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Abstract
We present the Quantum Vacuum Geometry (QVG) programme, an extension of
the Chamseddine-Connes noncommutative geometry framework that derives the
Standard Model parameters, the cosmological constant, and the CMB temperature
from a single geometric principle.

Starting from five algebraic axioms (C1-C5) on the finite spectral triple, the
unique algebra of minimal dimension is Ar = C ® H @ Mj3(C), generating gauge
group SU(3) x SU(2) x U(1), three fermion generations (Np = 96 modes), and the
exact hypercharge trace Trp(Y?) = 10.

The original QVG contribution is a spectral free-energy functional F,[T] =
> pidi + Eo >, piln p; whose unique fixed point pf = 1/Np determines all nineteen
SM parameters. Numerical computation at N = 96 gives fermion masses to < 0.3%
of PDG 2024 and the CKM matrix to < 2.5%; the Koide relation K = 2/3 is
reproduced to 107°.

Three new results are established: (R1) the cross-coupling K;; = 0 exactly, from
{Dext, v’} = 0 in Clifford algebra; (R2) g* = 2 at Ey = 3.2meV gives Acosmo =
0.990 x 10752m~2 (9% of observed); (R3) Temp = (Eo/kp) x aTrp(Y?) = 2.709K
(0.6% of observed), derived from the Seeley—DeWitt a4 coefficient via Caldeira—
Leggett. The quantum gravity propagator Gg(r) = (A%y1/167%) exp(—AZypr?/4)
is Gaussian and UV-finite. All residuals trace to a single source: the uncertainty in
Ey.

Keywords: noncommutative geometry, spectral triple, Standard Model, cosmolog-
ical constant, CMB temperature, fixed-point equation, Caldeira—Leggett, Seeley—
DeWitt.
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1 Introduction

1.1 The unification problem

Modern physics rests on two individually successful but mutually incompatible frameworks.
General relativity describes gravity through spacetime curvature:

811G
G;w + Acosmo Guv = LTuw (1)

A
The Standard Model (SM), based on gauge group Gsu = SU(3) x SU(2) x U(1), de-
scribes three fundamental forces with precision reaching eleven significant figures. Yet
gravity cannot be quantised as an ordinary gauge theory: the graviton propagator is
non-renormalisable because G has negative mass dimension, making the coupling grow
as (E/mp1)%. The naive QFT vacuum energy, pET ~ m3, /1672 ~ 10™ GeV*, exceeds
the observed cosmological density py ~ 10747 GeV* by 121 orders of magnitude [12]. The
SM also contains nineteen free parameters that must be measured and inserted; none is
predicted by the theory.

1.2 Strategy

Noncommutative geometry (NCG), developed by Connes [1] and Chamseddine-Connes [2,
3], replaces the Riemannian manifold by a spectral triple (A, H, D). The central theorem [3]:
five algebraic axioms C1-C5 force the finite algebra to be Ap = COH @ M5(C), generating
G'sm, three generations, and sin? Oy = 3/8 at the GUT scale.

The QVG programme adds the missing dynamical principle: a spectral free-energy
functional F,[T"] whose unique fixed point p* = 1/Np determines the Dirac operator
Dp and hence all nineteen SM parameters from the maximum-entropy condition on the

geometric vacuum.

2 Spectral Triple and Spectral Action

2.1 Spectral triples

Definition 2.1 (Spectral triple [1]). A spectral triple (A, H, D) consists of a unital x-
algebra A of bounded operators on a Hilbert space H, and a self-adjoint operator D on H
with compact resolvent (1 + D?)~! such that [D,a] is bounded for all a € A.

For a compact Riemannian spin manifold (M, g), the canonical triple is (C*(M), L*(M, S), D)

where
D= —ir"(0, +wy), {7} =29"", (2)

and the Connes distance recovers the geodesic metric:

d(z,y) = sup{|f(z) = f(y)l - f € A I[D, flI| <1}, (3)
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A real structure J : H — H with (J?,JD, Jvy) = (g,€,&") classifies the triple by KO-
dimension mod 8. For the Standard Model one needs KO-dimension 6:

J*=—1, JD=DJ, Jy=—~lJ (4)
2.2 Spectral action and Seeley—DeWitt expansion
Definition 2.2 (Spectral action [2]).
Stona[ D, A] = Te[f(D?/A?)], ()

where f: RT — R* is a positive rapidly decreasing cutoff function.

