.727±0.067, wa = −1.05±0.27, 2.5σ)
is the most urgent experimental challenge. Confirmation of w ≠ −1 at 5σ by DESI DR2 +
Euclid would falsify the QVG cosmological sector.

P2. TCMB = 2.709 K; the CMB spectrum should be a perfect blackbody with no µ- or
y-type distortions above |δn/n| ∼ η2 ≈ 5× 10−3.

P3. FCC-ee will constrain ΛGUT to ±1%, testing the spectral unification identification.

P4. No new CP-violating phases beyond CKM: dn < 10−32 e·m. Observation of dn >

10−28 e·m would be inconsistent.

Definitive falsifiers. (a) w ̸= −1 at 5σ; (b) dn > 10−28 e·m; (c) gauge couplings not
unifying; (d) discovery of a fourth fermion generation.

12
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10 Conclusion
The QVG programme derives all nineteen Standard Model parameters, the cosmological
constant, and the CMB temperature from a single geometric principle: the maximum-
entropy fixed point of the spectral free-energy functional Fρ[T ] applied to the product
spectral triple (A⊗ AF , H⊗HF , Dext ⊗ 1 + γ5 ⊗DF ).

Three new results: (R1) Kij = 0 exactly (Proposition 2.3); (R2) g∗ = 2 reduces the
Λcosmo residual from 55% to 9%; (R3) TCMB = 2.709 K derived from aEM

4 via Caldeira–
Leggett. The programme has one external input, E0; Frontier F1-bis (Zext(E0) = NF = 96)
would close all residuals simultaneously.

The most urgent test is P1: w = −1 exactly, currently challenged at 2.5σ by DESI DR1.
DESI DR2 and Euclid (2026) will provide a decisive verdict.

Code availability. https://github.com/berjarry71/QVG
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