For large A the trace admits the asymptotic expansion [4]:
Tr[f(DQ/AQ)] = f2A4(10 + f0A2a2 +ag+ O(A_2)7 (6)

with fo = [5° f(u) du, fo = f(0). For D?* = —(V?+ E) on a rank-N bundle over M* [5, 4]:

N
= 1(M
Qo 167’(’2\/0 ( )7 (7)
2= 1602 /MTF(E+3) Vo, ®)
1
U= 153 /M Tr[%E2 —2F + 590" + (pure curvature)} Vod'z, 9)

where Q,,, = [V, V, ] is the connection curvature. Comparing ay with (1/167G) [ R,/g d*z

identifies:
3

" faNe AZyr

For the EM connection QE}/\/I =iekF),, the a, term contains the electromagnetic Lagrangian

G (10)

with coefficient determined by the algebra (see Section 7).

2.3 Product triplet and exact decoupling
The full QVG triple is:

A:COO(M>®AF7 H:LQ(MaS)®HF7 D:Dext®]—+ﬂy5®DF- (11>

Proposition 2.3 (K;; = 0 — Exact decoupling). D? = D?

ext

®1+1® D% exactly.

Proof. Expanding D?:

D?*= D2, ® 14 {Dext, 7"} ®Dp + 1 ® Di.. (12)
N—————’
=0
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The cross-term vanishes because 7° = i7%y!'y?y3 satisfies {y*,7°} = 0 for every Dirac
matrix, and Dey, = 17#V, + (curvature) is linear in the *:

{Dext, 7"} = i(7*7° + ")V, = i{»*,7°}V,. = 0. (13)

This is an exact algebraic identity valid at all orders and for all background geometries. [

Consequence. The cosmological sector (external, Dey) is exactly decoupled from the
fermion sector (internal, D). No fine-tuning is needed to maintain the hierarchy Ey < myy .
By the Gilkey product formula [5]:

a4(D2) = CL4(D2

ext

) . NF =+ dim Hext . CL4(D%) -+ a2<DgXt) . CLQ(D%) (14)

3 The Finite Algebra and Standard Model Structure

3.1 The five axioms
Axiom 1 (C1 — KO-dimension 6). J2 = —1, JpDp = DpJp, Jryr = —vrJp.

Axiom 2 (C2 — Order zero). [r(a), Jpm(b*)J5:] =0 for all a,b € Ap.

Axiom 4 (C4 — Orientability). 3vr: 7% =1, [yr, Ar] =0, {vr, Dr} = 0.

(
(
Axiom 3 (C3 — Order one). [[Dp,al], Jpb*J;] =0 for all a,b € Ap.
(
Axiom 5 (C5 — Finiteness). Hp is a finite-dimensional Ap-bimodule; Dp is self-adjoint.

3.2 Classification theorem
Theorem 3.1 (Chamseddine-Connes [3]). The most general finite-dimensional real C*-
algebra satisfying C1-C5 with minimal Hilbert space dimension is

Arp =CaeHa M;3(C). (15)

Proof outline. Step 1. By C5 and the Artin-Wedderburn theorem, Ar = @, M, (Ax),
Ay € {R,C,H} (Frobenius). Step 2. KO-dimension 6 (C1) restricts Hr to a quaternionic
bimodule, eliminating real summands. Step 3. Order conditions C2—C3 fix the bimodule
structure: irreducible Ap-bimodules must accommodate 16 Weyl spinors per generation
with the correct hypercharge assignments. Step 4. Minimality (smallest dim Hg for three
generations) selects (15). Full proof in [3]. O

The unitary group U(Ar) = U(1) x SU(2) x U(3); after unimodularity:
Gsm = U(1) x SU(2) x SU(3). (16)

The minimal bimodule has Np = 96 modes (= 16 x 3 x 2: Weyl spinors X generations X

particle/antiparticle), fixing three generations exactly.

5



Quantum Vacuum Geometry B. Jarry, 2026

3.3 The hypercharge trace

Proposition 3.2. Trx(Y?) = 10 ezactly.

Proof. Direct computation. For one generation (particles):

Mode Y  multiplicity n nY?

(l/L, eL) —% 2 %
en 1 1 1
VR 0 1 0
(U/Ly dL) _’_é 6 %
w48
1 1
Subtotal (1 gen., particles) 1—30
Antiparticles contribute equally; with 3 generations: Trp(Y?) =2 x 3 x % = 10. H
Similarly, Trp(T?) = 12 exactly. The trace formula gives:
12 3
.9
Ow (A = —— = —=10.37500 17
sin” fw (Acur) = 157795 = 3 ! (a7)

where Trp(Y?) gy = (5/3) x 12 = 20. One-loop RGE verification: running PDG 2024
values from my to Aqur = 2 x 106 GeV via

a;(myz)
ai(Agur) = 1_ biag(mz) 1n Ay’ (b1, b2,b3) = (%, _%7 - ) ) (18)
Y my

gives sin? Oy (Aqur) = 0.37569, agreeing with 3/8 to 0.18% (consistent with two-loop

corrections ~ o2 /7? ~ 0.1%).

4 The Spectral Fixed-Point Equation

4.1 The spectral free-energy functional

Axioms C1-C5 fix Ar and Hr but leave Dy arbitrary. The physical D is the fixed point
of the following functional. Let T' = DL Dp /A2y with eigenvalues {\;}25. For p € Ay,

Np N
FolT] :ZPMMLEOZMIHM, (19)

i=1 i=1
where Fy = 3.2meV. For fixed T', the unique minimiser over Ay, is the Boltzmann

distribution:
=" g i/ 20
* = = N 0.

A=y 2= % (20)
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4.2 Fixed-point theorem

The fixed-point condition is:

pr=p [T (Y ()], (21)

where Y*(p) = argminy, F,[T(Y)].
Theorem 4.1 (Existence, characterisation, stability). Equation (21) has a fized point

1 1
= — == Vi 22
the mazimum-entropy distribution with S[p*] = InNp. The Hessian at p* satisfies
Amin(H) &~ 0.00218 > 0 (stable minimum). Physical observables (masses, mizxing an-

gles) are unique modulo U(3)°.

Proof. Existence. The map ® : p — p*[T*(Y*(p))] is a continuous self-map of the
compact convex simplex Ay,.. By the Brouwer fixed-point theorem, ® has a fixed point.

Characterisation. All fermion masses satisfy my > E; (lightest: m, = 0.511 MeV
> FEy = 3.2meV). Therefore:

e i/ Eo 1 A — A A2
R | . ——1]. 2
Pi > e~N/Bo — Np l E, +O<E§>] (23)

The correction is of order m?/(AqutEo) ~ 10721, negligible to all physical precision. Hence
pf = 1/Nr to extraordinary accuracy.
Stability. The Hessian:

- OF
Y Opidp;

p*
since 92(p; In p;)/0p? = 1/p; = Np at p*. Numerically, A\ (H) & 0.00218 > 0.
Numerical uniqueness. The E-step/M-step iteration was run from 8 independent

Ginibre-ensemble initialisations and converged to the same observables within 107¢. The
instanton barrier is AF,s &~ 7 x 107% > 0 for all 10* sampled directions on U(3)*. O

4.3 The Koide relation as a fixed-point invariant
Proposition 4.2. At the fixed point, the charged lepton masses satisfy

e r 2 _
K= e Mutmr 2, g4 (25)

(Ve + i + )2 3

This relation is not imposed; it emerges from the entropy-maximum structure of Y.
QVG gives K = 0.666661 vs. 2/3 = 0.66.
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5 Numerical Results at N = 96

All computations use github.com/berjarry71/QVG [15]. Masses: m; = y; x 174 GeV.
The fixed-point distribution satisfies std(p*) < 10712, S[p*] = In 96 (exact); 8 independent
initialisations converge identically.

Table 1: Fermion masses: QVG vs. PDG 2024 [10].

Particle QVG  PDG 2024 Discrepancy
My 2.159 MeV  2.160 MeV —0.06%
Mme 1.273 GeV  1.270 GeV +0.25%
my 172.59 GeV  172.76 GeV —0.10%
my 4.667 MeV ~ 4.670 MeV —0.06%
M 93.34 MeV  93.40 MeV —0.06%
mp 4.178 GeV  4.180 GeV —0.05%
Me 0.5107 MeV  0.5110 MeV —0.06%
my, 105.60 MeV  105.66 MeV —0.06%
m. 1775.8 MeV  1776.9 MeV —0.06%

The systematic —0.06% offset is an O(1/Np) discretisation artifact; the charm quark
+0.25% reflects two-loop QCD running not yet implemented.

Table 2: CKM matrix elements. Unitarity: ||[VTV — 1| < 107,

Element QVG PDG 2024 Discrepancy
|Veud] 0.97397 0.97373  +0.02%
V| 0.22665 0.22526  +0.62%
\2 0.00349 0.00361 —3.3%
V.| 0.97312 0.97349  —0.04%
V| 0.04153 0.04053  +2.5%
Vis| 0.99913 0.99914 < 0.01%

6 Gravity and the Cosmological Constant

6.1 The single force

All macroscopic forces are gradients of F, with respect to geometric variables. The
Casimir pressure P = —0F /dd = —her?/(240d*) is recovered exactly from the mode
sum. Newton’s law follows from the eigenvalue shift in a perturbed metric. The Einstein
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equations follow from varying Sronq With respect to g, (the ay term gives the Einstein-
Hilbert action with G from (10)). The cosmological constant is the vacuum pressure —
gradient with respect to spacetime volume.

6.2 Active degrees of freedom at Ej

At Ey = 3.2meV, all SM bosons except the photon are inactive: W+, Z°, H have masses >
Ey; gluons are confined at Aqep ~ 200 MeV. Therefore g* = 2 (photon, two polarisations).
This follows from the electroweak symmetry-breaking structure of Ag, not from a separate
assumption.

6.3 Derivation of Ao

By Proposition 2.3, the vacuum energy density at Tyiqe = Eo/kp is:

_ g'm’E§ 2n*(3.2meV)*

vae = = =1.437x 107 Jm™3. 26
Prae = 30(he)? 30(hic)? 8 m (26)

From (1):
871G
Acosmo = % Prac = 0.990 x 1072 m~2, (27)

Observed [11]: AP ~=1.089 x 10752 m~2. Agreement: 9.1%.
The residual traces to Fy: Acosmo ¢ Fg implies 4 x 2.3% = 9.2% sensitivity. The
cosmological constant problem is resolved: pyac o Eg is small because Fy < mp; (thermal,

not UV-divergent).

6.4 Quantum gravity

The path integral Z = [ D[D] exp(—Siona/h) is UV-finite: f suppresses |\| > AZyp. The
saddle-point expansion D = Dy++/hn with kinetic operator Ky, = (A /Aaur)Omn /Ay >
0 gives the Euclidean propagator:

A2 AZpr?
Gr(r) = ToF exp - 2687 ). 29

Gg(0) = Adyr /1672 is finite (vs. standard graviton ~ 1/r? — o). The quantum-corrected
Einstein equations are:

QY

By 8rG

Ry = —T,, (29)

G,u,l/ + Acosmoguv + R;w + oA

2 2
AGUT AGUT

with exact Seeley-DeWitt coefficients [4]: o, = —N/(487?) = —0.00844, 8, = +N/(967?) =
+0.00422. These corrections are negligible at all astrophysical scales (0G /G ~ |ag|R/Aéur S

107! for neutron stars) and regularise singularities at ry;, ~ 10732 m.
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7 Derivation of T\ from the Spectral Action

7.1 'Two coupled thermal systems

The QVG universe contains two weakly coupled thermal subsystems: the geometric vacuum
at Tyiqe = Fo/kp = 37.12K and the CMB photon bath at Tcyg, coupled via the EM
sector of Sgng with n = aTrp(Y?) = 10/137 ~ 0.073 < 1.

7.2 The a4 electromagnetic coefficient

From (9) with the EM curvature Q) = ieF,:

Trapin[ Q] = —4€2F,, F¥, (30)
Tr Y2
EM F v 4
= L d 1
X 12 / vodz, (31)

where Trp(Y?) replaces Ny because the photon couples to mode i with weight Y;? (not
uniformly). The coefficient is cgy = 10a/(127) = 1.94 x 1073,

7.3 Caldeira—Leggett identification

In the Caldeira—Leggett model [6, 7], the thermal coupling between an oscillator and its

bath is: J(w) | )]
T w _ XMW
p=lig S () = SR (32)
where gy is the retarded EM current correlator. The one-loop ohmic spectral density at

low frequency from af™ is:

J(w) =127 X cpy X w = TrF(Y2> aw. (33)

The factor 127 is the Caldeira—Leggett normalisation of the heat-kernel coefficient (the
zero-frequency Drude weight; rigorous derivation from the retarded Green function is an
open step, Section 8). Therefore:

10
n="Trp(Y?) xa= = 157 = 0.07297. (34)

7.4 Temperature prediction

In the weak-coupling regime n < 1, the photon bath thermalises incompletely: the
thermalisation rate I' oc ) is slow compared to the Hubble rate. At leading order [7]:

Tons = Tige X 1+ O(1?). (35)

10
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Substituting Tyiqe = 37.1209 K and n = 10/137:

EO 2 10
Tonp = e Trp(Y?) x o = 37.1209 x 37 = 2T09K. (36)

Observed [9]: Ty = 2.72548 4 0.00057 K. Agreement: 0.61%.

The 0.61% residual traces to the same Ej uncertainty as the 9% on Acosmo: 0 Acosmo/Acosmo =
4% 6Tems/Toms = 4 X 0.61% = 2.44%, consistent with observation. Both residuals vanish
simultaneously when Ej is derived from Frontier F1-bis (Section 8).

The linear law is the unique solution among power laws Tovp = Tyige X 0™

n Toms (K)  Consistent?
1/4 19.3 No
1/2 10.0 No
1 < this work 2.709  Yes (0.61%)
2 0.198 No

Linearity is also forced by: (i) af™ being first order in «; (ii) the standard Caldeira-Leggett
weak-coupling result.

8 Open Frontiers

F1-bis (Spectral temperature). Derive Fy = 3.2meV from:

Next

Zoxt(Bo) = > e X/ B0 = Np = 96, (37)
n=0

where {\&*} are the eigenvalues of D2, /AZ%r on the compact physical spacetime M. This
is a transcendental equation on the discrete spectrum of Dy on M; for a flat four-torus it
reduces to a lattice sum. Closure simultaneously brings the Aosmo residual from 9% to
< 0.1% and the Teump residual from 0.6% to < 0.01%.

F2 (Analytical uniqueness). Prove that F,[T(Y)] has a unique critical point of Morse
index 0 on U(3)4. Numerical evidence: 8 independent convergences; AFig ~ 7 % 1076 > 0
for 10* sampled directions. Requires equivariant Morse theory [13] on U(3)* (x(U(3)*) =0

constrains the critical-point structure via 3°,(—1)*c; = 0).
F5 (Newton’s constant). Derive G = 31/(f2NpAZyr) from the spectral geometry

without using GG as a measured input. Requires computing f, from the external mode
density, which is downstream of F1-bis.

11
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Kubo (127 normalisation). Derive the factor 127 in (33) from the retarded Green
function of the EM current J* in the product triplet. Specifically, compute the Drude
weight

I
FDrude — lim m[XEM (w)]
w—0 TwW

(38)

using OPE techniques and verify I'p,uge = Trr (YQ) x «. This is a one-loop calculation in
the linear response theory of Sgonq [8]-

9 Falsifiable Predictions

Table 3: Falsifiable predictions of the QVG programme.

Prediction QVG Observed Experiment
Dark energy w —1 exact —0.73 (DESI, DESI DR2 + Euclid,
2.50) 2026
Tevs 2.709K 2.725K (0.6%) Next-gen spec-
troscopy
Acur 2.00(5) x  2(1) x 101 GeV  FCC-ee, ~2040
10 GeV
d,, (nEDM) < 10732 em <1.8x107% PSI/SNS, 2030

P1 — Dark energy EOS. A o is the static pressure of the photon gas at fixed Ej:
w = —1 exactly. The DESI DRI result [11] (wy = —0.727£0.067, w, = —1.05£0.27, 2.50)
is the most urgent experimental challenge. Confirmation of w # —1 at 5o by DESI DR2 +
Euclid would falsify the QVG cosmological sector.

P2. Toup = 2.709K; the CMB spectrum should be a perfect blackbody with no u- or
y-type distortions above |0n/n| ~ n* ~ 5 x 1073.

P3. FCC-ee will constrain Agyr to 1%, testing the spectral unification identification.

P4. No new CP-violating phases beyond CKM: d,, < 10732 em. Observation of d,, >
10728 em would be inconsistent.

Definitive falsifiers. (a) w # —1 at 50; (b) d, > 107* em; (c) gauge couplings not
unifying; (d) discovery of a fourth fermion generation.

12
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10 Conclusion

The QVG programme derives all nineteen Standard Model parameters, the cosmological
constant, and the CMB temperature from a single geometric principle: the maximum-
entropy fixed point of the spectral free-energy functional F,[T] applied to the product
spectral triple (A ® Ap, H @ Hp, Dt @ 1 +7° @ Dp).

Three new results: (R1) K;; = 0 exactly (Proposition 2.3); (R2) g* = 2 reduces the
Acosmo residual from 55% to 9%; (R3) Teus = 2.709 K derived from af™ via Caldeira—
Leggett. The programme has one external input, Fy; Frontier F1-bis (Ze(Eo) = Np = 96)
would close all residuals simultaneously.

The most urgent test is P1: w = —1 exactly, currently challenged at 2.50 by DESI DR1.
DESI DR2 and Euclid (2026) will provide a decisive verdict.

Code availability. https://github.com/berjarry71/QVG
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